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IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES 


Message from the Editor 


PUBLICATION SCHEDULES 


With this issue of the IRE TRANSACTIONS ON 
MICROWAVE THEORY AND TECHNIQUES, we begin 
a new publication schedule of six issues per year 
appearing on alternate months. The principal rea- 
son for adopting this more frequent schedule is to 
reduce the interval between the receipt and publi- 
cation of a paper. The rate of progress in micro- 
waves is now so rapid that publication delays are 
a significant factor to both authors and readers. 
Thanks to our competent and conscientious edi- 
torial board, papers are reviewed promptly. How- 
ever, with our previous quarterly publication cycle, 
papers received in the wrong phase were inevitably 
held up for several extra months. This factor will 
now be much reduced. 

Letters ordinarily do not require review pro- 
cedures, and the new publication schedule should 
particularly benefit the correspondence section. We 
therefore take this opportunity to invite communi- 
cations from those who read the TRANSACTIONS. 
Letters afford a simple means for communicating 
pertinent results and comments in a minimum 
time. To achieve this result, they should be con- 
cisely written with only a few simple illustrations. 


SYMPOSIUM PAPERS 


The January issue of these TRANSACTIONS is tra- 
ditionally devoted to the PGMTT National Sym- 
posium. We have departed somewhat from this 
policy in the present issue. While several pages are 
devoted to symposium events, the technical papers 
have been assembled without taking note of 
whether they were presented at the symposium or 
not. Although a unified symposium issue appears 
attractive, there are several advantages in an in- 
dependent treatment of papers. These include free- 
dom. from added delays for non-Symposium 
papers, and the absence of an absolute deadline for 
symposium authors. More important than the time 
element is our ability to review each published 
paper in the normal manner. The constructive 
criticism and occasional rejection of manuscripts 
by the editorial board greatly improve the tech- 
nical level of the published papers. Both authors 
and readers benefit from the consistent use of this 
editorial review. All published papers, whether 
presented at the symposium or not, are now sub- 
ject to the same review. 


—DonaLp D. Kine 


Janam 
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IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES ’ 


Microwave Prize 


The Professional Group on Microwave Theory and Techniques has established the Microwave Prize 
to recognize annually a significant paper which appeared in the IRE TRANSACTIONS ON MICROWAVE 
THEORY AND TECHNIQUES. In selecting the paper, consideration is given primarily to the subject of the 
contribution and secondarily to its presentation. All members and affiliates of PGMTT are eligible. 
The award consists of a certificate, a monetary sum of $100, and a feature publication in these TRANS- 


ACTIONS. If the paper has more than one auth is divi 
é : or, the monetary sum is divided equally among the au- 
thors.—The Editor Hen ‘i 


LADISLAS GOLDSTEIN 


. : : uy ; ‘ 
Nonreciprocal Electromagnetic Wave Propagation in Ionized Gaseous Media” 


IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES 
Vol. MTT-6, No. 1, pp. 19-29; January, 1958 


SEYMOUR COHN Fe rl, SCOVIL, 
Honorable Mention Honorable Mention 
“Parallel-Coupled Transmission-Line- “The Three-Level Solid-State Maser” 
Resonator Filters” 
IRE TRANSACTIONS ON MICROWAVE THEORY IRE TRANSACTIONS ON MICROWAVE THEORY 
AND TECHNIQUES AND TECHNIQUES 
Vol. MTT-6, No. 2, pp. 223-231; April, 1958 Vol. MTT-6, No. 1, pp. 29-38; January, 1958 


We announce with pleasure the award of the Microwave Prize for 1958 to Dr. Ladislas Goldstein: 
It was the opinion of the Awards Committee and of the Administrative Committee that two other 
papers were deserving of special mention. In recognition of their achievement, we give Honorable 


Mention to the authors of these two papers. 


THEODORE S. SAAD, Chairman, 1958 
PGMTT Administrative Committee 
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Theoretical Limitations to Ferromagnetic Parametric 


Amplifier Performance* 
R. W. DAMON} anv J. R. ESHBACHT 


Summary—It has been commonly expected that improved opera- 
tion of the ferrite parametric amplifier could be obtained by use of 
materials of narrower resonance linewidth, AH. This parameter is 
critical in determining the pumping power (P,) required for operation 
of the device. Also of importance, however, is the limitation of device 
properties determined by the dependence on AH of the instability 
threshold of the spin-wave system. Considering this limitation, the 
maximum voltage gain-fractional bandwidth product (g.Aw/w:) has 
been determined as a function of other device parameters, and typical 
values calculated for several modes of operation. In the electromag- 
netic mode, for example, there is an optimum AH which yields maxi- 
mum g,Aw/w at a given pumping power. It is also shown that a 
minimum filling factor, also a function of AH for some types of opera- 
tion, is required to reach the oscillation threshold even in the un- 
loaded device. 


INTRODUCTION 


HE parametric amplifier is based on a regenera- 
Ve feedback process which results from cou- 

pling together two tuned circuits with a time-vary- 
ing reactance. For particular conditions of tuning, and 
for a sufficiently large modulation amplitude of the vari- 
able reactance, the input impedance of the tuned cir- 
cuits exhibits a negative resistance, which can be used 
to obtain amplification of applied signals or to produce 
oscillations at the natural frequencies of the tuned cir- 
cuits. 

One of the earliest proposals for a parametric am- 
plifier at microwave frequencies utilized the ferromag- 
netic resonance effect, the uniform precession of the 
magnetization serving as a means of coupling between 
the tuned circuits.! This proposal was based on earlier 
work? which led to an interpretation of some anomalous 
results obtained in resonance experiments at high micro- 
wave power levels.*;+ These anomalous results were 
shown to arise from inherent instabilities in the uniform 
motion oi the magnetization. At sufficiently high power 
levels, these instabilities prevent further increase in the 
amplitude of the uniform mode and couple energy from 
the uniform precession into short wavelength (spin- 
wave) modes of motion of the sample magnetization. 
The effect is similar to the processes used in parametric 


* Manuscript received by the PGMTT, June 10, 1959; revised 
manuscript received, July 27, 1959. This paper was presented at the 
PGMTT National Symposium, June 1-3, 1959, Cambridge, Mass. 

{ G.E. Res. Lab., Schenectady, N. Y. 

1H. Suhl, “The theory of the ferromagnetic microwave ampli- 
fier,” J. Appl. Phys., vol. 28, pp. 1225-1236; November, 1957. 

* H. Suhl, “The theory of ferromagnetic resonance at high signal 
powers,” J. Phys. Chem., Solids, vol. 1, pp. 209-227; 1957. 

*R. W. Damon, “Relaxation effects in the ferromagnetic reso- 
nance,” Rev. Mod. Phys., vol. 25, pp. 239-245; January, 1953. 

4N. Bloembergen and S. Wang, “Relaxation effects in para- and 
fore resonance,” Phys. Rev., vol. 93, pp. 72-83; January, 


amplification, but the modes into which the energy is 
dissipated are unsuitable for device use because the 
short wavelength of these modes makes it impossible 
to couple out useful energy. Instead the existence of 
these instabilities can interfere with the operation of a 
parametric amplifier if energy from the precessing uni- 
form magnetization is dissipated in these modes at a 
pump power-level less than that required for operation 
of the amplifier. 

The pump frequency magnetic field strength required 
for a specified amplifier performance can be calculated, 
as can the critical RF field strength for the onset of 
these instabilities. The purpose of this note is to point 
out the limitations imposed on amplifier design by the 
existence of the potentially unstable behavior of the 
magnetization. The results will be expressed as the 
maximum gain-bandwidth product attainable for the 
device. Since the results depend on the properties of 
both the sample and of the circuits to which it is 
coupled, only typical values can be given, but similar 
calculations can be performed for any specific device fol- 
lowing the method outlined here. 


GENERAL PROCEDURE 


The principles of the analysis can be illustrated by 
the diagram shown as Fig. 1. The uniform mode of pre- 
cession is represented by the magnetization vector M 
precessing about the steady magnetic field H, driven by 
the circularly polarized pumping magnetic field of am- 
plitude h. At the resonance frequency, the angle 6 be- 
tween M and 4 is approximately 6=h/AH, where AH 
is the width of the resonance line. The coupling between 
signal and idler circuits increases with increasing 0, so a 
large precession angle is desired to obtain good amplifier 
performance. 

The angle 6,, represents the threshold angle for op- 
eration of a parametric device. At 0%, the transverse 
magnetization couples sufficient energy to the two 
pertinent cavity modes to overcome the losses of the 
cavities. As an amplifier, the gain becomes unity for 
6=6,,. The coupling is proportional to the total trans- 
verse magnetization, so 0, depends on the size of the 
sample, or the filling factor, as well as on the losses of 
the resonant systems. 

While 6, is the minimum angle for operation of a 
parametric amplifier, an increased gain-bandwidth 
product is obtained by coupling an external load and 
increasing the precession angle. The maximum gain- 
bandwidth product increases roughly as (6/0m)?, and 
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Fig. 1—Vector diagram representing uniform precession of magneti- 
zation M about the uniform magnetic field H, driven by the cir- 
cularly polarized pumping field h. At resonance, M and h rotate 
about H at the Larmor frequency, with M at an angle 6=h/AH 
with H. In parametric amplifier use, 0m is the threshold angle 
for net gain. The critical angle @, is the limit determined by spin- 

; wave instability. 


since 9 varies inversely with AH, a narrow linewidth ma- 
terial is desirable to obtain large 6 at a given pump 
power. The variation of @ with linewidth is shown in Fig. 
2 for several values of pump magnetic field strength. 
The angle 6, represents the critical angle for spin-wave 
instability. The value of 6, depends only on properties 
_ of the magnetic material, and represents the angle at 
which the transverse magnetization is large enough to 
couple energy catastrophically from the uniform pre- 
cession into certain spin-wave modes. For angles 
6 <6., the coupling to the spin-waves acts as a damping 
mechanism on the motion of M, but at 6=8, the spin- 
wave system absorbs all additional energy fed into the 
uniform mode and any attempt to increase @ only in- 
creases the oscillation amplitude of the spin-wave mode 
while leaving 6=6.. The critical angle, 6, is determined 
by the losses of the pertinent spin-wave mode, and is 
independent of sample size. 
It should be noted that the steady-state precession 
angle for the uniform mode has been calculated only for 
the case of degeneracy of the uniform mode and the sub- 
sidiary absorption which arises from spin-waves of half 
the pump frequency.? In assuming that the precession 
angle cannot exceed 9, in the nondegenerate case, we 
are utilizing experimental results obtained on Ni ferrite 
which show a power dependence in agreement with this 
assumption.’ Such a well-defined critical angle may not 
be found in all materials. In fact, Schlé6mann® has re- 
cently extended Suhl’s calculations to the nondegen- 
erate case considered here, and shows that in magneti- 
cally inhomogeneous materials, the power coupled to 
the spin-waves increases smoothly with 6 and that no 


5 E. Schlémann, “Ferromagnetic resonance at high signal powers,” 
- Bull. Am. Phys. Soc., Ser. 11, vol. 4, p. 53; January, 1959. 
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well-defined critical angle exists. Recent experiments 
by Green verify this result in some materials.® For these 
materials, the results obtained in our analysis would be 
modified. Since no well-defined critical angle exists, 
there is no absolute limit to amplifier properties, but 
only a practical limit arising from increased loss, and 
decreased pump efficiency, as the precession angle is in- 
creased. 

A combination of the homogeneous and inhomogene- 
ous mechanisms is likely, exhibiting a decline in pump 
efficiency at the critical angle, but with the possibility 
of a slow increase in precession angle beyond 6, with 
further increase in pump power. The present results 
then would correspond to the practical limit of device 
properties. 

In one important case,’ the relation between critical 
angle and loss is given by 0.=+/2AH;/4rM, where 
AH; represents the losses in the spin-wave modes of 
interest. The maximum precession angle, and thus the 
maximum amplifier performance, is limited by the in- 
herent instability of the spin-wave system. Since it has 
been found that AH; may be considerably less than AH 
in some materials,’ we will retain the distinction in 
most of our mathematical results. In other materials, 
however, it appears approximately correct to use AH; 
=AH, and this will be assumed in numerical examples. 
The observed linewidth, AH, represents the sum of all 
loss mechanisms, so AH; cannot exceed AH. Thus this 
latter assumption leads to the largest value of 0, for a 
given linewidth. The limiting precession angle is shown 
in Fig. 2 for this case. 

This figure shows that if a given pumping power is 
available, there is an optimum linewidth material giv- 
ing maximum 8. If the linewidth is too large, the pump 
cannot supply enough power to reach a large precession 
angle. If too narrow a linewidth is used, the precession 
angle is limited by instability effects. When the pump 
field available is h=1 oe, for example, AH =9.5 oe pro- 
vides the maximum value of 6 for sample magnetization 
of 4x M =1700 gauss. If AH <9.5 oe, 8 is limited to a 4. 
which is less than the optimum and the pump power is 
not utilized. If AH>9.5 oe, @ is limited by the material 
losses and a larger pump power is needed to achieve 
the same amplifier characteristisc. 

The optimum linewidth is that for which #=@, at the 
available pumping field. If AH, =AH, this condition re- 


6 J, J. Green and E. Schlémann, “High Power Ferromagnetic 
Resonance at X-Band in Polycrystalline Garnets,” PGMTT Na- 
TIONAL SyMposiuM, Cambridge, Mass.; June 1-3, 1959. 

7 We assume that the subsidiary mode, arising from spin-waves 
of half the pump frequency, is not degenerate with the uniform 
mode, since this degeneracy would lead to an exceptionally small 
value of 6,. Thus we assume fp>2Nr(y/2m): 41M, where fp is pump 
frequency. Nr is the transverse demagnetizing factor of the sample 
and y/2r=2.8 mc/gauss. For spherical samples, Nr=}, and this 
condition requires fp > 3400 mc for yttrium iron garnet and fp > 8000 
me for manganese ferrite. With disks magnetized normally, Nr—0, 
and nondegenerate behavior is obtained at any operating frequency. 

®R. C. LeCraw and E. G. Spencer, “Surface-independent spin- 
wave relaxation in ferromagnetic resonance of yttrium iron garnet,” 
J. Appl. Phys., vol. 30, pp. 185S-186S; April, 1959. 
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Fig. 2—For a given pump field strength h, material of narrower line 
width AH permits attainment of a larger precession angle 6. The 
critical angle for spin-wave instability, @., is also a function of 
linewidth and sets an upper limit to @ for a given pump field 
strength. 


sults in the optimum linewidth 
AH opt = ($h?-4rM)18 (1) 


This is plotted in Fig. 3 for 44M =1700 gauss. This ex- 
pression for AH enables us to calculate the maximum 
gain-bandwidth product in terms of available pump 
power for typical values of 6, in each of several modes 
of amplifier operation. 


APPLICATION TO SPECIFIC AMPLIFIERS 
Electromagnetic Operation 


Suhl has calculated the gain-bandwidth product for 
this mode of operation,! obtaining, for large gains 


Aw/w = ie [(@/oth)? — 1] (2) 
Siar winiBOs 


Here g, is the voltage gain at the signal frequency w, 
Aw/w; is the fractional bandwidth, Q; is the unloaded 
Q of the signal cavity and 8 is a factor of order unity. 
For optimum performance, the operating conditions are 
chosen so 6=6,=+/2AH;/4rM. 

In determining 6%, we restrict the analysis to spheri- 
cal samples to avoid complicating demagnetizing ef- 
fects. The results for other shapes would differ by only 
small factors. In a cavity having only the fields h,, and 
h,, at the signal and idler frequencies respectively, 


2w1/y 1 
4nM FV/O103 : 


where the filling factor is defined as 


: 1/2 
f= hehe dv i | f h,,°dv f hed | ; 
sample cavity cavity 


In this mode of operation, the threshold angle is inde- 
pendent of sample linewidth, and can be represented as 
shown in Fig. 4 for typical cavity and sample parameters 
and for several values of F. Clearly if 0, exceeds 0,, 
operation of the amplifier is impossible, and the ratio of 


PUMP FIELD STRENGTH, h (OERSTEDS) 


Fig. 3—At a given value of pump field strength, the optimum line- 
width for parametric amplifier use is determined by the spin-wave 
instability limit, and is shown in this graph of (AH)opt vs h. 
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Fig. 4—In electromagnetic operation, the threshold precession angle 
for net gain is a function of frequency, circuit losses, sample 
magnetization and filling factor. It is independent of linewidth. 
For three values of filling factor F, threshold angles are shown 
with theother parameters:4rM =1700, o?= 107, and Q: = Q2= 103. 
Since the maximum precession angle @, is a function of linewidth, 
AH, the amplifier properties will also be a function of AH. 


6, to 4, at the linewidth appropriate to the sample used 
determines the maximum gain-bandwidth product of 
the device. The important point is that the threshold 
angle is determined by the cavity configuration, while 
the spin-wave instability limit decreases for narrow 
linewidth, leading to a reduction in the maximum gain- 
bandwidth product when narrow linewidth materials 
are used in this mode of operation. 

A quantitative statement of this relation is obtained 
by substituting in (2) the expression for 6,, and using 
6=6,, giving 


1 F 2 1! 9° 4ar 
Os Nemes? 


BO, 2w1?/y? 


From (3) it is clear that materials are desired for 
which the spin-wave linewidth is large. But since AH, 
SAH, and AH should be small to permit large 6 at the 
given pump level, it is desirable to obtain AH;=AH. 
This gives the maximum value of g,Aw/w; for a given 
pump power. level. The desirability of a large filling 


AH; — i]. (3) 
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factor is also evident, and in fact, no operation is ob- 
tained unless F?> (2w2/y?)/4rMQ,0.AH. Thus, .al- 
though narrow linewidth materials reduce pump power 
requirements, an increased filling factor is required to 
achieve a given gain-bandwidth product. 

It is instructive to calculate values of g,Aw/w;’ for 
typical device parameters. We have chosen the signal 
frequency to be f:~5000 mc (w*i1=10% sec-*), and have 
taken the unloaded Q of both signal and idle circuit as 
10°. Since a pump level of a few watts or less is desirable, 
the optimum linewidth is under 20 oe. Only yttrium 
iron garnet has linewidths in this range, so the value 
4x M=1700 gauss has been used. Substituting in (3) 
we find (g,Aw/w1)max=10-*[340F°AH—1]. This is 
plotted in Fig. 5 for several values of F. A linewidth of 
3 oe, for example, would be a desirable value since this 
requires a pump field strength of only 0.2 oe. With 
some care a filling factor of 0.1 should be possible. The 
maximum performance attainable under these condi- 
tions corresponds to 20-db gain and 5 mc/sec band- 
width at the signal frequency of 5000 mc/sec. 

Only one device has been reported using the electro- 
magnetic mode of operation,® and in this case a man- 
ganese ferrite sample was employed. Assuming the 
sample had a linewidth of 50 oe, the optimum pump 
field-strength is 4=AH./2AH/4rM~8 oe. For the 
conditions under which the device was operated, this 
was probably achieved. The theoretical gain-bandwidth 
product for the frequency, Q, and sample magnetiza- 
tion used is g,Aw/wi:=2X10-* (10!F?—1). The ob- 
served value of 4X10-* implies F=1.7 X10-*. Calcula- 
tions of F using a reasonable field configuration and 
the known sample size lead to values in agreement with 
this. Note that a value of at least F=1X10-? is re- 
quired for even marginal operation. 


Semistatic Operation 


For a given sample size, improved filling factor and 
increased gain-bandwidth product can be obtained by 
using a magnetostatic mode of the sample’? as one of 
the resonant systems required in the parametric ampli- 
fier. The theoretical gain-bandwidth product has not 
been reported for this case, but can be readily calcu- 
lated in direct analogy to the electromagnetic mode. 
Eq. (2) is obtained with an appropriate redefinition of 
Bin. 

If the signal circuit is a cavity mode with unloaded 
loss characterized by Q,, and the idle mesh is a magneto- 
static mode of linewidth AH, then the threshold angle is 


: 1 ne 1 
ah Velagitn/ Os 


9M. T. Weiss, “Solid-state microwave amplifier and oscillator 
using ferrite,” J. Appl. Phys., vol. 29, p. 421; March, 1958. _ 

10 R. L. White and I. H. Solt, Jr., “Multiple ferromagnetic reso- 
nance in ferrite spheres,” Phys. Rev., vol. 104, pp. 56-62; October 1, 
1956. Also L. R. Walker, “Magnetostatic modes in ferromagnetic 
~ resonance,” Phys. Rev., vol. 105, pp. 390-399; January 15, 1957. 
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MAXIMUM VOLTAGE GAIN x FRACTIONAL BAND WTH. 


io 
10? 10" | 0 102 103 

LINE WIDTH AH (OERSTED) 
Fig. 5—F or the parameters used in Fig. 4 the maximum voltage-gain 
bandwidth product is calculated as a function of linewidth. The 


solid lines are for electromagnetic operation, and the dashed line 
corresponds to semistatic operation. 


The filling factor is 


[ VaCate + 1M ,2)dv 


1 


a MOND 1/2 2” 
E f amare | | f ve] 


where the M’s are magnetization components of the 
magnetostatic mode and the V’s are the vector poten- 
tial functions of the cavity mode.! In contrast to the 
electromagnetic case, 0, decreases with linewidth in 
the same way as @,, since one resonant mode of the 
amplifier is a magnetostatic mode. Typical values of 41, 
are shown in Fig. 6. If AH,~AH;, the required filling 
factor for semistatic operation and the maximum gain- 
bandwidth product are independent of linewidth. Ma- 
terial of narrow linewidth is thus desired to minimize 
the pump power required, being limited only by the 
necessity of having the resonance sufficiently wide to 
meet bandwidth specifications. 

The maximum gain-bandwidth product can be calcu- 
lated from the expression 


1 
goAw/w, = — [2F?0,AH;/AH2 — 1]. 
BQ: 
If AH2=Adj, it is seen that F>1/+/20, is required for 
operation, and 


1 
ypAw/w, = —— (2F7Q,; — 1). 
grdw/ 50, ‘ Qi — 1) 


This expression is plotted in Fig. 5 for typical values of 
Q and F. 

The semistatic type of operation offers the advantage 
of large filling factor, even for samples of moderate 
size. While in electromagnetic operation, the filling fac- 
tor Fem ~ (sample volume per cavity volume), it is found 
for simple field configurations that semistatic operation 
leads to Fy. (sarnple volume per cavity volume)”. Thus 
with limited size samples, substantially improved per- 
formance should be obtained in the latter case. If 
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PRECESSION ANGLE, @ (RADIANS) 


102 107! 1 10 102 103 


LINE WIDTH AH (OERSTEDS) 

Fig. 6—In semistatic operation, the threshold precession angle for 
net gain is a function of losses in the signal circuit and in the 
magnetostatic mode used as idler, and of sample magnetization 
and filling factor. The dependence on magnetostatic mode losses, 
or linewidth, leads to amplifier gain-bandwidth independent of 
AH. For several values of filling factor F, 6, is shown with other 
parameters AH,;=AH, 4rM=1700, Q:=10%. The dashed line for 


F=0.01 indicates that net gain cannot be observed, since @ can- 
not achieve the threshold value. 


sample dimensions are taken similar to those used in 
achieving Fem=0.1 in the electromagnetic case, a value 
F,,=0.3 will be obtained in semistatic operation. This 
would permit substantial improvement in gain band- 
width product, to a value of 10° mc at a signal fre- 
quency of 5000 mc/sec, corresponding to about 100 mc 
bandwidth at 20-db gain if AH does not limit the band- 
width. 

Operation of this type of amplifier has also been re- 
ported by Weiss.® He gives only incomplete data, but 
it is interesting to compare these results with the pres- 
ent limitations. The pump power of 40 watts corre- 
sponds to a microwave field strength of about 3 oe in his 
structure. In turn, this is the critical field for a YIG 
sample (4m =1700 gauss) having the reasonable line- 
width AH=6 oe. To obtain device operation, we re- 
quire 0%<h,/AH. For the assumed parameters, this 
can be achieved if F>3.1X10-*. This value is in ap- 
proximate agreement with the filling factor estimated 
for Weiss’s device. That such a large filling factor can 
be obtained with a sample volume one-sixteenth that 
which Weiss used in electromagnetic operation is in- 
deed a tribute to the semistatic device. 


Magnetostatic Operation 


In magnetostatic operation, no microwave cavity 
resonance 1s necessary; two magnetostatic modes of the 
sample are used as the two parametric amplifier meshes. 
Still further improvement in filling factor is achieved 
for a given sample volume. Suhl has pointed out the 
limitations imposed by the fact that the magnetostatic 
mode spectrum could provide alternative pairs of mag- 
netostatic modes which might break into oscillation 
and preclude operation of this type of device; we con- 
sider the limitations set by spin-wave instabilities even 
if these alternative modes can be avoided. 


January 


The lowest frequency for magnetostatic modes is 
Wmin = ¥(H — N,-40M), while in cylindrically symmetric 
samples the resonant frequency at which it is desired to 


pump is 
i ae 3N, 
yee anit |. 


To obtain magnetostatic operation it is necessary to 
have Wmin<4w,. This condition imposes the restriction 
on pump frequency w,Sy(1—N.)4rM. But this is also 
the condition for the occurrence of a particularly low 
instability threshold. This decreased instability thresh- 
old arises from a coincidence of the main resonance and 
a subsidiary absorption by a set of spinwaves driven at 
twice their natural frequency. From the above result, 
the conditions for coincidence will be satisfied whenever 
magnetostatic operation is possible. In this case the 
critical angle for spin-wave instability is 0. =aAH;/47M, 
where a is a factor of order unity which depends on 
sample magnetization, frequency and geometry. 

The threshold angle for operation in the magneto- 
static mode has been previously derived! as 


AH 
4nM 


i. AH, 
in = — 


Joes 47M 


The filling factor, Fine, has been calculated by Suhl’ and 
will not be repeated here. It is a measure of the overlap 
of the two magnetostatic modes relative to the mag- 
netic energy of these modes. Combining @;, with the 
maximum precession angle, 6, the maximum gain- 
bandwidth product is found, 


| (aAH;)? Pp i]. 
BQ: LAH,AH, 


Since F is necessarily less than unity, no operation is 
obtained unless AH; AH2/(aAH;,)?S1. Thus in addi- 
tion to the potential instabilities arising from unwanted 
pairs of magnetostatic modes, the excitation of spin- 
wave modes restricts the performance of the magneto- 
static type of amplifier. Since the linewidth of the signal 
mode, AH;, must include the coupled load, the perform- 
ance of this class of amplifier is seriously impaired. 


(goAw/w1)max a 


Modified Semistatic Operation 


A fourth mode of operation has been proposed by 
Berk, Kleinman and Nelson," and experimentally 
studied by Whirry and Wang.” As in the semistatic 
type, a sample mode is used as idler. This device differs 
from the earlier proposal, however, since it utilizes the 
uniform mode for this function rather than a higher 


ASD Berk, L. Kleinman and C. E. Nelson, “Modified semi- 
ed fee amplifier,” 1958 WESCON ConvEnTION REcorp, pt. 3, 
pp. 9-12. 

2 W. L. Whirry and F. B. Wang, “Experimental Study of the 
Modified Semistatic Ferrite Amplifier,” presented at Conferenbe on 


Magnetism and Magnetic Materials, Philadelphi . 
17-20, 1958. : ials, Philadelphia, Pa.; November 
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order magnetostatic mode. The pump is necessarily at a 
higher frequency and does not have the advantage of 
driving the sample at resonance. The resultant de- 
crease in pump effectiveness is partially compensated by 
the possibility of obtaining higher cavity Q at the pump 
frequency. 

The threshold pump field strength has been calcu- 
lated by Berk, et al. To utilize our expression for gain- 
bandwidth product, it is desirable to convert this to a 
threshold precession angle. Since the pump is not at 
the resonance frequency, the angle is obtained by divid- 
' ing hi, by the difference between pump frequency and 
resonance frequency, 0:,=Yhin/(wp—,) =Yhin/or. The 
result obtained is 


Oa Ge tae BE 
F L4cM Qi 


1/2 
ie | fasten / [wear] 


is the filling factor for the signal mode." 0%, as shown 
in Fig. 6 for semistatic operation, is also applicable to 
this type of operation. 

Since the coupling from the precessing magnetization 
driven at the pump frequency to spin-waves of the same 
frequency depends only on the precession angle, the 
critical angle for spin-wave instability is unchanged 
from our previous value, 6.=+/2A4H;/47rM. Coupling 
this with the threshold angles we find the maximum gain- 
bandwidth product 


yenala 1 [r0 2AH;, | 
§vQ8W/W1)max = —__ 1 oo : 
Q:8 

If AH,=AH, this expression is independent of line- 
width as in the conventional semistatic case, since the 
decreased loss in the uniform mode used as idler reduces 
the threshold angle at the same rate that the critical 
angle is decreased. This device thus should achieve a 
gain-bandwidth product comparable to that in semi- 
static operation. 


where 


Other Devices 


The preceding analysis has been limited to the regen- 
erative type of amplifier, utilizing cavity or sample 
modes as resonant circuits. Distributed amplifiers prob- 
ably offer advantages of larger bandwidth or increased 
stability, but it should be noted that similar limitations 


13 The usage of the symbol Fis slightly different from Berk, et al.," 
in order to conform to comparable terminology used in the remainder 
of this paper. 


on the maximum precession angle are imposed by the 
instabilities considered here.* The nonlinear nature of 
the uniform mode of the magnetization has also been 
applied in the construction of microwave frequency 
converters and multipliers. It has not previously been 
pointed out, however, that the maximum output of 
these devices will also be limited by the spin-wave in- 
stabilities to a level corresponding to the critical RF 
field-strength of the local oscillator, or pump source. 


CONCLUSION 


It has been shown that inherent instabilities in the 
uniform motion of the magnetization limit the per- 
formance of the ferrite parametric amplifier. A general 
expression for the voltage gain-bandwidth product has 
been utilized and applied to four different types of am- 
plifiers. From the threshold precision angle for device 
operation and the critical angle for spin-wave instability, 
it is found that a minimum filling factor is required 
for a given AH, regardless of pump power, to obtain 
even marginal operation of any of these devices. It is 
also noted that a material linewidth should be chosen 
which permits the precession angle to be opened out 
to the critical angle at the available pump power level. 
For filling factors exceeding the minimum requirements, 
the maximum gain-bandwidth product possible has 
been calculated. The results are summarized in Table I. 


TABLE I 


Maximum Voltage Gain Fractional 


Mode of Operation Bandwidth 


Fe An M 
Electromagnetic 1/8Qi EO ta — 1| 
2or?/y? 

istati 1/8Q [ 20 ae 1| 
Semistatic BQ1 1 Ay 

(aA, k) | 

i 2F —1 

Magnetostatic 1/BO; [ AHA: 
a ‘ AH; 

Modified Semistatic 1/8Q1 [ 2770: ies 1| 


The gain-bandwidth product possible in practical 
devices is substantial, in spite of this limitation, pro- 
vided that fairly large filling factors can be obtained. 
The limits set by this analysis, however, together with 
previous expressions for pumping power requirements, 
serve as a useful basis for comparing the ferrite amplifier 
with other types of amplifiers. 


4p, K. Tien and H. Suhl, “A traveling-wave ferromagnetic 
amplifier,” Proc. IRE, vol. 46, pp. 700-706; April, 1958. 
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An Extension of the Mode Theory to Periodically 


Distributed Parametric Amplifiers with Losses* 
K. KUROKAWAY AnD J. HAMASAKIf 


Summary—For the extension of the mode theory of the lossless 
periodically distributed parametric amplifier to the lossy case, a 
“conjugate circuit” is introduced in this paper. The conjugate circuit 
is an imaginary circuit which is obtained in the pass band by replacing 
each resistance in the original circuit with the negative resistance of 
the same magnitude. The orthogonality properties between the 
modes of the original circuit and those of the conjugate circuit are 
derived. The power gain and the noise figure of the amplifier are 
calculated, showing the usefulness of this mode theory in accounting 
for the spreading resistance of the semiconductor diode. 


THE OPERATOR J 


The equivalent circuit of the semiconductor diode is 
shown in Fig. 1. In this figure, r represents the spread- 
ing resistance, which is assumed to be independent of 
the frequency. 

The relation between the current 7 flowing into the 
diode and the applied voltage v is 


Fig. 1—Equivalent circuit of semiconductor diode. 


INTRODUCTION 


N a previous paper,! an operator 7») was introduced 
if for the analysis of the lossless periodically distributed 

parametric amplifiers. The operator 7% is the prod- 
uct of a diagonal matrix expressing the pumping phase 
relation and the T matrix of the basic section of the 
amplifier. The eigenvectors of Ty are called the modes 
of the amplifier. The orthogonality properties among 
the modes were proved, using one of the Manley-Rowe 
relations. However, the proof required that the circuit 
be lossless. In practical amplifiers the spreading re- 
sistance of the semiconductor diode cannot be neg- 
lected. Therefore, it is desired to obtain some substi- 
tutes for the orthogonal properties among the modes. 
For this purpose, a “conjugate circuit” is introduced in 
this paper. The orthogonality properties which exist 
between the modes of the original circuit and those of 
the conjugate circuit are proved, thereby showing that 
the mode theory remains useful even when the spread- 


ing resistance and the other losses of the circuit are 
taken into account. 


* Manuscript received by the PGMTT, June 30, 1959; revised 
manuscript received, August 28, 1959. 


] } Inst. of Industrial Science, University of Tokyo, Chiba City, 
apan. 

*K. Kurokawa and J. Hamasaki, “Mode theory of lossless 
periodically distributed parametric amplifiers,” IRE Trans. ON 


MIcRoWAVE THEORY AND TECHNI UES, vol. MTT- ares 
July, 1959, BE ke 7, pp. 360-365; 


c 
14 4Jw100, cary V1 — ly 
= (1) 
ct 
19* —jwe ce —jws2Co ve" — riz* 


where the subscripts 1 and 2 refer to the angular fre- 
quencies w; and we, respectively, and the pumping 
angular frequency Ww, is assumed to be w;++we2. Rewriting 
(1) in the form 


(7 
J@1C0) [Ot 1 


I+pr 2 


c* 
| ~iee ) Jwr2lo 44° 


c 
Jorco, jor a5 | 
= . (2) 
—Jus 2 —Jw2Co Vo* 


where J is a unit matrix, and then multiplying by 


674)-1 
J160, He eg 
I+r . 
—juw2— —Jwec 
eas Jw2Co 
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Fig. 2—Basic section of the amplifier, 


from the left, we have 


. . . c . 
VW J@1C0, J@1 2 J@1C0; 
= yl-—r 
* » c* § : c* 
12 ey LON Lae) —JW2Co IOS 5--) 
Z 2 
. e C 
J@100, ooh Vere 
2 
= aa 
. eal 
—J2 2 ) —jw2le 


In (3) we neglect the higher order terms of r which are 
assumed to be small. The cp in the first matrix on the 
right hand side of (3) is divided into two parts, each of 
which is included in the two terminal pair networks (a) 


1] 
m Cc 
J®1— || V1 
2 
—Jw6o Vo* 
te | cl? Coe CCo 
= G1 Cp + W1We2 D SaGhie == oe W1W2 —— vi 
; 5 (3) 
c*Co coc* | cl? cine ; 
» eaabas —=Q)5 5 W102 4 — W2°Co V2 


where the prime notation indicates the values of the 
(c) side terminals. Since the voltages at the (c) terminals 
must be equal, 


(Pee, Iie 
and (b) of the basic section of the amplifier, which is Va i Vi3 te Mas (6) 
shown in Figo. The relation between the current bf The equation of continuity is 
flowing into the remaining circuit (c) and the applied 
voltage V, is Tg age l oe elie. (7) 
Wee ha ak 
Te Tr 4260" — WiW2 4 ; J@1 > {1 + j(we pares w1)cor} Vi 
I, = = : (4) 
c* | c|? 2 
i | ie {4 + 7(we = w1)cor}, if @2"Co" — @1W2 4 Ve 
The voltage and current at each terminal in Fig. 2 Using (4)—-(7), we obtain the relation 
re, in terms of the incident waves (subscript 7) and the 
a : hy Be=ehA (8) 


reflected waves (subscript 7), 


Va = VZ0(ai+ ar), Val = VWZo' (aie + a,e%*) 


1 1 
f= = (a; = &)5 ld === (Get — oe") 
VZo ) VL0 
Ve = VZ0(b; + 5,), Vel = VZ0' (bie + b,e-%) 
1 1 : 
1; =.--— (0; —0,); Ie! = —=> (b,c — b,e-7") (5) 
, V/Zo ( : VL 
(1 *ai)ee2s; =i, 
T a 01, (1 + a1) 67/91, 
1 feos Zeiles*-91), jeogc* Zei Orta") 


—jw ac Ze— i (1+ 6s") »  —Jerc* Zei 1-0") 


between the input vector A and the output vector B of 
the basic section, where 


ai bat 
Or drt 
A= «|? B= 23 ||P (9) 
ai2 Die 
Aro bro” 
—jorycZe8 Ox" A1) —juscZ ei 1th") 
GOEL PO) po ngajeZer rk (10) 
° y 
,  €1 — oa)e?7%, —o2 
; o2, (1 oa)evn 
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and 


pe vee 


{1+ j(w2 — wi)cor}. (11) 

Next, we shall consider the similar circuits con- 
nected in cascade. The variable capacitor of each cir- 
cuit has the pumping phase lagged by 204, (6: real) 
from that of the preceding one. These circuits are repre- 
sented by matrices similar to T except they have 
in place of c. The pumping phase 
does not appear in 01, o2 and Z. Thus we can write the 
T matrix of the kth section in the form 


Tk} Ii (e~1) 


ce~2i6P ce 49 ao 2 


(1 + a) e778, 


SOik, 


January 


ever, that the circuit be lossless, and this condition is 
not satisfied in the present case. Without the ortho- 
gonality properties, the mode theory loses most of its 
power. To get the substitutes, we shall introduce a 
conjugate circuit.? 

The conjugate circuit is an imaginary circuit with 61*, 
62*, Zox'*, Zoo’* and —r in place of 01, 2, Zo1’, Zo2’ and 7, 
respectively, of the original circuit. Assuming that the 
losses are small, we can obtain the conjugate circuit in 
the pass band of w; and w: by replacing each resistance 
in the original circuit by the negative resistance of the 
same magnitude. We shall use the symbol ~ to indi- 
cate the complex conjugate transpose of the correspond- 
ing matrix for the conjugate circuit. 

The T matrix of the basic section of the conjugate 
circuit is the matrix with 0:*, 62, —o1*, —o2* and Z* in 
place of 61, 02*, 1, o2 and Z, respectively, of the T 
matrix given by (10). Its complex conjugate trans- 
posed matrix is 


—juecZ ef 1-2") | jJarcZ ei 01+ 82") 


7 o1 (1 = o1)e~ 7791, —jwecZe—i +0") Jacl EF (9°61) (15) 
a joorc*Zei O12"), —joyc*¥Ze-Ate"), (1 Le og) e212", auth 
Joaorc*Z et +6") | —juryctZ et Ox") | 02; (1 — a2) €248s* 
where A little manipulation shows that 
iiaa CV saga oath TOT = 9 (16) 
0 ec 0 0 
fiat | - (12) where 
0 0) e> 0) 1 
ie 0 0 ep = 0 0 0 
1 
The output vector of the amplifier is, therefore, 1 
0 -—-— 0 0 
B= (Zo" TI 9+) (Ign? TI 5-"*2) okt (eTIe) TA ue @1 (17) 
= [,»T,n 1 
where 4 is the input vector and 2 
1 
Ts = Ip1T (14) 0 0 0 Ras 
We 
as in the previous paper. Since T)=IyT, 
& Se Oe, = 
CONJUGATE CIRCUIT AND ORTHOGONALITY PROPERTIES Yo= Ie'T = TI = Thy. (18) 


From (13), we see that each eigenvector A; of T» is 
independently transformed by the amplifier into 
Ne"Io"Ax, where dz is the eigenvalue of Ax. This is the 
result which we first obtained in the lossless case. In 
the lossless case, we had another useful result: there 
are orthogonality properties between the modes. Nat- 
urally, we wish to prove them. The proof requires, how- 


* The T-matrix of the conjugate circuit is closely related to the 
notion of the inverse of the conjugate operator in functional analysis. 
For the conjugate operator, the reader is referred to A. E. Taylor, 

Introduction to Funcational Analysis,” John Wiley and Sons, Inc., 
New York, N. Y., ch. 4, 1958. The waveguide directly related to the 
conjugate operator has been discussed in A. D. Bresler, G. H. Joshi, 
and N. Marcuvitz, “Orthogonality properties for modes in passive 


and active uniform wa ides,” J. , 
799; May; 1958, ey so uae gia et aioe 
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From (16) and (18), we Abidin 
ToT, = TQ Ie T = TOT = 
that is, 
TiQT, = 0-1. (19) 


This is the relation which corresponds to (27) in the 
previous paper. 
If A; is an eigenvector of the operator T¢, 


(Te — Ail) Ai = 0. (20) 


Taking the complex conjugate transpose of the core 
responding relation for the conjugate circuit, we have 


A,(Ts — hI) = 0 (21) 


where A; is the complex conjugate transpose of the 
eigenvector of the conjugate circuit, and i; is the com- 
plex conjugate of the eigenvalue. 

From (19)—(21), the following theorems can be de- 

rived in a similar way as for the lossless case (see Ap- 
pendix). 
Theorem 1: There is always an eigenvalue A; of 7, cor- 
responding to an eigenvalue h, of J, such that Ay =1/Xx. 
Theorem 2: 1£1k, then A; and A; are orthogonal in the 
sense that 


A,Q"A; = 0. (22) 


Theorem 3: The corresponding modes A; and A, are 
not orthogonal in the above sense; 7.¢., 


A,Q" A, # 0. (23) 


In the case of lossless amplifiers, the conjugate and 
original circuits are identical in the pass band of w, and 
we. Thus, A; is the complex conjugate transpose of the 
eigenvector of Ty with the eigenvalue 1/A,*, leading to 
the same result obtained in the previous paper. 


x (1 hs + o2 zs s) ei" 
2 


[ z 


For the sake of convenience, we normalize the mode 


amplitudes so that we can rewrite (22) and (23) in the 
form 


AyO"A; = dy (24) 


where 6;; is the Kronecker delta. 


An arbitrary vector can be expressed as a sum of 
eigenvectors: 


A = >) oA). 


Multiplying by 4,Q- from the left and using (24), we 
have 


= AOA 2 


Therefore, for an arbitrary vector A, we obtain 


= >) Ap AeA), (25) 
Multiplying by 7%” from the left, we have 
Te A = >> x" A,(A, 2-14). (26) 
Since A is an arbitrary vector, then 
To? = >) gt Ap Ap}. (27) 
Ii w=1; 
= >) Ag ARO (28) 


This is the spectral representation of the operator Ty». 


POWER GAIN OF THE AMPLIFIER 


To obtain the expressions for the power gain of the 
amplifier, we need the solutions of the eigenvalue prob- 
lem of the operator 7». We assume that 


0, = 0; a 05* + Aé. (29) 


All the eigenvalues and the corresponding eigen- 
vectors can be obtained by the method of perturbation. 
To the first order of approximation, they are 


= (1 + o1 + 7A6) €7(381+02") 


joi Lie 
Dain byes 
te cle if Oa Wie Vor 
ee 2 sin See S* Agr= 50 by et bee ’ 
pty/2 x e719 2 sin 26, eo eles 
lel 25 alee a 
bigs (6 — € — a2) = ieee aie 2 sin 2(61 + 62%) Ae Tel” ; 
2 sin 262" [el 


14 
ne de (1 a C1 : a2 oe i) e7 (02%) 
ou 
2 
j (6 —e-+ 4/2 
2 sin 264 
Az — U 
6—e 
—j TWiT a 
Cc 
——— (6+e+ av aes aad ep 
2 sin 20* oie a 
where 
= V/03002 | c| Z) 
v1 — o2 
€= — 7A0 
( aera ) 


5 = bo? + e. (31) 

The first and third modes are the forward waves 
traveling from the input to the output. —(o1+2)/2 in 
the eigenvalues roughly represents the attenuation due 
to the spreading resistance. On the other hand, 6 roughly 


50” wy 


fhe l= = a 
5(5 + «) 


7 joy —— — —60 in 
| ee ele ae 
2 sin 26; : ” 2 sin 26; tie | c| 


E [ 502 fon j 
A; = ma 
5(6 — e€) ’ 9 sin 26; ae — 5° 


e+ set og/ 


ti ct 


Fin de, HOY he | c| 


E19, 


is 50 dy Te 
a beer ls 
‘ 2 sin 26.* ver | c| 


represents the amplification due to the variable ca- 
pacitor. If the real part of (¢:+02)/2 is larger than the 
real part of 6, no net amplification takes place. It is 
worth noting that the components of the first and third 
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= (1 + 02 — jAd)eiertane", 


60 Tan Cc 0 
————— — ep 
Disin 26s" ala! 
—6o pee BD ; 
tog area ef 
2 sin 2(0. + a) | c (30) 
7 —Jo2 pee 
Pare bd By) 
2 sin 20.* | 
Jw 


modes are considerably influenced by the spreading 
resistance if 01402. 

The second and fourth modes are the backward 
waves, which remain almost unaffected. The magnitude 
of the eigenvalues are greater than unity, which means 
that these backward waves attenuate with propagation. 

Replacing 61, 62*, AO, o1, 72 and Z in (30) by (:*, @2, 
Aé*, —o.1*, —o2* and Z*, respectively, and interchang- 
ing the subscripts k=1 and 3, we have the eigenvectors 
of the conjugate circuit. The complex conjugate trans- 
poses of the eigenvectors multiplied by appropriate nor- 
malization constants give A;’s: 


af Cee 

— — — er, 
6 2 | c| 
—1 

2 sin 20.* 6 


O¢n corel 
Fn em ong/ FS ete], 
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et 
py ja Ping aig ita 
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sys c 9 
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meee. 2 | c| 4 
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a ace van. 


e—79p, 
” 2 sin se (32) 


Eqs. (30) and (32) satisfy the orthogonality theorems 
(24) to the first order of approximation. 

Substituting (30) and (32) in (26) and then using (13), 
we obtain four equations. 
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Fig. 3—Input and output conditions of the amplifier. 
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hi” be 
Ge 1( aie pices Q:1 
2 5 Wee 8 

1 


di” \3” 60 G 
+(F-") 9 * — —— ¢i!pq .,* ere 
EEE j) Vm 3% 


br1 = ine! Nora, + a } 


? 


bjo*¥ = en 4p (= = ~)i *//~ 
2 2 6 WI 
Ay” O+e A3” 6 —e€ 
+ ( Se aortas 
é 2 5 ++ 2 5 ) a + \ 


bs* = einto{ \ 42g, 0* ete crs i : 


a : 
Tape 
| | 


(33) 


From the input and output conditions shown in Fig. 3, 
we have 


ai = Bee tool giles ajo* = To2*a,o* 
Zut Zar ai ae 
bn = T3141, bypo* = Ty2*bj2* (34) 
‘where the I'’s are the reflection coefficients: 
taps a Unpastered (35) 
Ze = Zo Zo = ie Zo 


There are altogether eight equations with eight un- 
known quantities di, dj2*,- +--+, D1, b-2*. The simul- 
taneous equations can be solved by the standard method 
of algebra. Neglecting the higher-order terms of 6 and 


Substituting (36) in (37), we can obtain the power gain 
in its explicit form. For simplicity, we neglect the imag- 
inary part of 6;, 02, 6 and Zo, as well as the difference 
between a; and o2 (¢=0,=02). Furthermore, if the I's 
are all zero, (37) becomes 


Ab\? 
Go = {cosh nd + (=) sinh? nak Ggne, (38) 
If Pails: and T.2*T;.* are small but not zero, 
4 ReZ, 
ee {Zo(1— | Tor [2+ e1—Tn*) } 
Mee eer (39) 
(1 — V/Go Re R)? + (WGo Im R)? 
where 
R = e-m{ e-im4ntoOT Ty ie% 
: a ein (462400) Tr, * Te —i6} (40) 
Aé 
tang = a tanh n6. (41) 


For a numerical example, let 
| c| = 3.5uyF, co = Suph 
1Q, n = 16. 


Zor’ — Zoot =a 30Q, 


@1 = we = 670 me, ja 


Then, from (11) and (31), we obtain 


of the reflection coefficients, we have, for example, 69 = 0.11 a = 0.006. 
& +As* € Mt = Wo ea 
—_ en eS eee e ind SE Cal 
2 6 Zor + Zot 


(36) 


2 ) fe 


We define the power gain G of the amplifier to be the 
ratio of the power dissipated in the load at w; to the 
available power from the generator: 


Zo1 


| Zo | 


+T 25,8 py ee 
b1 £03 ARe Z.1 


G= [o,|e Re | (1 — | Ts? 


(37) 


1 (= + d3” ena — ~*) Tail s1 (= = NB € Ags ~*) Tao*T'52* 
Ao” 


2 6 2 Nae 


Inserting these values in (38), we get 
Go = 8.7 db for Ad = 0 
Go = 5.7 db for AG ="6° 


which can be compared with the second experimental 
result by Engelbrecht.3 If | R| =0.1, because of the de- 
3R. S. Engelbrecht, “Nonlinear-Reactance (Parametric) Travel- 


ing-Wave Amplifiers for UHF,” Presented at the 1959 Solid-State 
Circuits Conf., Philadelphia, Pa., February, 1959. 
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Fig. 4—Equivalent circuit of semiconductor 
diode with noise voltages. 


nominator of (39), G varies from 6.6 db to 11.5 db, 
when Aé =0, depending on the phase of R. 

It should be recognized that (38) and (39) are the re- 
sults of a three-frequency analysis. If the other side- 
bands are capable of propagating, the gain may be re- 
duced. 


NoIsE FIGURE CALCULATION 


For the calculation of the noise figure, we must con- 
sider the noise voltages e; and é: due to the spreading 
resistance of the semiconductor diode. On the other 
hand, for simplicity, we neglect the losses, hence the 
noise generated in the two terminal pair networks (a) 
and (b) in Fig. 2. 

The equivalent circuit of the diode is shown in Fig. 4. 
Replacing v; and 2,* in (2) by v1—e1 and vo* —e9* respec- 
tively, we have the matrix representation of this equiva- 
lent circuit. Using this representation in a similar way 
as for (8), we get the relation 

B=TA+KN (42) 
between the input vector A and the output vector B of 


the basic section of the amplifier, where T is given by 
(10) and 


Nees 
oy V Lor et Vic ar 7 (oar — W1W2 


ih Ao ae 
a / Zon eit {ie se («te — W102 | 
ape 2 4 
Le, Sepa ot 
EY WV Lo2!* cf 2* jay > {1 + j(w2 — wi)cor}, 
fea} i, (gs 
oI V Lo2) *e-2*Fay9 2 {1 ot J(we a w1)cor} ’ 


Next, we shall consider the amplifier with m sections. 
For the mth section, c is replaced by ce?) and K 
becomes 


Vi ga 1 i Gif gmt 1 


exits” 70) 
jul eal 
0 ep 


Therefore, the output vector of the amplifier is 


B= (Lo™ TI 9-**) (Lo? 2 TI 5 **) ois (Lol dg DLA 


where 


(44) 


-f. ye (Le? TI 9+) (Ip 2 TI" +?) aegis 


m=1 


; ik iss Le™ 1 KI 6 "Nin 


= ITA + >> [To “1p KI oO Nm, 


m=1 


(45) 


where A is the input vector of the amplifier and Nm rep- 
resents the matrix NV with the noise voltages em: and 
€m2* of the mth diode. Using (27), we rewrite (45) in the 
form 


B= re} > ne" A;(A, 071A) 
k 


+ DD AAT KI oN m)}. (46) 


m=l1 k 


iP eee é 
2 WV Zor e140) 2 {1 + j(we = w1)cor} 


1 oS C 
fan WV Zor e404 > {4 + 7(we — w1)cor} 


1 ie 
Hite G 
ie 7 . 
V Zo2'*ei%2* {in hs (or? — 0102 i 


1 Le 
Tke—=4 ° 
9 WV Loa! *e— ihe Hien Tf (ater G)10)9 
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Substituting (30) and (32) in (46), we obtain 


ee ae peer ue aN 
2 2 


came wa 
= - = ay cna + 
We aes 


Ai” m +t. \r—m € Nate NG ote 
ia gyre. : : 2 


Z 6 2 


ye = Ahi 60 Wy] G 


a eens (Ae etm" 
+o] an 


with similar equations for the other components, where 
Io KS ¢ UN, = = 


For simplicity, hereafter we shall confine ourselves to 
the case in which we obtained (38): ¢=o1=02 and the 
reflection coefficients are all zero. Then, from (47), the 
noise output power becomes 


No = baba* = GokTAS 


| a. |" pee) bo? wr 
—— kTA 
+( 2 62 @W2 f 
+ erasr| — (Ee pans) 
7 oii EAR A ick ea ee 
esos aos he |: 
we 
R {~ (ce | ; *) (oxtZo! te «12 02’) 
2A0 Or 
= Ep co | | w1we2 (/~ Via 
6? we 
ee , =) 
geet ae ae 
Aa aL eee 
Ae? 50” 
: (oZ0' _ gen Za. — Sano 


2A96 (Ree ao aaa 
— ~ ¢o| c| wwr4/ Visited | 
6? we 


1 
er 


(49) 
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where 


k=Boltzmann’s constant, 
Af =the noise band width of the amplifier, 
T=standard noise temperature, and 
T;,=the equivalent noise temperature of the spread- 
ing resistance. 


If |\i[2">>| dg] 2", as is usually the case, (49) becomes 


[> cele 2 [A |2 


we — ATAS + RT, Afr 


Nop=i Gor DARA 


aie ote (a: 
Re (os 


2A0655 (OR a lencar a 
“n 52 co| c| wun4/ WV Lo Zoe! ; 0) 
We 


Py 


el 


4 ) (w1?Zo1’ X wiw2Zo2') 


1 ‘foe Cc 
Gy fev eae coe? *P Em, + — cmitrent 


1 Pees C 
—— jar Zor’ e*! 4 coe em, — CO ema 
2 1 2 2 


(48) 


1 Eee ee 
= je Zolte a ee tera ate car rent 


1 Sale 
Fae ERCM AE cote, + caren 


In this case, 
1 50” 
ah Ee C1 eS 
Goes ao Malis 
Dividing No by GokTAS, we obtain the noise figure Fo. 
he 7Z01'@12C0 


Riedeh {+2 =) 
: We T 2(6 —<a) w1 Zor’ 


(1 3 ts 2A6 he Sh (51) 
Aco? : 
For a numerical example, we use the same values 


described in the previous section, and assume that 
T,=T. Then (54) gives 


Ppwotora. for Ad = 0 
Fy = 4.5 db for Ad = 6°. 
APPENDIX 


Theorems 1, 2, and 3 will be proved. 
From (21), the determinant of (T»—X.J) vanishes: 


det (17> — Ax) = 0. (52) 
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Since det 7)#0, \,+0. From these relations, we have 
det (To — Ax) det (Q-1T 9) = det (TeQT 4 _ N,Q! T 9) 
cadet (Oa eo) 


1 
= det (2 ),) det (= I- 1.) a ()e 
Nk 
The final result is 


det (7 — at 1) = 0. (53) 
XE 
From (53), it follows that there is always an eigenvalue 
1/X, of ZT», corresponding to an eigenvalue ; to Ts, 
(Theorem 1), 
We shall use the same subscript for the corresponding 
solutions of the eigenvalue problems of the two circuits: 


= (54) 


r|- 


Multiplying (21) by Q-!T,A, from the right and using 
(19) and (20), we obtain 

Lies 

Q. — ~) A,O-*A7 =. (55) 

Ne 
If \1z%1/Xe, (55) shows that A,Q-14;=0. In the non- 
degenerate case, \;~1/), for kl. Thus, we obtain the 
desired orthogonality relation (Theorem 2): 


January 


A,QA; = 0; kdl (56) 


In the degenerate case, k#/ does not necessarily mean 
that \,#1/\,. However, we are justified in assuming 
(56), for it is always possible to introduce the degenerate 
eigenvectors in such a way as to secure the ortho- 
gonality. 

Next, we expand QA;* by the eigenvectors A1, where 
the symbol * indicates the complex conjugate transpose: 


QA,+ = >> aA}. 


Multiplying by A,Q— from the left and using (56), we 
have 


A,A,t = apAgOhA;. 


Since A,0, the left hand side of the above equation is 
not zero. Thus we conclude that (Theorem 3): 


A,O-' A, ~ 0. (57) 
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Action of a Progressive Disturbance on a Guided 


Electromagnetic Wave" 
J. C. SIMON 


I. INTRODUCTION 


A. 
PROBLEM often encountered in wave physics 
A concerns the interaction of various types of 
waves, and the energy transfer from one wave 
to another. 

In the particular case of waves of the same nature, 
“modes” can be distinguished in such a way that a wave 
can be represented as a sum of these modes. Their essen- 
tial character is that the energy associated with each 


* Original manuscript received by the PGMTT, May, 1959; 
revised manuscript received, September 25, 1959. 
: } Départment de Physique Applique, C.S.F., Orsay, 5:0., 
rance, 


does not vary with time. It is also said that these modes 
are not “coupled.” This, for instance, is the case of 
waves guided in an electric waveguide, of mechanical 
vibration in a bar, and of energy levels in quantum 
physics. 

Although this possibility of decomposition in “normal 
modes” corresponds to particular physical conditions, 
it has made it possible to deduce general notions of a 
fundamental character essential to the physicist. In the 
most general case, the normal modes are said to be 
coupled that is the energy passes from one to the other, 
so much that this decomposition into normal modes 


appears to be indispensable in deducing physical con- 
cepts. 


1960 

Such problems are treated by using a method of ap- 
proximation known as the “theory of perturbations.” 
Much could no doubt be said about the validity of the 
application of this method and the convergence of solu- 
tions. Nevertheless, it is frequently employed in many 
fields of physics, in particular, in quantum physics such 
as solid-state physics or atomic physics. It has enabled 
physicists to obtain results which have been confirmed 
by experiment. We shall therefore apply it to the par- 
ticular problem of the action of a progressive disturb- 
ance on an electromagnetic wave. 


eB. 


One of the principal applications of the study of the 
action of a progressive disturbance will, as we shall see, 
concern parametric amplification. 

What are the essentials of parametric amplification? 
They consist of a signal to be amplified, of frequency 
w/27, “pumping” energy at frequency w;/27, and a medi- 
um whose characteristics vary in function with the ap- 
plied pumping energy. Usually, “pumping” energy and 
signal energy are of the same kind, electromagnetic for 
instance. It is always implied that it is the “pumping” 
energy alone which acts on the medium, to the exclusion 
of the signal or of the resulting beats. 

Therefore, it appears legitimate to say that 7t 7s the 
medium modified by the pumping which acts on the signal. 
Pumping can therefore be ignored in formulating the 
problem which in any case becomes much clearer 
physically. 

A modification of the medium may be produced by 
something other than an electromagnetic wave—by a 
mechanical wave, for instance, as in the case of heat 
photons and X-rays. 

Thus, the following scheme may be adopted. Because 
of its energy, the pumping modifies the medium (€ or pu 
variable as a function of the pumping field). Knowing 
the modification of the medium, an action on the signal 
can be deduced. This point of view is, of course, legitimate 
only because the Maxwell equations are linear for the sig- 
nal, which is assumed not to act on the medium (for small 
signals approximation, see Section V, B). 

Modification of a medium can be obtained in various 
ways. In the case of electromagnetic pumping energy, 
it is naturally necessary that the characteristics € or 
vary with the level of the field. The medium is said to be 
nonlinear. This is obtained in general only for rather 
high pumping energy, or, in any case, energy much 
greater than that of the incident signal. 

Action on a nonlinear medium of an electromagnetic 
field in order to modify appreciably the characteristics 
of the medium is a difficult problem. It must be dealt 
with if the problems of parametric amplification are to 
be fully solved. 

However, in the case of a progressive pumping wave, 
it appears physically plausible that the modification of 
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the medium is akin to a sinusoidal disturbance ac- 
companying the pumping wave, at least as a first ap- 
proximation. For this reason the disturbance of the 
medium will be described by the relations (1) or (1’). It 
should be noted that such a disturbance can arise only 
if the medium “follows” the electromagnetic field at the 
frequency of the pumping wave. This condition limits 
parametric amplification at the higher frequencies. 


SeEcTION II 
A. Establishing the General Propagation Equation 
Consider a three dimensional medium, such that 
p=po=c*, n= Gr: 
€ = €e) + a cos (ait — ki:7). (1) 
The components of 7 are the direction cosines of 


direction £1(0, 0, 1). 
The Maxwell equations are written: 


VX E= ae (2) SCH pe) 4 
at ¥. aay (4) 
ee at) (3) vV-D=0. (5) 


Eliminating H and B=poH from (2) and (4), we have 


2 


pt a?D Pass 
VXVXE= ST ee — VE. (6) 


Assume E,=0. As ¢€ does not vary following directions 
x and y, (5) becomes V-E=0; under these conditions 
(6) takes the form 

aD 

VE = wo—- 7 

— (7) 
It should be noted that formulas corresponding to a 
variable permeability are written in similar fashion if 
similar hypotheses can be made on yu. Let 


€ = € = constant and pw = wo + mi cos (wit — kif). (1’) 


Taking H,=0 we have 
= 0°B 
V-H = ijmaaa (7) 
ot? 


B. Introduction of Boundary Conditions 


The conditions in cases where one of the two parame- 
ters € or is variable are satisfied by TEM modes guided 
in the direction O,. This, in particular, is the case if the 
guiding structure consists of two plane walls of zero 
impedance, and of two perpendicular walls of infinite 
impedance. A portion of a plane wave can be propagated 
in such a guided structure. In the case of the usual 
waveguide with zero impedance walls, it is the variable e 
case, magnetic mode, which satisfies simply the bound- 
ary conditions. Let us deal with this case, from which 
the preceding case is easily deduced. 
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Take a metallic waveguide with sides a and b. The 
magnetic modes satisfy E,=0 and V-E=0 (see Fig. 1). 
Let Ho: be the fundamental mode 


B, = Ey sin P a) 
OHy OF, 
= 8 =— (9) 
Ey, = 0 (8) Ho a} ae 
OH, OE, 
a) =— 
ia Ot oy 


with P =exp —j(wt— kz). 

Eqs. (8) and (9) are valid when the waveguide is 
filled with a homogeneous material. In order to make it 
valid in the case where € satisfies (1), we write: 


mS 
EF, = Eo US P- >) an exp — jn(oit — Riz). (8°) 


0 


Eqs. (2) and (4) are satisfied if (6) is satisfied. 

Since (5) is satisfied because of the choice of E, (6) 
takes the form of (7). If (7) is satisfied, H is deduced 
from E by group (9), which is deduced from (2). It is 
easy to verify that the boundary conditions are also 
satisfied. 

The term under the exponential is written: 


(w + nar)t — (k + nki)z. 


If w: is of the order of w, rigorously speaking, it would 
be necessary to introduce modes of higher order, Hop, 
since the latter could be propagated. 

Let us restrict ourselves to the case of a sum of modes 
Hy,. Transfer (8’) into (7), which is written: 


OE, OE, Ot? 
Oy? 02? 


HO { [eo + €, COS (wort os hz) |E.}, (7) 
and transform the cosine into an exponential sum, ordi- 


nating in 2. The resulting equation will be satisfied if the 
coefficients of the variable terms are all zero. 


Fig. 1 
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For this we must have 


2 


(k + ky)? + # 
Ho(w + nar)? 


a = (Gna + Gny1) = 0. (10) 


Verification: make ¢, =0. We have only one coefficient 
Gn, £0,"4.€., Go, if 


2 
wo €ouo — res k? = 0, 


(11) 
but 


T . 
weouo = Ro” @ = a ;\o = wavelength in vacuum ) 
0 


and (11) becomes 


(11’) 


C. The Perturbation Method 


The solution of (7) has become the solution of a sys- 
tem of an infinity of homogeneous equations with an in- 
finite number of unknowns. Such a process is often em- 
ployed in mathematical physics. It is the one used, for 
instance, in solid-state physics,! or in quantum physics 
when a solution is sought for the perturbed Schrédinger 
equation.” Historically, astronomers Mathieu and Hill 
were the first to use such a mathematical technique.® 

The system whose general equation is given by (10) 
has a solution only if the determinant is zero. We then 
have to find the values of w and k which make an in- 
finite determinant zero. The general problem is very 
complex, so we shall only introduce approximations 
which will give the result simply. 

Examination of (10) shows that the a, coefficient 
bracket is large compared to €;/2 coefficient of the term 
Qn—1 +@n41. It is desirable to obtain an expression for a, 
in which e, may be considered as being infinitely small. 
This is the “perturbation method.” 

For instance, let us try to solve the system step by 
step, taking two ay, ay and a;. We establish that a, tends 
to infinity. It is possible that a, tends to zero for n in- 
finite positive or infinite negative, but not for both. This, 
of course, is due to the fact that the system determinant 
is not zero. 

Assume @, infinitely small compared to @p in e,!"! and 
ignore infinitely small terms of an order greater than 2. 


1 See section 40 of [2]. 
2 See section 2 of [1]. 
§ See Chapter 19 of [3]. 
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We shall then say that we are using the perturbation 
method of order 2. From the physics point of view, this 
means ignoring beats of order greater than +1 and —1. 

Only three equations of the type of (10) are involved; 


those corresponding to n= —1, 0, and +1. That is to 
say 


[In = — t]as+— ay =0 (12) 
[x = Olay + = (a_1 + a1) = 0 (13) 
[n= + 1] +— a» = 0. (14) 


Making these three equations compatible, we have 


0) St 


ae =0. (15 
4_[n = +1] =q|-% 49 


[n = 


Eq. (15) connects w and k as a function of parameters 
w1, ky and €1/€. 

In order to simplify the discussion without changing 
the physical conclusions, let us restrict ourselves to the 
case of the ideal TEM mode, already mentioned—that 
of a waveguide which has two walls of zero impedance 
and two of infinite impedance. All that is needed is to 
write in (10) 1/6=0. Eq. (15) is written, remembering 
that Ro? = €quow”, 


Simon: Action of a Progressive Disturbance on a Guided Electromagnetic Wave 


21 


obviously positive values of Z, and for | x| ~1. It 
should be noted that (16), Z=f(X), does not change if 
X and X; change to —X and —X;. This only means 
changing the sense of the axis Oz, thus changing nothing 
in the physical conditions. From this, it is possible to 
restrict the study of the approximation Z=f(X) near 
the point XY =+1, Z=0. 
Eq. fz=0 is satisfied for six values of X: 


sad Gece Os ENE ceoX te stu (Lae Sh) 


In general, around X=1 there is a real solution, 
and one only, to Z)»>=f(X). This solution is real and 
little different from unity; the value of & is real and 
little different from ko. This is no longer the case if one 
of the preceding roots is close to unity. Complex solu- 
tions of Z)=f(X) in X can appear. This will naturally 
happen only in the presence of double or triple roots. 
Let us examine the various possible cases: 


1)1=-—%X%+14+0 Xi = © triple root (see 3) 
2)1=—X,-1-2 X; = — 2 —Q double root 
3)1=X%+1-2 X, = Q triple root (see 1) 
4,1=X,-—140 Xi = 2 — Q double root. 


It is easy to prove that the solutions corresponding to 
point (—1, 0) are deduced from the latter by changing 
X, to —Xj; that is, by a simple change of the orienta- 
tion of the axis Oz (see Fig. 2). 

We shall therefore examine the case of triple roots 
1) and 3), and the cases of double roots 2) and 4). 


1 1 
(: ) e? (k + ki)? (k — hi)? : 
vig sy a ; : , 
aioe are Ce 
L (69) @ 
exponential solutrons 
=e eee ee deny solutions 
k ky a” 1 
LE Sree CE eels 2 lama 
ko Ro 49? é3) 
We have 
1 1 1 
Pes 1 =X? as 
1+ 2 
re 1 
é eB as ay . (16) 
1—Q 


D. The Various Solutions 


Because of the approximations of the perturbation 
theory, (16) may give correct results only for small and 
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E. Remarks 


The relation 1) or 3) can be written 


ky Ro 


W1 (63) 


Ri + ko _ Ro — fa 
wo, +w 


The field formula (8’) shows that it is written, in gen- 
eral, in the form of the sum of three waves corresponding 
to n= —1, n=0, n=-+1. 

If €; is very small compared to éo, & is very little dif- 
ferent from ho, to within the perturbation term of k, the 
three waves in question have phases respectively equal 
to 


(w — w1)t — (Ro — hx); wt — hoz; (w + wi)t — (Ro + hi)z. 
Relation 1) therefore means that these three waves have 


equal phase velocities. 
Similarly, the relations 2) and 4) are written: 


ki + Ro Ro 


ORC 


w1 + w aes a 2) 

ki — Ro Ro 

1 — Ww mar ry (4a) 
In these cases, waves n=0 and x= +1 or n= —1 have 


phase velocities which have equal Xabsolute value but of 
opposite signs. Physicists say that this concerns the 
Bragg phenomenon, and, in the cases considered pre- 
viously, the Bragg interference of the first order. 

Thus, the general formula for the Bragg phenomenon 
corresponds to the formula 


Gee 

w + no ove 

n is the order of the interference. Physically, this means 
that the wave with the phase factor (w+mw)t 
—(Rko+nki)z and the wave wt—koz which correspond 
respectively to the terms ” and 0 in the development of 
(8’), have phase velocities which have equal Xabsolute 
value. From the calculation point of view, the conse- 
quence of the above relation is that among (12), (13) 


and (14), equations corresponding to ranks n and 0 have 
equal coefficients. The system is degenerate. 


SECTION III 
A. Double Root Cases 


In this case, one of the brackets of (12) or (14) is 
cancelled. It is no longer possible to say that the cor- 
responding value of a,: or a_; is small compared to the 
value of ao. If, for instance, it is the bracket correspond- 
ing to #=-+1 which becomes zero when X is equal to 
unity, @41 is of the order of a, but then a_, is of the 
order of €1, and is therefore negligible compared to ao 
and a. Eqs. (12), (13) and (14) are reduced to (13) and 
(14) in which a_; has been made zero. In quantum 
physics this solution is termed degenerate. We have seen 
that it corresponds to the Bragg interference case. 


MICROWAVE THEORY AND TECHNIQUES 


January 


B. Case X1= —2—-Q 

It is the bracket corresponding to »=-++1 which be- 
comes zero if X tends towards unity. We shall assume 
that a4: is of the order of a and that a_, is negligible. 
Eqs. (13) and (14) alone are to be considered and are 
written: 


[m0 lenee = Pa (13’) 


Prene tin 2 5a = 0: (14’) 


In order that they shall be compatible, we must have 


[7 tlle Ole cca (15’) 
Using the notation previously adopted, 
k ky a2 1 
ener Oe rer 
ko Ro 49? @® 
we have 


xa X3\? 
Ze Gee) oa ere A 


Replacing X, by its value and neglecting infinitely small 
terms of order 2 and beyond, we have with a= +1; 
pat, 


(17) 


Let us calculate the corresponding values of the field. 
Inserting the value of X in either (13’) or (14’), e: dis- 
appears. This justifies the hypothesis that a» and a; are 
of the same order, and we have 


ay r 1 
—— Se EO Ae Le 
ao @ 


Finally, the value of the electric field can be written in 
the form: 


(18) 


€1 Wy . 
1 + —| exp — 7(wi — hoz) 
4 @ 


4 aji4/1 a Es exp — j[(w a w1)t = (ky + me]. (19) 


Ez = aexp — akoz 


It can be easily verified that the result is not funda- 
mentally changed by a change of phase on the wave of 
phase wt — koz and therefore equally on (w:t— kz). Terms 
in w and w+q are still in quadrature and are given by 
(18), the ratio k/ko being given by (17). Let us write 
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We have: 

E, = @ exp — ayzko[cos (wt — hoz) + ab sin [(w + wi)t — (Ro + hi)z]]. (20) 

Hy = - exp — ayzko[cos (wt — hoz) + ab sin [(w + wi)t — (Ro + ki)z]]. (21) 


Eq. (21) is obtained by inserting (20) in the second part 
of (9), taking into account the relation (2a), which can 
be written 


ki + Ro Ro 
wr + w w? 


and neglecting the term in €;/€). The general expression 
for the field is written in the form of the sum of two 
terms corresponding to the values a=+1 and a= ~—1, 
each having a coefficient which, as we shall see, depends 
on the boundary conditions. For instance: 


E; = a1641(2) exp — pRoz + anp_1(z) exp poz. (20’) 


$(z), equal to the bracket in (20), in which @ has been 
made equal to +1 or to —1, is a periodic function of 2. 
We find a general expression in accordance with 
Floquet’s theorem [3]. 

Let us now try to adapt these solutions to a non- 
perturbed medium. First, it should be noted that (20) 
and (21) show that the solution comprises two waves 
circulating in opposite directions, one of frequency w in 
the positive sense, the other of frequency w+, in the 
negative sense. 

Let €=€ 9 everywhere except in the segment OA =, 
where it satisfies (1). The incident wave is the wave P., 
such that E,=a cos(wt—koz). In segment OA only two 
groups of waves can exist. Each one of these groups con- 
sists of two waves, circulating in opposite directions, of 
frequencies w/2r and w+w;/27. One decreases, and the 
other increases exponentially with z. They must come 
into accord in planes O and A. Because of the direction 
of propagation, it is possible to add only a wave Puyo 
of frequency w+w/2m for z<0 and a wave P..” of fre- 
quency w/2zm for z> 2p. In order to satisfy the boundary 
conditions the wave P41 must become zero for z=2o. 

Neglecting terms in €:/€9, the boundary conditions are 
easily satisfied in the general case and make it possible 
to adopt the scheme of Fig. 3. One case of particular 
interest occurs when z is sufficiently large so that ukoZo is 
large. In this case P,’’ is negligible, and it is only neces- 


sary to consider the group of waves with a negative ex- 
ponential in order to satisfy the boundary conditions. 
By equating the electric and magnetic fields at the right 
and left of plane z=0, we have a=a,. And if P, and 
P41 represent the powers of the incident and reflected 
waves, we have 


oe (22) 


The reflected wave is of frequency w+a,/2m and (22) 
shows that the ratio of the reflected to the incident 
waves is in the ratio of the frequencies. 

The physical interpretation is simple. Let w:=0, and 
we have ki = 2ko. The medium is modulated sinusoidally 
at the spatial period of \o/2. It is well known that in this 
case the incident wave is reflected if the disturbance is 
large enough, and that in the disturbed medium the 
field is represented by two equal waves propagated in 
opposite directions and damped exponentially. Physi- 
cists designate this a case of Bragg interference of the first 
order, while for filter specialists it is a case of a stopped 
band. 

When a differs from zero, things happen as if the 
medium moved toward negative values of gz (in Fig. 3 
wave P). The reflected wave is now at the upper fre- 
quency w+ /27. The incident wave appears to be re- 
flected by a moving mirror. This is a Doppler effect. 

Finally, (22) is familiar to quantum physicists. It 
shows that to an incident photon of power (h/27)w 
there corresponds a reflected photon of power 
h/2x(w+a1). The number of photons is preserved. 


C. Balance of Power 


The reflected power is greater than the incident 
power. Energy has been transferred, obviously from the 
wave P; of the medium. Let us examine the balance of 
power in a slice dz with an abscissa less than 2p. 

We can write: 


V(EXH)=HVXE-EVX4H, 


from which, using (2) and (4): 


eae Re ODP ae 
V (hx A= 


23 
or Ot Soe 


Rigorously speaking, in order to establish (23) it would 
be necessary to consider the electric current density J*. 


4 See section 2.19 of [4]. 
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Term E-J would then appear in the first member 
of (23). But, in the case under consideration J is zero 
in the dielectric medium, and on the conducting walls 
the product E-J is obviously zero. Integrating over the 
volume V , we have 


panes, Ol) COB. 
[Ex D.as - - [ (B+ )av. (24) 
S V ot ot 


Let 71 represent the first member of (24), and rz the 
second member. 72 is written 


1 0 1 Oe 
ipl halk Waa pe may +— [ E?—dV. (25 
5 a Siac a eae Oy Nae Gsy. ce 


Eq. (25) differs from the usual formula with e constant 
because of the second integral. If the fields expressed by 
(20) and (21) are inserted in (25), and if the average 
value of 72 is calculated over a sufficiently long interval 
of time, we have 


(64 
7 = + Te bw1¢1Eo?dz, 


which arises exclusively from the second integral of (25). 
Further, 


k 
i= f Eo? — exp — 2apzko 
Ss Low 
-[cos? (wt — kz) — ab? sin? [(w + wi)t — (k + Aa) ]]. 


Taking the average value of 7; we have 


‘ Raed 
i = dz? + 2apko:— Te [b? a 11; (26) 
Mow 2 
but 
1 
= 4/14": kh? = equow?; 
@ 
ey Wi 
p= —xX 1+ —, 
49 (4) 


and naturally, 7,=72. This verification shows that the 
fields actually satisfy the equations and also that 7, 
given by 


: [ze ge dV 
T = - — fi 
2 yin Oe 21) 


represents the work done by the medium, 71 being 


E, = a exp — ask [cos (wt — koz) + ab sin [(w — wi)t — (ko — ky)z]], 


ako 
Hy = Fick exp — apzky [cos (wt — koz) — absin [(w — o)t — (ko — ki)z]]. 
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equal to the flux of the Poynting vector, or to the energy 
carried away by the electromagnetic wave. Eq. (26) 
shows that this energy is proportional to &/€0, #1 and to 
the incident energy. 

We have implicitly assumed that the medium was 
capable of supplying energy without becoming modified. 
Naturally this is only an approximation, all the closer 
to reality as the quantity of energy is small. This is the 
case of weak incident energy—a case of “approximation 
for small signals.” 


D. Case X14=2-Q 


The calculations are similar to those for the previous 
case. But now it is the bracket corresponding to n= —1 
which becomes zero if X tends towards unity. Eqs. (12) 
and (13) alone are to be considered, a4: being negligible. 
The equation which gives & in terms of the other 
parameters is written 


r-0-mfi- C5) 


(28) 
Replacing X; by its value, we have for a= +1: 

k 1 w ‘ 
—=1+aj—y4/1—-—  ifer<w (29) 
Ro 4eq ® 
Rk €1 w1 4 
== =i fig —_ Af — = ifei >. (30) 
ko 4e Q@ 


The solutions corresponding to w; <w or w; >w are now 
of a different kind; one is exponential, the other purely 
sinusoidal. The ratio a_;/a» is written: 


a1 : O1 ‘ 
—=aj4/1—-— lf a. <a (31) 
ao (23) 
a1 oe 
—=aA/—-—i1 ifw. > w (32) 
ao ® 
E. O1< Ww 
The electric and magnetic fields, for 
(1-2 =5 = Fs ae 
(23) €0 @ 
where 
ki — ko ko 
1 — w os 
are written 
(33) 
(34) 
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These expressions are very close to (20) and (21). Con- 
tinuing with the reasoning in the previous paragraph, 
it is easily seen that the solution described by (33) and 
(34) consists of two waves P., and Py_., of frequency 
w/2mr and w—w,/2m circulating in opposite directions. 

In the case of Fig. 4, if zo is sufficiently large, only wave 
Pow, at frequency w—w/27, is reflected and the rela- 
tion of the conservation of the number of photons is 
again satisfied: 


Pw Bee 5; 
(63) Cee cy 


The perturbation wave P; of the medium moves in the 
positive direction. We are again dealing with Doppler 
reflection on a medium moving away instead of ap- 
proaching, as in the previous case. The frequency as 
well as the energy decrease. Energy is imparted to the 
medium. 


F, W1>wW 


The conditions of Fig. 4 are still valid. In the per- 
turbed medium two groups of two waves of pulsation w 
and w;--w can be propagated. A value of a corresponds 
to each one of these groups. For instance, the electric 
field is written 
B. = [a1 exp jRouz + d2 Cxp — jkous | exp — j(wt os hoz) 

+ bla, exp + jkouz — a2exp — jhouz] 
-exp + j[(or — w)t + (ko — x)z], (35) 


ie a tant, ; pete 
b= = -1 and pay /A-1. 
w 4e a) 


Writing that the boundary conditions are satisfied, in 
O and A we have 


where 


at+a=a, (36) 
a, exp jkouZo — a2 exp — jkopzo = 0. (37) 
Hence, 
a . 
a = > [1 — jtgkouzo | 
a . 
a = [1 + jigkouzo|. 


2 
Two cases are of special interest: 
RopZo = -b kt 


QQ 1a = 


Eq. (35) becomes 


E, = a cos kouz cos (wt — hoz) 
— ab sin kouz sin [(w1 — w)t + (ho — ki)z]. (38) 
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For s=0 or z= 20, the first term of (38) alone remains, the 
incident wave is transmitted unchanged, and no wave 
of pulsation w;—w issues. 


T 
Rouzo = os + Kr. 


System (36), (37) is degenerate, and there is no solu- 
tion for it unless a=0. In this case with a1=a2=a'/2, 
(35) is written 


E, = a’ sin Roz sin (wt — kos) 


+ a’b cos kouz cos [(w1 — w)t + (Ro — f)z]. (39) 

It is possible to reconcile this solution in O and A by 
the method shown in Fig. 5: a wave P.,’’ toward the 
right and a wave P.,-. toward the left. It should be 
noted that the relation 


aA 
lee ae a 


ans (40) 


W efi eS) 


is verified, as is readily seen in (39). 

Of course, it is still necessary to find out how such a 
solution can be established in the perturbed medium 
(note that a’ is arbitrary. However, it can be asserted 
that the system oscillates spontaneously on both pulsa- 
tions w and w,—w. 

One special case is that in which w,;=2w, ki=0. This 
calls to mind the classical problem of a self-excited oscil- 
lator.® 


Fig. 5 


5 See paragraph 51 of [2]. 
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Thus, in the case for which the relations 


wow > w 
erga (41) 
ko @) 


are satisfied, the element OA behaves as an oscillator at 
frequencies w and w,—w. For given values of w, and ky, 
this condition can arise fortuitously, since the domain 
allowed to the electromagnetic wave (iko) is generally 
considerable. These conditions are very similar to the 
condition of oscillation of the “carcinotron” tube. 


SEcTIon IV 
A. Triple Root Case: Relation 1) or 3) 
The following is a case of triple degeneration. 


Bee lahat, 
1 Wo 
4 
The three brackets of (12), (13) and (14) become zero, 
and coefficients ao, a; and a_; are of the same order. We 
must therefore consider (12), (13), and (14). In actual 
fact we shall examine not only the case where i/o 
=k)/w but also neighboring cases, which will give an 
idea of the stability of the solution. 
Let X =1+6; X,;=0+6;. The parameter 


is a measurement of the difference between the phase 
velocity of the unperturbed wave and that of the pertur- 
bation. 

Eqs. (12), (13) and (14), which are in fact the funda- 
mental equations of the problem, are written with these 
new variables, assuming that @ and 6; are small com- 
pared to unity: 


A, +0 VE = 
oe ikea oan (42) 
VL 
bay — aes 41) = 0 (43) 
Cr ac8 VZ rs 
a ie. ri a = 0. (44) 


Eqs. (15) or (16), obtained by eliminating a_1, ao 
and a4; from these three equations, is written, with these 
new variables: 


6? — 6,2 
0 — 6,2 


Z = 20 (45) 


B. Case Q=01/w<1 


Fig. 6 represents the function Z=f(0) for case 
#1>zero. Case #:<0 is deduced from the former by 
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Fig. 6 


changing 6; to —6: and #6 to —@ (symmetry with respect 
to the Z axis). 

For Z small and positive, there are three real roots 
6’, 6” and 6’” for Z =f(6). 8” is close to and less than —4;; 
6” is close to zero and positive; @’” is close to and greater 
than 6. If 6; tends toward zero, the solid curve blends 
with the parabola Z=26? shown as a dashed line in 
Fig. 6, and the Z axis. 

If 6, is small, the solutions 6:0 are of a kind differing 
little from the solutions 6; =0—a group of slow waves, a 
group of fast waves, and a group with velocities very 
close to that of the unperturbed wave. 

Let us therefore examine the case 6:=0. The two 
groups of fast and slow waves have for the value of k: 


k 
=1+ itha = + 1. 46 
r a5 = with a (46) 
The corresponding values of a are: 

ees =) 47 
Pra Fa (47) 

G4 
= te (aa 48 
- Fi (1 + Q) (48) 


For the group of waves of the same velocity as the 
unperturbed wave k= ko, we have for the solution of the 
system (42), (43), and (44): aga=0, and a;+a2=0. The 
latter solution is of little interest since it does not agree 
with an incident wave of phase wt — kos. 

Therefore the two groups of waves described by the 
solutions (46), (47) and (48) must be used. All these 
waves are propagating in the same direction. Since their 
phase velocities are slightly different, they beat with 
one another. Actually, this produces a sinusoidal modu- 
lation of the amplitude at the various pulsations O— 13 


®; w+a;. The phase of this modulation is Rous with 
B= 6/2/20. 
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Writing accord at O, we have for the field expression: 
E, = cos koyz Sa — j(wt — Roz) + ai sin kouz 
w1 ; 
Q 1 ~=) exp — j[(w — w1)t — (k — ki)s| 


8 (1 bs =) Spe (ec wpe (eo: a | (49) 


The energy passes alternately from the vibration at fre- 
W—-] 


and 


- quency - to the vibrations at frequencies 
woo 

ae 
GC. Case. Q=a1/a> 1. 


In Fig. 7 the solid curve shows the variation of 
Z=f(0) for 6:>0. The curve 6; <0 is deduced from the 
latter by symmetry with respect to the Z axis. 

If 0<Z<¢, or if Z>¢’, there are three real roots for 
6. But if ¢>Z>¢’, two of the real roots are transformed 
into complex roots. 

Developing in the neighborhood of point A, we have: 


eae ail (50) 
= a uj, 
V3 ~ 
with 
Ahi fb 46,? 
a=+1; w2=— <~1); noe 
3\z 3(/32 — 1) 
a; pt i a pip a lealy 
@ ko (23) 4? 


k 
—=1 
Ro 


The value of k is complex only if Z>{, t.e., assuming 
that 1 is small compared to ~/3Q. 


e” w fki on\? 
aS ak (= -=y. 
€0” o\ko 3 w 
Eq. (51) gives a threshold for the appearance of exponen- 
tial solutions, tied to the depth of perturbation. This 
threshold is lower as w: becomes greater than w. It 
should be noted, however, that the solution is valid only 
if 1/witko/wo. 
The phase velocity V is the same if a=+1ora=-—1; 
it is given by: 


(51) 


1 i| 1 
ge = =(---) (52) 
V V0 ws VJ/3 (6) Vj v0 
Note that if 
‘F >0 11 < 00° 1 <V <% (53) 
4 <0 1 > V << %, 
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X =1+ [1 + aju]; 


+3 (B-2) [i +0/5G-3)"] 
V3\ko wo V3 @ 


Wave 27 


Fig. 7 


the phase velocity of the exponential waves is always 
less than the phase velocity of the unperturbed wave, 
whether the perturbation phase velocity is lower or 
higher than the latter. 

If Z is much greater than ¢, the value of 2 is no longer 
given by the approximation of (50) but is complex if 
GN AA Wes 

(54) 


or 
(50’) 


u and v must be calculated directly. But it can be stated 
that 


Ay Satie 30; Q 
V3 2 


The relations expressed in (53) are still valid, and the 
exponential waves are always slower than the unper- 
turbed wave. 

A group of sinusoidal waves corresponding to the real 
root of Z=f(#) must be associated with the two groups 
of exponential waves. The latter becomes 


B 
X#1—&— 7-1 +0). (55) 


Verification is made of the fact that, since 0:<1, all the 
waves considered have positive phase velocities. The 
solution will therefore be obtained by bringing the 
fields into agreement in the plane z=0. We have 
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bi + be + b3 = @ and amplitude. rnin: it would be Namie to eo 

27 27 a sider the fact that the electromagnetic wave at #w wou 
bi vad ere tetas + de pe SS is Se, have some effect on the medium itself by weakening or 
2, V3—1—ju 2, V3— 1+ ju strengthening the perturbation. (This is similar to the 
WF action of the perturbation on the electromagnetic wave 

+ bs 20 (Uae Sh MY (56) by increasing or decreasing it.) 
Se nl, c) The cases examined have this in common—they 
b v3Z a+l V3Z a+] all relate to Bragg interference of the first order. There 
eh V3 +1 + ju 2 V3B+1- ju is a clear feeling that it is in the case of Bragg interfer- 
26 ence that the interaction of the medium on the wave is 
0g ee strong, for it is then that the phase conditions which 
Vz make the action cumulative are best obtained. A par- 
bi, b2 are the arbitrary coefficients affecting the groups ticular ly ee re is ee of cases 2) and 4) 
of exponential waves a= +1, a= —1, and 6; is the arbi- (Section IIT) for small values of w1/w. 


trary coefficient of the group of sinusoidal waves. @ is 
the coefficient of the incident wave. The group of equa- 
tions in (56) is obtained by equating the field values for 
pulsations w, w—@1, w+w:. The system in (56) of three 
equations with three unknowns has, in general, only one 
solution. 

In the case 6, >0 it is the group of waves correspond- 
ing to a<0 with coefficient b2, which increases exponen- 
tially; in the case 0:<0 it is the group of waves corre- 
sponding to a>0 with coefficient b;. At first sight, there 
is no essential difference between the two types of solu- 
tions, except for an amplitude ratio which is different 
in the components at the various frequencies. 


SECTION V 
A. Physical Applications 


The foregoing paragraphs have established a certain 
number of results which can find application, in par- 
ticular, in the so-called domain of “parametric ampli- 
fication.” 

Before passing to this domain, it is useful to recall a 
few features and conditions of the results obtained. 

a) The application of the method of first order per- 
turbations assumes, basically, that the neglected quanti- 
ties do not influence the exact solution. In the cases dealt 
with, this assumes that €:/€) is small, and that the com- 
ponents with pulsations w+nw, with n>1 are negligi- 
ble. In general, this approximation seems to be reason- 
able physically. This means that the spectrum decreases 
rapidly around pulsation w. 

This may not be the case for a Bragg interference of 
order greater than unity, described by the relation 


eae eacal 
eens) ie Naan 
In fact, in an actual physical problem, it is necessary to 
take into consideration harmonics of high order. 

b) It has been implicitly assumed that extraction of 
energy did not modify the perturbation. This can be 


true only for weak signals, or when it is possible to feed 
the medium at all points with energy of correct phase 


This has led to the exploration in plane ki/Ro, w:/w of 
two straight lines [cases 2) and 4)] and of a region 
around the first bisector [cases 1) and 3) and sur- 
roundings |. 

In order to exhaust the problem it would, in fact, be 
necessary to explore the whole plane. But then the 
question would be raised of the validity of the solutions 
obtained, which, it should be remembered, are only 
approximations. 


B. Parametric Amplification 


As was stated in Section I it is possible to ap- 
proach the problems of parametric amplification by 
separating the difficulties. A pumping energy modifies 
the characteristics of the medium. Knowing the modifi- 
cation of the medium, an action on the signal is deduced. 
It is then unnecessary to introduce the pumping field 
in the equations. This is obvious in the case of an energy 
of a different character—mechanical for instance. 
Consider the case of an electromagnetic pumping 
energy: that is, the same kind as the signal. 

Let Fi, Hi, E, H represent the pumping field of fre- 
quency w;/27 and signal field of frequency w/27. By 
hypothesis, the Maxwell equations (2), (3), (4) and (5) 
and the boundary conditions are satisfied for the 
pumping field E,, H; alone. In particular, (4) is written 


an dehy 
Vex Ay oo : 
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(57) 


In (57) € is a function of x, y, z and of the field E;, Hy. 
In particular it can take the form described by (1). 

It is now necessary to satisfy the Maxwell equations 
and the boundary conditions for the sum of the pumping 
and signal fields. But the Maxwell equations, as well as 
the boundary conditions, are linear. Since the pumping 
field already satisfies them, it is necessary and sufficient 
that the signal field satisfy them, provided that e is for- 
mulated so that it can be determined by (57). This as- 
sumes that the addition of the signal field does not modi- 
fy the value of e. This condition, generally realized, can 
be described as an “approximation for small signals.” 
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This being said, up to the moment and as far as we 
know, parametric amplification experiments have been 
performed only with lumped constants or with cavities. 
In the case of lumped constants, the circuits have 
always been tuned, which, as in the cavities case, is the 
same as repeating in time the action of the medium on 
the electromagnetic wave. More precisely, it is possible 
to pass easily from the case of a traveling wave to that 
of a cavity. Thus, as is well-known, in a cavity the field 
can generally be given the form of two traveling waves 
circulating in opposite directions so that the matching 
conditions may be obtained at the extremities. A trans- 
position of the solutions found for traveling waves can 
therefore be made for cavity problems. 


C. 


Various analogies can be drawn from known cases of 
localized parametric amplification. 

Up-converter: An input signal of frequency w and 
“pumping” power of frequency w: produce a signal of 
frequency w-++w:. The latter is amplified in power in the 
ratio 1+w;/w. This is what was found in Section III, 
B; in particular, see (22). 

Down-converter: An input signal of frequency w and 
“pumping” power of frequency w: produce a signal of 
frequency w—a) (see Section III, D). 

If wL>w, the resultant signal is diminished. Power 
loss is given by 1—w;/w (see Section III, E). 

If w;>, it is possible to obtain some amplification 
(see Section III, F). However, there is a tendency to 
instability; under certain conditions the system can 
break into oscillations, as in (41). As was already seen, 
this case approaches the conventional self-excited oscil- 
lator. 


D, 


The solution examined in Section IV should be com- 
pared to the operation of traveling wave tubes, espe- 
cially in the case where w:>w. (See the preceding para- 
graph.) 

Thus, drawing an analogy between dielectric and 
electric current, we find that, as in the TWT case, it is 
in the neighborhood of equality of phase velocity of the 
cold wave and of the velocity of the electrons, and that 
it is possible to obtain exponential amplification. The 
amplified wave, sometimes designated “forced” wave, in 
TWT tubes always has a phase velocity which is less 
than the phase velocity of the “cold” wave [see (53) ]. 


E. 


It has been found (Section III, F) that under certain 
conditions described by (41) the perturbed medium may 
behave like an oscillator delivering energy at frequencies 
w and w,—w. It is interesting to point out that there is a 
strong analogy between the conditions in (41) and 
those which give the oscillating state for the UHF tube 
called “carcinotron” or backward wave oscillator. 
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VI. CONCLUSION 


This investigation has made it possible to obtain the 
modes of action of a perturbation of the medium on a 
guided electromagnetic wave. This action is intense, 
especially when the so-called Bragg phase velocity con- 
ditions are obtained. It is then possible to have energy 
transfer into the electromagnetic wave. 

In such a problem, the “boundary conditions” are as 
important as the solution of the propagation equation. 
In particular, the “accord conditions” between a per- 
turbed and an unperturbed medium have set aside a 
certain number of solutions which could have been taken 
as actual amplifications. Such a state of affairs is found 
in certain plasma waves which cannot be “extracted” 
from the medium. 

In the “approximation of small signals,” it has been 
seen that the problem discussed is related to the prob- 
lem of parametric amplification. Analogies have been 
found with cases of localized parametric amplification 
and with the conditions of traveling wave tubes and 
carcinotrons. 

We do not claim to have completely dealt with para- 
metric amplification for traveling waves, but it seems 
that this way of treating the problem may bring out the 
greatest number of related physical concepts. It appears 
that the complete solution of practical cases should be 
undertaken in accordance with the proposed scheme 
which makes it possible to separate the difficulties— 
action of the “pumping energy” on the medium, and 
action of the perturbed medium on the signal. 
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Periodic and Guiding Structures at 


Microwave Frequencies" 
A. F. HARVEYt 


Summary—The paper reviews the properties of periodic and 
guiding structures which now play an important part in the operation 
of components, antennas, electron tubes and low-noise amplifiers. 
An account is first given of dispersive propagation in periodic-loaded 
lines, showing how the frequency characteristic breaks into pass and 
stop bands. The formation of forward- and backward-space har- 
monics and the effect of systematic modification of loading are ex- 
amined. A description is then given of the various types of surface- 
wave structures including dielectric rods, dielectric-clad metals, and 
corrugated surfaces, as well as surface wave instruments and cir- 
cuits. Practical slow-wave structures such as ladder lines, coupled 
cavities and helices are finally treated. The survey concludes with a 
bibliography. 


List oF PRINCIPAL SYMBOLS 


(RATIONALIZED MKS UNITS ARE USED 
UNLEss OTHERWISE INDICATED) 


b=Linear dimension, meters. 
c=Speed of light in vacuo=2.997929 x 108 
meters per second. 
C=Capacitance, farads. 
d=Linear dimension, meters. 
E=Electric field, volts per meter. 
H=Magnetic field intensity, ampere turns per 
meter (=4ma X 107 oersted). 
H, = Hankel function of the first kind and mth order. 
H,, = Hankel function of the second kind and nth 
order. 
j=Operator, 90° rotational = »/—1. 
J,= Bessel function of the first kind and mth order. 
l=Length, meters. 
1=Suffix for long. 
L=Inductance, henry. 
m= Integer. 
n = Integer. 
N=Number of resonators or elements. 
p= Pitch of periodic structure, meters. 
P= Power, watts. 
Qu = Unloaded Q factor. 
r= Radial coordinate or suffix. 
r,= Radius of helix, meters. 
71= Radius of rod, meters. 
R,=Surface resistance, ohms. 
s =Suffix for short. 
t= Time, seconds. 
u = Radial propagation coefficient =a-+ jo. 
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v,=Group velocity of wave=dw/dB meters per 
second. 
v»=Phase velocity of wave=w/8 meters per 
second. 
w=Linear dimension, meters. 
W,=Total average stored energy per unit length, 
joules per meter. 
x = Linear coordinate, meters or suffix. 
X,=Surface reactance, ohms. 
y = Linear coordinate, meters or suffix. 
Y,=Bessel function of the second kind and mth 
order. 
Yo = Characteristic admittance of transmission line, 
mhos. 
Y,= Admittance of stub, mhos. 
z= Axial linear coordinate, meters or suffix. 
Z.= Coupling impedance of circuit, ohms. 
Z,)= Characteristic impedance of transmission line, 
ohms. 
Z,= Surface impedance = R,+7X, ohms. 
Z.n= Shunt impedance of circuit, ohms per meter. 
Zw = Wave impedance of free space =377 ohms. 
Z:1=Impedance of loading element, ohms. 
a= Attenuation coefficient, nepers per meter. 
6 =Phase-change coefficient =27/\,, radians per 
meter. 
6,= Value of 6 for nth space harmonic. 
Bw = Value of 6 in free space. 
= Propagation coefficient = a+j6. 
n= Value of y for mth space harmonic. 
6 = Dielectric loss angle. 
6.=Skin depth in a conductor =2/(wypoo) ¥2 
meters. 
e€= Dielectric constant. 
€9=Electric space constant, (1/367)10-° farads 
per meter. 
@= Angular coordinate or suffix. 
\=Free-space wavelength, meters. 
d. = Cutoff wavelength of waveguide, meters. 
\, = Guide wavelength, meters. 
&= Relative permeability. 
tuo = Magnetic space constant, 47 X10? henry per 
meter. 
p=Amplitude reflection coefficient. 
o=Conductivity, mhos per meter. 
¢= Angular coordinate or suffix. 
Yn = Pitch angle of helix. 
w= Angular frequency, radians per second. 
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WAVES IN PERIODICALLY-LOADED LINES 
Dispersion 


The propagation characteristics of a transmission line 
are modified [39] when the line is loaded with reactances 
connected in series or parallel, and spaced at regular 
intervals. The analysis of such periodic structures, 
familiar [30] in many branches of science, has been 
extended [50], [167], [233] to microwave transmission 
lines. An equivalent circuit treatment reveals a quali- 
tative description of the various phenomena, providing a 
basis for exact analysis using Maxwell’s theory. 

Propagation alonga transmission line, loaded as shown 
in Fig. 1, may be analyzed by Floquet’s theorem [30], 
[233] which states that for a given mode of oscillation 
and frequency the wave function is multiplied by a 
constant complex factor exp (—y) on moving along the 
structure by one section or period. For propagation 
along the z-axis, the wave function can be written in the 
general form exp—(y+27nj/p)z. It can be shown that 
in a structure without energy dissipation y must be real 
or imaginary. If real, the exponentials for each value of 
m decrease with increasing z and attenuated waves 
result. If, on the other hand, y is imaginary, putting 


Bn = Bo + 2rn/p, (1) 


the wave function becomes exp j(wt—8,z), on inclusion 
of the time dependent term. This represents a progres- 
sive wave with angular frequency w and wavelength 
2mr/B,, travelling along the z-axis with phase velocity 
Vpn =0/B,. 

The loaded line may be considered as a series of sec- 
tions, each consisting of a portion of line of characteristic 
impedance Zp and a lumped impedance Z;. The phase 
change across a section AC consists of the sum of the 
phase changes along a portion of line AB and across the 
lumped impedance BC. The equations of the frequency 
characteristics of this infinite loaded line may be deter- 
mined by the usual analysis [271] of ladder lines. The 
phase change along a lengthof transmission line is27p/), 
while the total phase change per section is 6,p or 
2ap/d, when x is considered zero. It can then be shown 
[167] that 

2rp 2Zrp | “Zt 


cos ——- = cos —- + i 
dy Xr : ZZ 4 nN 


is the equation of the frequency characteristic. For a 
line loaded with series inductances L, 


Z1 = joL (3) 


and the resulting (2) with wL~Zpis plotted in Fig. 2. It 
will be seen that as w is increased from zero to about 
two-thirds of rc/p the value of 6 increases from zero to 
m/p. At this higher frequency, reflections set up at the 
inductors add in phase, resulting in a standing wave on 
the line with current antinodes at the inductors. For 
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Fig. 1—Line loaded with lumped impedance. 
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Fig. 2—Frequency characteristic for inductively loaded line. 


higher frequencies a stop band occurs, the wave down 
the line being attenuated by successive reflections at the 
inductors while the total phase change remains constant 
at the value z. For smaller or larger values of ZL, the 
curves have similar shapes but follow the v,=c line to 
higher or lower frequencies, respectively. The curves 
always have zero slope at cutoff and propagation is 
possible at zero frequency. A second pass band begins 
when the phase change across each portion of the line 
(not including the inductor) becomes 7; 1.e., when w 
becomes mc/p. At this frequency there is no phase 
change across the inductor, a standing wave being pro- 
duced with nodes at the inductor. With further increase 
in frequency, the phase constant increases until the 
phase change across each section of the line becomes 
2m when a further stop band occurs. The widths of suc- 
cessive stop bands increase with frequency since they 
are dependent on the reactance wL of the inductor. It 
will be seen that the phase velocity given by w/@ is less 
than c, except in the special case of standing waves with 
current nodes at the inductors when, as may be ex- 
pected, it is equal to c. 
For a line loaded with series capacitances C, 


Ziv lil joe. (4) 
and the resulting (2) with (1/wC)~3Z> is plotted in 


Fig. 3. Once again a series of stop and pass bands is 
obtained but in this case the widths of the stop bands 
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decrease with increasing frequency. The phase change 
across the capacitor is such that the phase velocity is 
greater than c, except when a standing wave with nodes 
at the capacitors occurs when it is equal to c. It should 
be observed that the transmission line now has a cut- 
off frequency below which no propagation occurs. The 
general shape of the curves is the same for other values 
of C, tending to the v,=c line for C large and to horizon- 
tal lines representing no propagation for C small. These 
dispersion curves for series capacitance are identical 
with those for shunt inductance loading while, by the 
principle of duality, the curves for shunt capacitance 
are identical with those already shown for series in- 
ductance. 

Microwave transmission lines are often loaded with 
resonant circuits such as, for example, series stubs. If / 
is the length and Zo is the characteristic impedance of 
such a stub, the loading impedance is 
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Fig. 3—Frequency characteristic for capacitively loaded line. 
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Z, = jZm tan (2zl/)). (5) 
The equation of the dispersion curves then becomes 
2 yz Z 2al ar 
pid tamil Ratt eS ne IE (6) 
r 2Zo r rd 


g 


The analysis is simplified without affecting the qualita- 
tive features if Zo1=2Zo, so that (6) becomes 


| 2n(p )/ 2nl 
COS SS ae cos, 
r d 


which is plotted in Fig. 4 for 1/p>~1.2. At low frequen- 
cies the loading is inductive, but as w increases a cutoff 
occurs when \,=2p, a standing wave being produced 
with antinodes at the stubs. The frequency at which this 
cutoff occurs is less than the lowest or first resonant fre- 
quency of the loading reactor. This first resonance oc- 
curs when the effective length of the stub is 3, and the 
attenuation in the guide is then infinite. From the cutoff 
frequency to the frequency at which the stub length is 
ZA, the phase change along one section of the guide re- 
mains at the value z. 

At the resonant frequency, the loading on the guide 
changes from inductive to capacitive and the phase dif- 
ference across a section changes by 7. The phase change 
remains constant at zero until the next pass band is 
reached. At the beginning of the second pass band, the 
loading is capacitive with a corresponding frequency 
characteristic. When the effective length of the stub 
becomes 3A, it is again resonant with a node of electric 
field at the mouth of the resonator and \,=X. For a 
higher frequency, the loading is inductive and a cutoff 
occurs at a frequency approaching the value for which 
the resonator length is $\. The same cycle of events is 
repeated at all resonant lengths (m\-+4d)/2 where m is 
a positive integer. At frequencies for which the effective 
length of the stub is m\/2, the loading changes from 
capacitive to inductive and \,=X. 
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Fig. 4—Frequency characteristic for a parallel-plate line loaded with stubs. 
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At frequencies such that w=mrc/p, further cutoff 
values occur. The stop band associated with this type of 
cutoff is the same as that obtained with inductive or 
capacitive loading. No resonance occurs in the cavities 
and the phase change across a section of the guide re- 
mains constant throughout the stop band. On both sides 
of the stop band, the pass bands are either both induc- 
tive or both capacitive. In the former case, w =mtc/p is 
a low-frequency cutoff for the pass band, and in the lat- 
ter, it is a high-frequency cutoff. For example, if 
1/p=0.2, the first stub resonance occurs at w=2.5rc/p; 
before this frequency is reached, the dispersion curve 
shows inductive stop bands at both rc/p and 2rc/p. 

The phase velocity v,=w/8 for any point P on the 
dispersion curve is given by the slope of the line joining 
the point to the origin. The group velocity v, =dw/d@ is 
given by the slope of the curve at the particular point. 
Provided that the attenuation coefficient is not too 
great, v, is also the energy velocity [30] defined as the 
rate of flow of energy through a cross section of the 
guide to the energy stored per unit length, the ratio 
being averaged over one complete section. If Q, relates 
to the resonance of the loaded line which is short-cir- 
cuited at both ends, the attenuation in the pass bands 
is given in nepers per meter by [233] 


a = w/(v,Qu). (8) 
The dispersion or rate of variation of phase velocity 
with frequency may determine the useable bandwidth of 
a periodic structure in a practical device; it is given by 


dvp/dw = (0/w)(1 — 2/04). (9) 

Information about the stop bands is obtained [167] 

by substituting cos (@—ja)p for 2rp/d, in (6). The 
attenuation in nepers per section ap is then given by 


2nl rp 


2rp Zo ‘ 
— Slik 
r r 


cos (8 — ja)p = SR — — tan 


2Zo (0) 


The attenuation is zero near the edges and becomes 
infinite at the center of the resonance stop bands, but 
remains finite in the inductive and capacitive stop 
bands. The treatment given for the frequency charac- 
teristics has assumed that there is a nearly loss-free sys- 
tem and, moreover, the simple relation of (8) predicts 
infinite attenuation as the edges of the pass band are 
approached. These difficulties have been overcome by 
Butcher [36] who, in taking into account the effect of 
both conductor and dielectric losses, introduced a 
complex Q factor which can be used in the pass and stop 
bands. 


Space Harmonics 


The frequency characteristics given so far have been 
for the case when m=0 in (1); that is, only one value of 
phase velocity has been given explicitly for a particular 
frequency. The instantaneous potential waveform along 
the guide is, however, not sinusoidal, but changes dis- 
continuously across the loading impedances and can be 
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described in terms of Fourier analysis as a sum of a 
series of space harmonics. The amplitudes of these har- 
monics depend on the form of the potential field which 
is controlled by the particular structure of the periodic 
guide. For example, the potential of a travelling wave 
on a parallel plate line with stubs of aperture bi, assum- 
ing that the electric field strength is constant across the 
mouth, is given by [167] 


1 1 
>: | (sin se ia, y — Bs ei(wt-B,z) | (1 1) 
n 2 Z 
If Bo is given the value 7/4), (1) gives 
Bn = (x/4p) + (20n/$). (12) 


The instantaneous waveforms of the harmonics corre- 
sponding to n= —1, 0, +1 are shown in Fig. 5(a). 

The frequency characteristic of a periodic stub loaded 
structure which includes all space harmonics from 
n= —2 to n=-+3 is shown by the full lines of Fig. 5(b). 
It will be seen that the phase velocities of the various 
harmonics are different and that those for »=0, +1, 
+2, and +3 are positive, while those for m= —1 and —2 
are negative. At the cutoff frequencies, for every space 
harmonic with positive phase velocity there is one with 
an equal and opposite phase velocity. Further investi- 
gation shows that the amplitudes of these pairs are also 
equal and therefore at a cutoff frequency, the guide can 
support only standing waves. If v, is the phase velocity 
at a point A, geometrical considerations show that the 
phase velocity at corresponding points such as B, C, D, 
and E is given by v,p/(ndA, +P). 

The group velocities of all the space harmonics are 
seen to be equal for any given frequency and to have the 
same direction as that of the energy. For 7 negative, the 
phase velocity is always opposite in direction to the 
group velocity. Such space harmonics are termed reverse 
or backward waves and, in particular, it is possible to 
have periodic structures in which the fundamental is it- 
self a reverse wave. The complete characteristic contains 
a range of upper branches corresponding to resonances 
of the stubs. Two conventions are in use for the number- 
ing of these branches. In one, the fundamental is taken 
to be that space harmonic with the highest phase ve- 
locity, while in the second, which is adopted here, it is 
that harmonic which normally has the largest ampli- 
tude. In the latter case, with small loading, the char- 
acteristic tends to that of the transmission line. 

If electromagnetic energy is propagated in both direc- 
tions, then as shown by the dotted lines of Fig. 5(b), 
additional curves which represent waves with negative 
group velocity appear to complete the frequency char- 
acteristic. If the forward and backward energies are 
equal, standing waves are produced not only at the cut- 
off values but at all frequencies. This analysis may 
readily be extended from parallel plate lines to wave- 
guides. The characteristic impedance is now given for 
any one mode of propagation by the ratio of the trans- 
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Fig. 5—Forward and backward space harmonics. (a) Stub structure and wave forms of the n= —1, 0, and +1 space harmonics. 
(b) Frequency characteristics of the n= —2 to n»=-+3 inclusive space harmonics. 
verse electric to transverse magnetic field. The fre- cos (47p/d,) = 1. (14) 
nee: ; “nil h : 
quency characteristics will be similar to t ose given po. FBOTM CO thence: 
above except at low frequencies where the guide ex- 
hibits a cutoff. mmc 15) 
It may be shown [167] that the longitudinal and ar F : ( 

transverse components of the electric field in the main ‘ } 
guide oscillate in quadrature. For capacitive loading aie MS {1 af eo +2} ; (16) 
where v,>c, the amplitudes vary in the transverse direc- p p p 


tion according to sine and cosine laws. For inductive 
loading where v,<c, the transverse propagation con- 
stant is real and the amplitudes decay according to 
hyperbolic sine and cosine laws; these become expo- 
nential some distance from the loaded surface. 


Multiply-Periodic Loading 


Other properties of periodic structures emerge when 
the loading is systematically uneven [24], [256]. For 
example, in the structure shown in the inset of Fig. 6, 
which consists of series stubs of alternate length, it will 
be evident that the number of degrees of freedom of the 
system are now doubled and therefore there will be 
twice the number of branches in the frequency charac- 
teristic. Analysis of the equivalent circuit of this 
double-stub structure gives [167] the equation of the 
frequency characteristic as 


cos (4rp/d,) = cos (4rp/h) 

— (Zu/2Zo) sin (4rp/d) [tan (2rl,/d) + tan (271./2) | 

+ (Zor?/2Z 0”) sin? (2rp/d) tan (2nl,/d) tan (2xt./d), (13) 
where (4rp/),) is the phase change across one complete 
section of the line (including a long and a short stub). 


The frequencies at cutoff for 8=0 and B=7/p are 
given by 


The values of w in (15) are the capacitive or inductive 
cutoff frequencies, being the beginning or end of a stop 
band. The values of w in (16) which depend upon J; and 
I, give the cutoff frequencies when adjacent resonators 
are oscillating in antiphase. 

The frequencies at cutoff for 8=7/2p are given by 


cos (4rp/\,) = — 1, (17) 
and, for Zo: =2Zo, (13) gives 
ac 2m-+ 1 
Sh aeipe Spiny, 2 (18) 
ac 2m-+ 1 
Oe: a9) 


These values of w correspond to the occurrence of nodes 
at the long and short resonators, respectively. If the 
stubs are all of length J, the frequency for B=7/2p is 
given from (7) by 


mo 2m+1 
(OO) SN Se 
ia, (20) 
Comparison of (20) with (18) and (19) shows that cutoff 
values of w at B=/2p for the double-stub structure 
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Fig. 6—Inductive double-stub structure. (a) Frequency characteristic. (b) Relative phases of the stubs. 


occur at all points where the ordinate 7/2 cuts the 
curves of the two uniformly-loaded lines. 

Thus the frequency characteristic of the double-stub 
periodic structure will be similar to that of the simple 
structure until the phase constant approaches the 
values at which the cutoffs occur. The characteristics 
will depart at these points since standing waves can 
occur with either nodes or antinodes at the modified 
resonators. These standing waves will have the same 
wavelength but different frequencies and will be dis- 
placed with respect to each other by j),. 

The useful properties of this structure occur when the 
ratio /,/1, is not too great, for instance, between 1 and 2. 
The frequency characteristic may then belong to two 
classes. In the first class shown in Fig. 6(a), the reso- 
nances of the stubs occur at a higher frequency than the 
two standing waves at B and C when B=7/2p. There- 
fore, in passing from one branch to the other, the loading 
remains inductive and there is no change in the phase 
coefficient at B=7/2p. As Zo: is reduced from the value 
2Zo, the initial portion of the characteristic for all stub 
lengths tends to follow the v,=c line more closely and 
vice versa if Zo is increased; the cutoff frequencies are 
also modified. From analogy with the characteristics of 
crystal lattices containing diatomic molecules, the lower 
curve is sometimes termed the acoustical branch and, as 
shown in Fig. 6(b), the phase of the oscillations in the 
resonators differs by less than 37 and tends to zero when 
8 approaches zero. The upper curve is termed the opti- 
cal branch and the phase of the neighbouring resonators 
differs by more than 37 and approaches 7 as 6 ap- 
proaches 7/P. 

In the second class illustrated by Fig. 7, a resonance 
of the larger stub occurs between the two standing 
waves at B=7/2p when /,=4) and results in a change 
from inductive to capacitive loading. The loading re- 
mains capacitive until a frequency is reached where 
hg =A; 4.¢., the phase velocity is equal to the free-space 
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Fig. 7—Resonant double-stub structure. 
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velocity. At this frequency the capacitance of the small 
resonator and inductance of the larger resonator may 
be regarded approximately as a series resonant circuit. 
At a still higher frequency the loading is again induc- 
tive. For periodic structures with more than two lengths 
of stubs, the number of branches in the frequency char- 
acteristic will equal the number of different lengths of 
resonator; 7.e., the number of frequencies corresponding 
to a given phase constant is equal to the number of 
degrees of freedom associated with each section of the 
line. For example, in a structure in which there are 
three stubs per section and every third is modified, one 
of the many possible characteristics takes the form 
shown in Fig. 8. It has been shown [167] that under 
certain conditions and over a limited frequency range, 
the dispersion is small since the phase velocity is nearly 
constant. 
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DIELECTRIC-CLAD METAL STRUCTURES 
Plane Waves Over Flat Surfaces 


In conventional transmission systems, at microwave 
frequencies the electromagnetic energy is effectively 
confined to a closed region of space by means of con- 
ducting walls. Under certain conditions other types of 
transmission may exist in which the energy is not 
rigidly confined but rather is bound to a surface or struc- 
ture. Such a guiding structure can support [32] three 
classes of waves: first, a continuous spectrum of propa- 
gating waves and second, a continuous spectrum of 
evanescent waves which are exponentially attenuated 
in the direction of propagation. The third class repre- 
sents one or more surface waves which, by careful 
launching, can be made to predominate. 

These surface waves [20], [190], [292], [293] are 
forms of electromagnetic energy which propagate with- 
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out radiation along an interface between two media 
with different physical properties. The electromagnetic 
field extends to infinity in the transverse direction but 
the energy density decreases with distance so that, in 
practice, most of the energy of the wave is constrained 
to flow in the immediate neighborhood of the structure. 
The only flow of energy away from the interface is that 
required to supply the losses in the media concerned. 
The properties of these waves are governed by the sur- 
face impedance Z, defined as the ratio of the tangential 
components of the electric and magnetic field vectors. 
In general, Z, is complex, having both resistive and 
reactive components. 

To comply with the conditions required for the sup- 
port of surface waves, the interface must be straight in 
the direction of propagation of the wave but, trans- 
versely, it can take a variety of shapes and forms. The 
external medium is usually air, while the structure may | 
consist of dielectric, either alone or in combination with 
a conductor, and metal surfaces provided with periodic 
corrugations. For exampie, a wave which travels with- 
out change of pattern over a flat surface bounding [6] 
two homogeneous media of different conductivity and 
permittivity was shown by Zenneck [291] to be a par-* 
ticular solution of Maxwell’s equations. Such a wave is 
characterized [93] by the presence of a longitudinal 
component of the electric field vector; it isa TM wave. 

Surface waves can be propagated [44], [239], [257] in 
plane or radial form over a dielectric-clad flat structure 
and in axial form along a cylinder. Such waves can also 
be supported by conical guides and, in particular, there 
are surface waves of various forms in between the axial 
and the radial variety. A typical flat surface is shown in 
Fig. 9(a) in which medium (m) is a metallic conductor, 
(d) is a dielectric slab, and (a) is air. For the dominant 
TMo plane wave travelling in the g direction with 
propagation coefficient y, the three components of field 
required to satisfy the wave equation in the metal are 
given by Barlow and Cullen [15] as 


; (b) 
Fig. 9—Propagation over flat dieletric-clad surfaces, (a) Plane wave. (b) Radial wave. The 
Hn =H0, €mé0, Om, (2) Dielectric, wa= 0, €a€o, oa=0, and (a) Air, pa 


properties of the media are (m) Metal 
=o, €a&, oa =0. : 
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Hom = Aetmy, (21) The total surface resistance in the case of loss in the 
Um dielectric is given by 
Em = A (—_) ent (22) 
Tm T- J0€meo R. = Rn + Ra = Rn + (Bul/eaZy) tan 8. (36) 
Pies) ( ig ) ne (23) This resistance therefore depends upon the conductivity 
Cm + Jwenes : of the metal if the dielectric is loss free. The surface 


The factor e%*~>) is omitted for convenience and A isa 
constant. The propagation coefficient along the y-axis, 


Um = am = 90m, (24) 


represents an attenuation @, and phase change b, for a 
wave travelling inwards from the surface where y<0. 
Within this medium 

7 + Um? = Jou (om =F J@€m€0)- (25) 


In the external air medium the fields for y>J/ are 
similarly given by 


Hi = Ags", (26) 
Eze = — A(ta/jweo) ea", (27) 
Eya = A(y/joeo)e "a". (28) 
Here 
tba = Aq — J0a (29) 


because the field not only decays at the rate ad, with in- 
creasing transverse distance but also suffers a progres- 
sive phase change 0, for a wave travelling towards the 
surface. In this medium the propagation coefficients 
satisfy 


Vet te =) 2a fc": (30) 


Within the solid dielectric there exists a standing 
wave whose magnetic field is given by 


Hira = Aa’ cosh uay + Ad” sinh uay (31) 
and in this medium 
9? + ua? = — eqw?/c?. (32) 


The conditions for matching the field components at the 
boundaries between the different layers yields 


JW€EdED Um 
ar] Fearon eee 
Tm + JwEemeo/ \Ua€a 
Ud jweceo \ (Um 
eee 2G) 
Ua€d Om + Jwémeo/ \Ua 


The impedance looking into the surface of the solid 
dielectric is 


Z; = R; + 9X. = 1p dees eee Ua/J@€0- 


(33) 


tanh ugl = — 


(34) 


In the case of a good conductor, the surface impedance 
has nearly equal real and imaginary parts and is given 
by 


Zm = Ree jXm = (1 +9) (omo/20n)", (35) 


reactance X, is made up of one component arising from 
the metal and another, 


Xa = wuol (ea = 1) /éa, (37) 


for which the layer of solid dielectric is responsible. 
These two components are of the same order of magni- 
tude when the thickness of the dielectric is about equal 
to the skin depth 6, of the metal. 

If 7 is assumed to be small so that tanh ugl~ual and 
ual<K1, (33) gives 

Ug Ga 90g = 10eZ af Zan. (38) 
In general, the higher the surface reactance and the 
higher the frequency, the greater the decay factor ad, so 
that the field becomes concentrated more closely in the 
immediate vicinity of the surface. Any increase of R,; 
increases the inclination of the wavefront at the surface, 
measured from the normal and this, in turn, increases 
the phase velocity along the interface. On the other 
hand, it may be anticipated by analogy with electric 
circuits that the corresponding phase velocity would be 
reduced by an inductive surface reactance and in- 
creased by a capacitive one. 

In order to obtain the attenuation and phase-change 
coefficients along the surface in the direction of propa- 
gation, (29) and (30) are substituted in the expression 
for y to give [137] 


Be YC PIOO GS en (39) 
B = Bu {1 = C5 ; (40) 
2 Lage 
lf BB», the velocity of propagation becomes 
— at a (=) ; (41) 
2 Zipe 


Eq. (39) shows that @ is proportional to R, and X, while 
(41) shows that v,>c if R, is substantially greater than 
X,, and vice versa. Values of loss and phase velocity 
have been calculated [12] for frequencies of 0.3-30 kme 
for a dielectric with eg=4, tan 6=0.001, and thicknesses 
of 0.1-10 mm. At 10 kmc a layer 0.5 mm thick gave a 
loss of 10-* db/m and a phase velocity of 0.65 c. 


Radial Waves Over Flat Surfaces 


The geometry and field pattern of a wave propagating 
radially over a flat dielectric-clad metal surface are 
shown in Fig. 9(b). The field components in the metal, 
omitting the time factor e**, are [15] 


Hm = Aca’ Hy (— jr), (42) 


38 
Um F 
Em = — A (—_ etn! 1(— jyr), (43) 
om + JW€m€o 
7 i 
Em = A (—_) etH(— jn), (44) 
Craaai J@EmED 
with (24) and (25) as previously. In the external air 
medium, 
ina _ Ae“ H (— q1"); (45) 
Ea = A (tta/joeo)e “eH (— jr), (46) 
Eya = A(y/€0)e “eH (— 77) (47) 


with (29) and (30) as previously. 

By comparing (21)—(23) and (42)—(44) or (26)—(28) 
and (45)—(47), it will be seen that the radial form of the 
modified Zenneck wave has the same field distribution 
in the y direction as the corresponding plane wave. 
Along the radial coordinate r, the wave propagates ac- 
cording to the Hankel function and, at large distances, 
the amplitude follows an exponential of the form 
eS ba 

There is again a standing wave in the intervening 
medium and the surface impedance looking into the 
dielectric-clad metal is given by 


Zeta eX genes Leal Loa: (48) 


The values of R;,, X, as well as the attenuation and 
phase-change coefficients, are the same as for the plane 
wave. 


Axial Cylindrical Waves 


It was theoretically shown by Sommerfeld [244] that a 
straight cylindrical conductor of finite conductivity and 
having a smooth surface can act as a guide for electro- 
magnetic waves. This surface wave propagation was 
shown to take place for infinite conductivity by Harms 
[109] provided that the surface of the metal is coated 
with a dielectric layer. Although higher-order modes are 
associated [13], [116] with this guide, attention is 
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Fig. 10—Axial propagation on a dielectric- 
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clad cylinder. The properties of the media are (m) Metal, um =o, 
Ho, €a€), o2=0, and (a) Air, ta=p0, €aeo=€0, ca =0. 
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usually focused on the dominant TMoo mode. The 
geometry and field distribution of this wave are shown 
in Fig. 10; when the radius of the cylinder is increased to 
infinity, this axial wave becomes identical with the plane 
wave over a flat surface. Following the work of Goubau 
[94] the dielectric-coated wire has been extensively ex- 
amined [22], [42], [54], [55], [58], [72], [89], [131], 
[133], [134], [136], [157], [210], [224] as a transmis- 
sion line for microwave frequencies. 

For propagation along the z-axis, the field components 
inside the metal, omitting the term e“*~), are given 


by [15] 
Himi=A (es") SiGumt); By 
Jim 
Emm = AJ o(jumt), (50) 
Eon = A(1/jttm)IaGrent); oe} 


with (24) and (25) for the flat surface. In the external air 
medium, 


Hoa = A (weo/ ta) Hi (juan), (52) 
Eg = AH) (jucr), (53) 
Era = A (y/jua) Hy (juar), (54) 


with (29) and (30) as for the flat surface. The argument 
of the Hankel functions is imaginary and thus the ex- 
ternal fields decay at a rate which becomes exponential 
for large radii. 

The surface impedance looking into the dielectric 
sheath, with r=7, is 


Eva Ua \ | Ho (juarr) 

gl eo creep 
Hea weo/ LA (juars) 
which, when 7: ©, becomes 7(a#./weo), the value for the 
flat surface given in (34). For cylinders of small diame- 
ter, the curvature of the equiphase surfaces near the 


wire has an important effect on the wave impedance 
which may change from being inductive at a great dis- 


a 


Tie a) Ky + 9X; = 


Em€0, Tm, 
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tance from the wire to being capacitive near the wire. 
In fact, a bare copper wire which has a very small induc- 
tive component of impedance at its surface is a practical 
guide for the Sommerfeld surface wave at microwave 
frequencies. 

Experiments on dielectric-coated wires have been re- 
ported at microwave frequencies [92], [95], [98], [211] 
including 3 kmc [99], 10 kme [45], [145] and at ultra- 
high frequencies [198], [231]. The properties of the lines 
are found to agree closely with those predicted by theory. 
As an example [97], Fig. 11(a) shows the radius re at 
which the field is 90 per cent of its maximum, the reduc- 
tion 6v,/v, of phase velocity and the fraction 6W/W of 
the energy propagated in the dielectric layer, all as 
functions of the thickness of the layer. The wire radius 
was assumed to be 0.1 cm and the frequency was 3 kmce. 
The attenuation for wires coated with enamel, e=3, 
tan 6=0.008 is given in Fig. 11(b). A conductor for 35 
kmce need only be 0.056-inch diameter with a thin coat- 
ing of enamel. 
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MISCELLANEOUS SURFACE CIRCUITS 


Transverse Corrugations 


The surface reactance of a guide may be enhanced by 
coating it with an artificial dielectric such as a corru- 
gated structure [27], [76], [121]. The flat surface shown 
in Fig. 12(a) was first examined by Cutler [64] who con- 
sidered the corrugations as short-circuited parallel-plate 
stubs with an impedance given by (5). Assuming that 
the surface has infinite conductivity and omitting the 
factor e7“* *), the field components in the air medium 
outside the grooves are given by 


Hee = JAB o/ eZ) ene, (56) 

Eig = Ae~*!, (57) 

Eya = —gA (B/tta)e“a", (58) 
and (30) becomes 

Be Ba 2 Cs (59) 


(b) 


i i i i i i i tion of energy 
i — f a dielectric coated wire. (a) 90 per cent field radius, change in phase velocity and propaga 
eS ae Sa stored in the dielectric. (b) Attenuation for two sizes of enamelled wire. 
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Fig. 12—Propagation along corrugated surfaces. 
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(a) Plane with paratiel grooves. (b) Cylindrical with radial grooves. 
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The wave is a TM type since the magnetic field lies 
totally within the transverse plane. 

Since the structure is periodic, the wave travelling 
along the surface consists of a fundamental plus space 
harmonics whose relative amplitudes are functions of 
stub width, length, and pitch. The surface impedance of 
the surface between the corrugations is zero, since Fiza 
vanishes there. If the width of the stub is small com- 
pared with the guide wavelength, the surface impedance 
can be given its average value, 


Z, = — jZw(b/p) tan (2ml/d). (60) 


Matching this to the uniform surface impedance given 
by Eza/Hza gives 


Ua = Bw(b/p) tan (27ml/). 


This relation shows that propagation is possible in cer- 
tain bands where w, is positive, whereas, for other regions, 
Ug is negative and waves cannot be propagated. In the 
first pass band as / increases from 0 to 4A, the surface 
impedance is inductive and increases from zero to 
infinity. Moreover, the phase velocity varies from ¢ to 
zero while the field intensity as a function of distance 
from the surface changes from a small to a large expo- 
nential decrease. Such results have been confirmed [213] 
by experiments on flat corrugated surfaces. 

In the case of the corrugated cylinder in Fig. 12(b) the 
surface-wave field has components given by 


(61) 


Fxg = AH Guar), (62) 
Era = A(B/ta)Hi™ (juan), (63) 
Hea = A (Bw/taLZw) Hi (juan), (64) 


with (59) as previously. If the dimensions are such that 
the field is caused by the principal wave only, the guide 
behaves as if it had a uniformly distributed surface im- 
pedance given by 


Ey Ualw Ho (iver) 
Hoa Bw Ay (juar) 


Zs = (65) 


The TEM wave impedance presented by the individ- 
ual stub elements is given by [140] 


aA Ls —jZ V 0(Bw2) J o(Bwr1) = J o(Bwre) V (Bw?) 
” Vo(Bur'2)Ii(Butt) — Fo(Bwre) Ya(Bwrt) 


(66) 


Here, again, a first-order approximation for the surface 


impedance includes a factor (b/p), but a more accurate 
empirical result, 


AS LG IU ARG eg Wem sete 5a 1) (67) 


is applicable for all values of surface parameters pro- 
vided that p<. The theoretical relations for the 
surface reactance have been supported by experiments 
of Barlow and Karbowiak [17] at 2.35 kmc and 9.4 
kme using resonant lines about 4 feet in length. The 
reactance as a function of stub width is shown in Fig. 
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13(a) while Fig. 13(b) shows the effect of varying either 
the length or pitch of the stubs. 


Effect of Curvature 


If the surface-wave structure is curved in the direc- 
tion of propagation, radiation takes place. This phe- 
nomenon can be qualitatively examined [15], [20] by 
considering the adjacent equiphase planes between 
which the field is normally evanescent. On bending the 
structure, the planes diverge so that the spacing even- 
tually becomes sufficient for them when considered as 
waveguides to allow propagation and hence radiation of 
energy. It may be visualized that increase of curvature 
would increase the radiation while enhancement of 
the surface reactance would, by confining the field 
more closely, reduce the radiation. This conception has 
been employed [19] to calculate the power radiated 
from a curved surface. 

These azimuthal surface waves may be analyzed by 
finding [77], [117], [178] a solution of Maxwell’s equa- 
tions which represents their propagation. For a dielec- 
tric sheet, as in the inset of Fig. 14(a), bounded on the 
inside by a perfect conductor, the fields at a point 7, @, 
z may be constructed from cylindrical wave functions. 
Assuming that there is TM mode propagation and a di- 
electric constant of 4.0, the dotted lines in Fig. 14(a) 
give the dielectric thickness for various radii of bending. 
It will be observed that as the cylinder radius is de- 
creased, a thicker dielectric film is required to maintain 
the same degree of trapping of the wave. However, for 
radii greater than a few wavelengths, the required film 
thickness is a slowly changing function of radius which 
smoothly approaches the plane value. An analysis for 
TE waves yields the full lines of Fig. 14(a) and, here 
again, many of the same considerations apply. A corru- 
gated surface is shown in Fig. 14(b) where 6,, 6 are the 
angular stub pitch and width, respectively. The curves 
plotted again show that for radii of curvature exceeding 
several wavelengths, the value of \/\, is almost inde- 
pendent of radius but depends chiefly on the corruga- 
tion geometry. 


Launching and Other Devices 


The important practical aspect of the efficient 
launching of surface waves may be ensured [162] by 
matching their field pattern with that of the launching 
device as closely as possible. The exponential decay 
of the fields above a plane surface does not approximate 
closely to the constant or sinusoidal distribution inside 
waveguides and parallel plate lines and the launching of 
a pure surface wave presents some difficulty. In an un- 
published work, G. G. Macfarlane calculated that the 
range of the surface wave from a finite aperture h is re- 
stricted to a distance h csc 6) where 4 is the Brewster 
angle of the material. For a lossless dielectric coated 
surface, 9 is purely imaginary and the range is then in- 
finite. Not all the energy goes into the surface wave be- 
cause the finite aperture leads [15], [61] to an outward 
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Fig. 13—Properties of a corrugated cylindrical surface. (a) Surface reactance vs groove width, 
(b) Surface reactance vs groove depth and number per wavelength. 
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Fig. 14—Azimuthal waves on curved guiding surfaces. (a) Dielectric-clad metal, with TM (dotted line) and TE (full line) modes. 
(b) Corrugated surface, TM modes. The parameter marked on each curve is \/Ag. 


travelling radiation wave which represents a loss of 
energy. The launching efficiency [143] is defined as the 
power in the desired mode divided by that supplied to 
the launcher. 

The optimum conditions for launching surface waves 
over a flat structure have been extensively studied 
[87], [96], [168], [273]. In a typical theoretical and 
experimental investigation, Rich [208] employed the 
arrangement shown in Fig. 15 in which a 6-foot X 1-foot 
brass sheet is coated with zs-inch polystyrene. The fre- 
quency was 9.5 kmc and the vertical aperture of the 
flare could be restricted to various heights by a nonre- 
flecting absorbing sheet. The efficiency of the launcher 
can be determined by first matching it to the surface 
when terminated by a resistive load. The latter is then 
replaced by a short circuit and the VSWR measured 
again; the launching efficiency is then equal to the volt- 


age reflection coefficient. With aperture height of 1, 2, 
and 3 cm the efficiencies measured were respectively 30 
per cent, 60 per cent, and 85 per cent, while from 5 cm, 
the efficiency flattened out to approach nearly 100 per 
cent asymptotically. Such results agree very closely with 
the theoretical values. A practical launcher [213] for a 
wave along a corrugated surface is shown in Fig. 16(a); 
two such devices, one for the input and the other for the 
output, give a power transmission ratio of 0.7. 

The launching of a radial surface wave over a flat 
structure has also been the subject of investigation [28 ], 
[29]. In one series of experiments [81] the surface took 
the form of a large aluminium disk, 5-foot, 6-inch di- 
ameter and #-inch thick; it was electrically loaded to 
enhance its reactance by either a dielectric sheet or 
circumferential grooves. Radial slots were provided in 
the suriace to enable probe measurements of field 
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Fig. 15—Launching of waves over a dielectric surface. Frequency, 9 kmc; width of surface, 
12 inches; dielectric-polystyrene, e=2.5. 
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Fig. 16—Launching of waves over a corrugated surface. (a) Plane surface, frequency 5 kmc, 
(b) Cylindrical surface, frequency 3 kmce. 


strength to be made. The launching was via a vertical 
dipole whose height above the surface was adjustable. 
At a frequency of 9.5 kmc, the launching efficiencies 
were as high as 80 per cent for a particular height of the 
dipole. Slot excitation has been shown [62] to be con- 
venient, and efficient and the use of a circumferential 
slot in a conducting cylinder leads to symmetry of 
launching. In one arrangement [33] for 9.5 kmc, the 
slot is at the circumference of a radial line fed by a co- 
axial line within the cylinder. 

Launching on a cylindrical-surface structure is fa- 
cilitated because the Hankel function distribution of 
the radial field intensity approximates to the inverse 
radius law obeyed by fields inside a coaxial line. The 
wave is therefore usually [18], [74] launched by flaring 
the outer conductor of a coaxial line into a cone and 
continuing the inner conductor to form the transmis- 
sion line. An alternative is to employ a tapered tube of 
solid dielectric slipped over the guide but, in either case, 
the surface wave tends to be contaminated by radiation 
from the launching device. As an example [213], Fig. 
16(b) shows a corrugated cylinder fed from a rigid co- 


axial line; a typical value of launching efficiency is 90 
per cent. 


Practical data have been given [262] on surface-wave 
circuits and many instruments and components have 
been constructed. Simple corners can be made by em- 
ploying [41] a large reflecting sheet situated at the in- 
tersection of the axes of the mating guides. Similar re- 
flectors have been used to form surface-wave resonators. 
In one example [14], [16] for 9 kmc the short-circuited 
ends took the form of flat metal plates about 4-foot 
diameter and mounted at right angles to the guide. The 
energy was fed into the resonator by a small annular 
opening adjoining the guide at one end as shown in Fig. 
17(a); the observed surface wave was very pure and 
thus measurement techniques are facilitated. It may be 
shown from (40) that 


21-2 QJw +o] 


and, since the length of the circuit at resonance is an 
integral number of half-wavelengths, the velocity of 
propagation can be determined. The radial variation of 
the tangential magnetic field can be measured by a loop 
probe in the far end-plate of the resonator. 
Neighbouring surface-wave lines can interact [173], 
[174] and thus impedances can be measured by re- 
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Fig. 17—Measuring apparatus for waves on cylindrical surfaces. Surface-wave resonator with loop detail. 
(b) Standing-wave meter for surface waves. (c) Matched termination, VSWR =1.02. 


flectometer techniques [226]. The loss of a surface-wave 
structure can also be measured [219] while the reflec- 
tion-coefficient of a discontinuity can be determined by 
the Deschamps method [230]. Greater versatility is 
achieved by a standing-wave meter constructed in the 
surface-wave line itself and a typical example [16] is 
shown in Fig. 17(b). The surface waveguide consists of a 
metal tube through whose wall the probe projects 
slightly into the surrounding field. The energy ex- 
tracted by the probe is taken to the detector via a co- 
axial line formed by an insulated wire drawn through 
the tubular guide. The probe projection is fixed and the 
whole guide with the probe is moveable while the field 
pattern remains stationary. A suitable matched ter- 
mination is shown in Fig. 17(c). 


WAVES ON DIELECTRIC LINES 
Plane Slabs 


The waves considered so far have been TM modes 
propagating along a surface. In the case of a thick di- 
electric slab, higher modes may propagate and, depend- 
ing upon the cross-sectional area of the guide, the 
proportion of energy flowing in the dielectric or in the 
external medium can be controlled. One such practical 
structure, the H-guide [255], consists of a dielectric slab 
between two parallel conducting strips. Provided that 
the dielectric has low loss, the attenuation of such a 
guide is not only less than that of the corresponding 
rectangular guide but decreases as the frequency in- 
creases. 

Propagation of energy inside dielectric sheets 1263] 
may be examined [220], [248], [288] by the use of 
Maxwell’s equations, but an analysis depending on the 
breaking up of the wave into two criss-crossing com- 
ponents leads directly to the cutoff frequencies. Guid- 
ance takes place provided that these components are 
totally reflected at the dielectric/air interface. From 
Fig. 18(a), this means that the angle of incidence must 
be greater than the critical angle sin“€ “1. that is, 


M/ry = e/%sin 8. (69) 


The wave impedance in the z direction is given for TE 
waves by 


Zon = H,/H, = Zoe "?/sin 0, (70) 
and for TM waves by 
Zum = Es/Hy. = Zoe-'? sin 0. (71) 


The reflection coefficient for the transverse field com- 
ponent which is parallel to the interface is 


e/2 cos 0 + 7(e sin? @ — 1)1/? 


Praa ee 
e/2 cos 0 — j(esin? @ — 1)1/? 


(72) 


for the E, component of TE waves and 


e—/2 cos 6 + 7(esin? 6 — 1)1/? 
PONT ie aera] a ae na (73) 
e? cos 9 — 7(esin?@ — 1)? 


for the H, component of TM waves. The imaginary 
terms in (72) and (73) represent an exponential decay 
of the fields outside the dielectric. The propagation co- 
efficient in the x direction is real and given by 


y = — (2n/d)(e sin? 6 — 1)¥?, (74) 


The reflection coefficients always have a magnitude 
of unity and thus transverse standing waves are set up 
in the dielectric which are cosinusoidal for odd-num- 
bered modes and sinusoidal for even-numbered modes. 
The electrical length ¢@ of the standing wave from the 
midplane to the boundary for both TEo, and TMon 
modes is given by 


@ = cos!| (1 + p)/2| + (n — 1)x/2. 


If \, is the transverse wavelength, Fig. 18(a) gives 


(75) 


/Az = el? cos 0 (76) 
and, therefore, 
d./l = 2/. (77) 
Combination of (76) and (77) gives 
d/21 = (well? cos 0)/¢. (78) 
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Fig. 18—Propagating modes in dielectric sheets. (a) Guide wavelength for TEon modes. (b) Geometry of 
the system. (c) Guide wavelength for TMon modes. 


At cutoff, 6=0 and cos § = [(e—1) /e]*? so that 


Ne e — 1)1/? 
fel re ele 


79) 
21 n—1 \ 


Thus, for a given value of \/\,, 8 may be found from 
(69) and ¢ from (75) to give \/2l from (78). Values of 
d/21 vs X/X, are plotted for polystyrene material with 
€= 2.56 in Figs. 18(b) and 18(c) for various TE and TM 
waves. 


Cylindrical Rods 


The theory of the nonradiative modes propagated 
along a dielectric rod was give by Hondros and Debye 
[115] and confirmed experimentally by Zahn [290] and 
Schriever [225]. Their study has a long history [53], 
[153], [209], [217], [218], [234] and is still the subject 
of extensive investigation [1], [127], [128], [249], 
[286]. A typical analysis [40], [78] assumes that there 
is a cylindrical coordinate system 7, 0, z having its z-axis 
along the rod of radius 1. The longitudinal components 
of the field vectors, omitting the factor e%#'—™ are, in- 
side the rod with r <7, 


Eza = A cos n0Jn(uar), (80) 
Ha = B sin n6J,,(uar), (81) 
where 
yy? = ta? = — ew? /c?. (82) 
Outside the rod, with r>n, 
Ex = C cos n0H, (juar), (83) 
Ha = D sin n0H, (juar), (84) 


with (30) as previously. Similar relations hold for the 
other field components. Eqs. (30) and (82) give 


[(ta® + ta?)/(e — 1) ]¥? = w/c. (85) 


A further relation between wg and u, is obtained from 
the boundary conditions and thus enables these quanti- 
ties to be obtained for given values of w, m, and e. 

For n=0, the fields as shown in Fig. 19(a) are rota- 
tionally symmetrical and there are two solutions. One 
corresponds to a TM mode in which the magnetic lines 
of force are circles centered on the rod axis. The electric 
lines of force lie in the meridional planes through the 
rod axis; they go to infinity and asymptotically ap- 
proach planes perpendiuclar to the rod that are spaced 
4X, apart. The other solution corresponds to a TE 
mode in which the roles of the magnetic and electric 
field vectors are interchanged. If »=1, there is an un- 
symmetrical or “dipole” wave which may be roughly de- 
scribed as a sinuosidal dielectric polarization perpen- 
dicular to the rod and travelling along it. There is no 
cutoff frequency for this wave, which thus exists for 
thin rods or low frequencies. 

The guide wavelength is given as a function of rod 
radius in Fig. 19(b) for the 7=0 and ~=1 modes, the 
free-space wavelength being 1.25 cm and e=2.56 for 
polystyrene. The attenuation coefficient is given in dec- 
ibels per meter by 

Qq = 2729e(F/X) tan 6, (86) 
where F is a dimensionless quantity plotted in Fig. 
19(c). For large radii of the rod, F tends to its plane- 
wave value of e—?=0.625 while for thin rods, it be- 
comes smaller because a greater fraction of the energy 
resides in the external medium. Nonradiative modes 
similar to those discussed can also exist on dielectric 
tubes [264]. 

The ~=0, TM mode on a dielectric rod can be 
launched [123] from the end of a TEM mode coaxial 
line or a TM mode circular waveguide [7]. The n=(, 
TE mode can be excited from a similar plate containing 
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Fig. 19—Propagation along dielectric cylinders. (a) Field configurations of various modes. 
(b) Guide wavelength vs radius. (c) Attenuation vs radius. 


slots which are suitably orientated and excited. The 
field configurations of the »=1, dipole, or HE, mode 
are roughly similar to those of the TE, mode in cir- 
cular waveguide, and, thus, a suitable transition is one in 
which the dielectric rod, tapering from a point to mini- 
mize reflection, is inserted in the guide to fill the open 
end. The portion of the rod external to the guide may 
be further tapered to any size required. An experi- 
mental investigation [41] of this mode at 24 kmc showed 
that the guiding effect was retained even when the rod 
was only a fraction of a wavelength in diameter. With 
polystyrene material, the attenuation coefficient could 
be as small as 0.004 db/m, the values showing good agree- 
ment with (86). A length of the dielectric rod made 
resonant by supporting it between two plane mirrors 
36-inches square, gave a maximum Q factor of 53,000. 
The propagation in the dielectric is, of course, altered by 
shielding [259] the rod by a metal tube. 

In the case of TM modes supported by a lossy dielec- 
tric, it may be shown [18] that when the radius of the 
rod exceeds a certain value, the surface impedance is 
inductive and when it is less, the surface impedance is 
capacitive. For a perspex rod, €=2.61, radius 0.978 cm, 
the phase velocity at frequencies below 9.2 kmc was 
greater than the velocity of light. 


Multiple Media 


Surface waves may be propagated under more com- 
plicated conditions than those considered so far. In par- 
ticular, the properties have been analysed of a cylin- 
drical conductor embedded in two [122] or three [43 
layers of coaxial dielectric. An analysis of surface wave 
propagation along several layers of different media has 
been given by Karbowiak [137] who showed that the 
surface impedance is then given by the sum of the sur- 
face impedances of the individual layers taken by 
themselves each over a perfectly conducting sheet. 


Furthermore, the impedance will remain the same even 
if one layer of the composite medium is split up into a 
number of thinner layers and intermixed with the 
others; it is the total thickness of any one medium that 
is important. 

The analysis becomes difficult when the conductor is 
coated with a slab of magnetized ferrite. For thin slabs, 
the TM mode is dominant and if the applied steady 
field is perpendicular to the surface, it may be shown 
[195] that the phase velocity can be controlled by varia- 
tion of its magnitude. 

Provided that the dielectric coating on the conductor 
is thick enough, the higher order modes found in the 
case of the plain slab can propagate. The electric and 
magnetic fields have one or more half-sinusoidal varia- 
tions in the dielectric but decay exponentially in the 
external air medium. The TM modes were given in an 
unpublished work by R. B. R. Shersby-Harvie by pn, 


the (z+1)th solution of 
if 1/2 
al — i) : (87) 
by? 


The cutoff wavelength for the mth mode is given by 
Ne = Weg — 1)¥2/n 


L 
tan Ezz = 1) 1/2 +| = 


(88) 


and the corresponding guide wavelength is given by 


aN 

—})=1-+ (eg — 1)(1 — pn?). (89) 
dy/ 

Propagation is possible at all frequencies when n=0; 

this is the TMo mode previously considered for thin 


layers. 
For TE modes, ?, is a solution of 


l 1 v2 
cot | ax pale ari (te | al Gs a 1) . 
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Fig. 20—Arbitrary-polarization surface-wave structures. (a) Double-dielectric slab. (b) Contours of equal phase velocity 
for TM and TE modes. (c) Single-dielectric slab with septa. 


This has no real solutions if J is sufficiently small so that 
the lowest mode in this case has a cutoff wavelength. 
For the nth mode 


Ae = Al(eg — 1)¥?/(1 + 2n) (91) 


and the corresponding guide wavelength is given by 


NG AN? 
(<) -1+ (=) 1+ ant — a) (02) 
7 A] 

For some applications of surface-wave structures it is 
desirable to support a wave of arbitrary polarization; 
this means the combination of two principal polariza- 
tion components with arbitrary amplitudes and phase. 
Propagation of such a wave over a surface-wave system 
requires that both TM and TE waves be supported and 
also possess the same propagation coefficient. The gen- 
eral equations for an u-layered slab have been given 
[75] and it has been shown [205] that the requirements 
for arbitrary polarization can be met by the double- 
layer earthed dielectric slab shown in Fig. 20(a). Typical 
contours of equal phase velocity for TM and TE waves 
on the slab-thickness plane are given [205] in Fig. 
20(b) ; the lower slab is air filled, the parameters are \/),, 
and € is the dielectric constant of the upper slab. 

A corrugated surface is unable to support a TE mode 
and thus an alternative medium for arbitrary polariza- 
tion involves [108] the use of a “mode filter” consisting 
of septa embedded within a single dielectric slab whose 
initial thickness / and dielectric constant are adjusted 
for a given “trapping” of the TE mode. The septa shown 
in Fig. 20(c) are spaced considerably less than 3, in the 
dielectric medium so that a wave with the electric field 
polarized parallel to them is reflected. The height 
(1—l) of the septa is chosen so that the TM mode 
is “trapped” to the degree desired. For example, 
with a slab of dielectric constant 2.5, an inverse ve- 
locity ratio (A/A,) of 1.2 is obtained with a slab thick- 


ness 27(1,—J2) /A =1.0 for the TM mode and 27/;/A=2.1 
for the TE mode. Such equal velocity surfaces are, of 
course, able to support circularly-polarized waves. 


Image Lines 


Surface-wave systems have found their main applica- 
tion in the antenna field [107] but the dielectric image 
line of King [146] shown in Fig. 21(a) has several ad- 
vantages as a transmission line. This image line is essen- 
tially a dielectric rod supporting, as in field configura- 
tion (iii) of Fig. 19(a), the dipole mode in which a con- 
ducting sheet is placed in the plane of symmetry and 
normal to the electric field. Thus half the rod and the 
space surrounding it are replaced by an image in the con- 
ductor. 

The polarization of such a line is uniquely deter- 
mined while the phase-change coefficients are identical 
to those of the complete rod. The extent of the RF fields 
is determined by the ratio of rod radius to wavelength; 
if for example, this is 0.142, then 80 per cent of the 
power flows in a region of radius ten times that of the 
rod. For \=1.25 cm, a typical line in polystyrene would 
have a radius of 2 mm, the total width of the image 
plane being 10 cm. 

The loss in the dielectric material is given by (86) 
but is supplemented by losses caused by radiation and 
the finite conductivity of the image plane. In the ab- 
sence of artificial boundaries to the field, the radial 
component of the Poynting vector is purely imaginary 
and the radiation is zero. Loss caused by radiation 
does, however, occur in the presence of bends, obstacles 
and a finite image surface. The attenuation coefficient 


caused by conductor loss is given in decibels per meter 
by 
Oe = 69.5R,F'/dZa, (93) 


where F”’ is a factor which must be calculated [149] for 
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Fig. 2i—Dielectric image lines. (a) Monopole launching. (b) Ring launching. (c) Efficiency of slot excitation. 
(d) Effect of varying the area of a rectangular rod. The frequency is 9.7 kmc. 


the particular geometry. This loss is generally smaller 
than that caused by the dielectric except when the 
wave is only loosely bound to the line. For example, at 
9.6 kmc the total attenuation coefficient in decibels 
per meter is 4.0 and 0.2 for values of 71/\ of 0.4 and 0.15, 
respectively. 

There are several methods of efficiently launching 
[73] a pure dipole mode on an image line. The mono- 
pole in Fig. 21(a) achieves an efficiency of 75 per cent 
provided that //X\ exceeds 0.15. It is necessary to posi- 
tion a reflecting plate about 4A behind the monopole. 
As shown in Fig. 21(b), a ring excited from a rectangu- 
lar waveguide achieves 75 per cent efficiency for r2/ 
between 0.1 and 0.2. The efficiency of resonant-slot ex- 
citation as a function of distance from the image plane 
is shown in Fig. 21(c). 

The small dielectric cross sections used in the dipole 
mode do not permit any transverse resonances within 
the dielectric and the concentration of the field about 
the rod depends upon the volume of dielectric in regions 
of high electric field. The properties of the transmission 
system should therefore be insensitive to the exact 
shape of the dielectric cross section, but strongly de- 
pendent upon the total cross-sectional area occupied by 
the dielectric. Typical sections studied [147] at a fre- 
quency of 24 kmc were a half round, radius 0.066 inch, 
both in the normal and inverted positions, a 0.084-inch 
square, and a rectangle, 0.280 inch X0.030 inch, with 
either face in contact with the image plane. Such shapes, 
as well as recessed and twin lines, all show much the 
same dielectric loss and field confining effect. The rec- 
tangular shape does, however, lend itself to easy fabrica- 
tion and Fig. 21(d) gives data [223] at 9.7 kmc for a 
particular sample. 

Experiments [148] show that the system is insensi- 
tive to minor twists and imperfections in the dielectric 
rod while the surface finish of the image plane is not 


important. Such properties make the image line suit- 
able [289] for millimeter wavelengths. Simple bends 
and corners can be made with moderate loss and low 
reflection. Semiconductor diodes may be coupled to the 
image line with an insulated metal pin to give a VSWR 
better than 1.2. A variable attenuator results when a 
thin resistive sheet is placed in a radial plane whose 
angle with respect to the image plane can be adjusted. 
Such devices as standing-wave meters and directional 
couplers can also be made in image line. 


COUPLED-RESONATOR STRUCTURES 
Tape-Ladder Lines 


Systems propagating slow electromagnetic waves are 
used extensively in practice and, although continuous 
dielectrics have a limited application, the majority em- 
ploy periodic structures of various kinds [26], [106], 
[130]. The velocity of propagation in such structures 
must depend upon the particular application and may, 
for example, be c for linear electron accelerators [110], 
0.1 c for electron-tube amplifiers [202] and 0.01 ¢ for 
solid-state low-noise amplifiers [68]. Although bidi- 
mensional and tridimensional slow-wave structures have 
been examined [30], [182], only linear types will be 
considered in what follows. 

The power P flowing along a slow-wave structure and 
W, are related by 

PLW = 45. (94) 

If the electric field in the structure is of importance, 

then a practical parameter is the coupling impedance 

Z, = | E|?/262P. (95) 

If the modulus of the magnetic field is effective, the per- 
formance is specified by the admittance 


VY = | A|?/262P. (96) 
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Fig. 22—Propagation along tape ladder lines. (a) Cross sections of lines. (b) Dispersion curves with ladder detail. Structures are 
5 ‘ %) side wall, (ii) waveguide, (iii) double ridge, (iv) single ridge, (v) double tee and (vi) single tee. 


Another parameter, the shunt impedance, is defined as 


Zia |e) aR (97) 
and is related to the power dissipated per unit length 
because of ohmic losses. 

A large class of slow-wave structures consists [21] of 
resonators of identical shape and size coupled together. 
The two basic types of coupling are pure inductive and 
pure capacitive, the magnitude of each component de- 
termining how the w-G diagram of the uncoupled reso- 
nators is modified. For example, the ladder line consists, 
as shown in the inset of Fig. 22(b), of a periodic array of 
parallel straight conductors. Such a wire or tape struc- 
ture can propagate a variety of TEM waves, each one 
corresponding to a different mode of excitation of the 
tapes; the simplest mode is that in which there is a 
phase change 8p from one tape to the next. 


Ly 
Zo 


Vek (ODL 3) > Mate Ol dae eae (100) 


The characteristic impedance of a single conductor in 
the array may be defined by 


Z(Bp + 2nt) = Vn/Im, 


where 7 is caused by the periodicity of the structure. 

The method of determining Zp) found by Fletcher 
[85] is restricted to rectangular conductors and as- 
sumes that the component E, of field is constant 
throughout the region between the tapes. The fields at 
the common boundaries of the other regions are then 
matched. The voltage on the mth conductor can then be 
obtained directly, and the current in the conductor can 
be found by integrating the tangential component of 
magnetic field around its periphery. With the ladder 
equally spaced from either ground plane and with di- 
mensions as in Fig. 22, this method gives 


(101) 
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The dispersion curve and coupling impedance of the 
ladder structure can be calculated by assuming that 
the TEM-mode voltage on each wire is given by 


V(x, y, 2, t) = V(y, 2)(Aemiu® + Bei Byt) eit (98) 
where 
OV =OtV 
—+— =0. 
apo -8,! oe 


The voltage and current on successive conductors in a 
given (y, 2) plane are related by 


(102) 


b 
\ (P+ nn) <(F4 nn) 
p/\2 p\2 


Numerical values of the summation for practical geome- 
tries have been given by Walling [276]. If w/p—0, (102) 
simplifies to 


vege Oh 2p b 
= = sin? Gap) + (1 ts “), 
b p 


Zs wy 


(103) 


Leblond and Mourier [163] calculated Z by using a 
quasi-electrostatic field distribution in the (y, 2) plane, 
but this method requires a measured value of the capac- 
itances between different parts of the structure. The 
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analysis also assumes that the conductors are thick 
enough in the direction normal to the plane of the ladder 
to ensure that each wire is shielded from all except its 
neighbours; for rectangular conductors the result reduces 
to (103). 

Butcher [38] has exactly calculated the RF fields dis- 
tributed around an array of thin tapes by a method 
which takes into account all the mutual couplings. 
This theory predicts in the practical case of equal tape 
and gap widths with w= « that 


Zw es 
— = 4sin} 
7 2Bp 


0 


(104) 


which may be compared with (102). It was shown that 
the coupling impedance and the group velocity have a 
product which with certain provisos, is the same for a 
wide range of geometries. This “field distribution 
factor” of an array, using (94) and (95) is given by 


Dt €0 | E |2 
tZn 26°W, 


(105) 


In the case of space harmonics such that 1.547 <6 <2z, 
the exact solution leads to much higher values for the 
coupling impedance than those given by the approxi- 
mate methods. 

The results of these methods are applied to practical 
structures by consideration of the geometry and bound- 
ary conditions. In Fig. 22(a) the tapes are short-cir- 
cuited at either end by (i) two perpendicular conducting 
side walls or (ii) the opposing narrow walls of a rec- 
tangular waveguide. Whatever the value of 6, this array 
can support TEM standing waves only at the frequency 
for which J is twice the length of the tapes. The disper- 
sion curves (i) and (ii) shown in Fig. 22(b) are thus 
horizontal lines and since the group velocity is always 
zero, the structure does not propagate. Both inductive 
and capacitive coupling are present but the amounts 
are just equal and cancel each other. 

The tape-ladder line can be given a pass band with 
finite bandwidth by upsetting [37] the equality. The 
frequency corresponding to any value of f can be re- 
duced by distorting the structure to the ridge shapes 
(iii) and (iv) of Fig. 22(a) which, in effect, reduces the 
cutoff frequency of the guides formed on either side of 
the ladder. The dispersion curves therefore have the 
forms labelled (iii) and (iv) in Fig. 22(b) and the struc- 
ture now propagates energy. The frequency corre- 
sponding to any value of 6 can be increased by adopting 
the tee-shaped structures (v) and (vi) of Fig. 22(a), 
the corresponding dispersion curves being given in Fig. 
22(b). The single tee curve behaves peculiarly because 
the cutoff frequency of the TEs mode of the guide 
formed below the ladder is higher than the zero mode 
cutoff frequency set by the guide above the ladder and 
the first resonant frequency of the tapes. In both tee 
structures the fundamental! is seen to have the phase 
and group velocities in opposite directions; it is thus a 
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backward wave. The r-mode cutoff frequency of any 
of these ladder lines can be raised by using shorter 
tapes running between horizontal plates supported by 
the side walls [186]. The a-mode cutoff frequency is 
still approximately equal to the first resonant frequency 
of the short-circuited tapes and is thus inversely propor- 
tional to their length. This is a valuable technique for 
broadening the pass band of these structures while, 
moreover, energy can now be made to propagate down 
the undistorted rectangular waveguide. 

The above analysis can be applied to a structure con- 
sisting of two parallel arrays. In this case, modes can 
exist with symmetric or antisymmetric field distribu- 
tions; the former is usually of practical interest. Such 
multiple lines give [191] high coupling impedance, wide 
pass band, and low dispersion. Ash [11] has shown that 
propagation takes place along the ladder if the tapes are 
inclined or distorted in some way. Since there is now no 
need for ridge or tee sections, several ladder lines may 
be stacked together. Tape-ladder lines have proved to 
be a convenient means of achieving [68] group veloci- 
ties of the order of 0.01 c. 

If, in the ladder line of the inset of Fig. 22(b), Pi is 
short-circuited to P; and Qs is short-circuited to Qu, 
while P2, Ps, Qi, and Q3 are open-circuited and so on 
down the array, the interdigital line [112], [164], [193], 
[279] of Fig. 23(a) is obtained. The period of the whole 
structure is 2p, but it is also unchanged when it is 
moved along the z-axis through half a period and then 
reflected in the x«=0 plane. It is possible, therefore, to 
consider a mode for which the electric field at (—x, y, 
z+p) differs from that at (x, y, 2) only by a constant 
factor e—76?, 

Taking into account the boundary conditions, the 
dispersion curve may be calculated as for the ladder 
line. The results [38] for thin tapes, for various values 
of b/p, are given in Fig. 23(b). The branch corresponds 
to a backward space harmonic but the complete disper- 
sion curve can be obtained by displacing it by integral 
multiples of 7/p along the B-axis and then reflecting all 
these branches in the w-axis. The portions of the curve 
in which v, tends to be greater than ¢ lie in forbidden 
regions such that the phase velocity of one of the space 
harmonics also exceeds c. The exact dispersion curve of 
a completely open structure cannot pass through the 
forbidden regions because, if it did, the structure would 
radiate. For thick tapes, successive gaps are shielded 
from one another and the structure resembles a folded 
transmission line; the branches are given by 


+ w — 28 = 2nxr/p (106) 


as shown by the dashed line of Fig. 23(b). For very wide 
gaps, the free-space wavelength has the value 4a as in 
the dotted line. 

The meander line of Fig. 23(c) is constructed by short 
circuiting P; and P2, Q2and Q3, and P; and P4, and so on 
down the array. The structure has a period of 2 and is 
able to propagate at frequencies down to zero. It may 
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Fig. 23—Interdigital and meander structures. 


with parameter b/p. 


be shown [38] by the use of Babinet’s principle that the 
complete dispersion curve of a meander line with gap 
width (p—b) and tape width d is the same as that of an 
interdigital line with gap width b and tape width (p—d). 
For structures with thick tapes, the phase velocity of 
the nth space harmonic is given by 


CG a oN 
See en) (107) 
Vpn p 2p 
and the group velocity is 
! (108) 
Uv = ° 
eel g/p 


Resonant Cavities 


Slow-wave structures [65], [66] may employ reso- 
nant cavities coupled in various ways. If the amount of 
loading is small, the analysis can be based on a perturba- 
tion of a homogeneous transmission line. For example, 
Field [82] considered a coaxial line in which either the 
inner or outer conductor is provided with radial grooves 
[70], [242]. Such an inductively-loaded surface can 
support a T M-type slow wave, the phase velocity being 
governed by the depth of the stub. At 9 kmc the inner 
conductor is typically 0.686-inch diameter with disk 
thickness of 0.011 inch and spacing rather more. As with 
all corrugated structures, the field decays in the trans- 
verse direction and, in the example quoted, the field is 
effective to about 0.04 inch from the disc edges. 

The structure of Fig. 24(a) is essentially a rectangular 
waveguide with one broad wall inductively loaded with 
series stubs. The dispersion curve resembles that of Fig. 
2 except that there is a lower cutoff frequency caused by 
the unperturbed waveguide. A waveguide of square 
section can transmit two orthogonal modes with differ- 
ent velocities and, as such, is a broad-band means of 
producing [236] circularly polarized waves. In practical 
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(a) Interdigital tape line. (b) Dispersion curves 
(c) Meander tape line. 
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Fig. 24—Coupled-cavity slow-wave structures. (a) Stub resonators 
in rectangular guide. (b) Capacitive-coupled circular resonators. 
(c) Dielectric-disc loading of circular guide. 


structures [135], [179], [265] for millimeter wave- 
lengths the stubs have been milled in the ridge of a 
ridged waveguide. 

The disk-loaded circular guide [144], [201] of Fig. 
24(b) has been extensively employed in applications 
requiring v»=c. The theory [31], [51], [69], [101], 
[102], [104], [105] of TM propagation is based on a 
matching of the fields at the mouths of the resonators. 
The dispersion [56], [245], [268], [269], [270] of this 
structure is rather pronounced but can be reduced at 
the expense of low coupling impedance by the use of 
large apertures in the disks. Data has been given on at- 
tenuation [57] and the theory has been confirmed by 
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experiment [103]. An alternative treatment assumes 
[165], [181], [233] that the circular waveguide is 
periodically loaded with shunt susceptances while an 
accurate estimation of the dispersion curve has been 
based [212] on a Fourier series representation. In some 
cases, lower attenuation is achieved by the use of di- 
electric disks [277], [278] as an anisotropic artificial 
medium. 

Resonant-cavity slow-wave structures can be an- 
alysed [21] by consideration of the method of coupling. 
Pure inductive coupling is a scheme in which only H 
lines link the cavities. An example consists of a TEo, 
mode rectangular waveguide with transverse partitions 
spaced distance p apart. The dispersion curve is a hori- 
zontal frequency line corresponding to \,=2p which 
joins the points at 8=0 when the cavities oscillate in 
phase and at 8=7 when they are out of phase. Narrow 
slots in the partitions cut centrally and parallel to the 
short sides of the guide allow inductive coupling, and 
consideration of the magnetic field distribution shows 
that the 7 mode is not affected whereas the zero mode 
is lowered until, as the slot widens, it reaches the cutoff 
frequency of the plain rectangular waveguide. The 
equivalent circuit of this structure is a transmission line 
periodically loaded with shunt inductances and the 
dispersion curve thus resembles that of Fig. 2. 

Pure capacitive coupling exists in the disk-loaded 
circular waveguide, since E lines penetrate the small 
central aperture. In this case the zero mode is not dis- 
turbed while the other end of the pass band rises as the 
hole diameter increases to reach eventually the char- 
acteristic of a plain circular guide. The equivalent circuit 
of this structure is that of a line loaded with shunt ca- 
pacitance and the dispersion curve resembles that of 
Fig. 1. 

Mixed coupling is characterized by the presence of 
both E and H lines in the coupling mechanism. Again 
considering the disk-loaded circular waveguide, a slot 
cut in the periphery of the partitions will introduce in- 
ductive coupling. Investigation of the field perturba- 
tions caused by the central and peripheral apertures 
shows that the zero mode remains constant while the 
a mode is raised in frequency for the capacitive coupling, 
as previously observed, but lowered for the inductive 
coupling. If the structure initially has a central aperture, 
the addition of the inductive slot will decrease the ca- 
pacitive pass band until, with equality of coupling, it 
becomes zero. Further increase in size of the inductive 
slot, which may be regarded as introducing positive 
mutual coupling, lowers the m-mode frequency. The 
fundamental component of the wave travelling through 
the structure now has negative phase velocity [48] and 
is thus a backward wave. 

In disk-loaded circular guides employing an electron 
beam, less stringent requirements are placed on the 
central aperture if the coupling of the cavities is mainly 
by inductive slots. Forward-wave operation now re- 
quires, however, the use of the n= +1 space harmonic 
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with consequent reduced coupling impedance. A for- 
ward-travelling fundamental may be set up by employ- 
ing negative mutual coupling. Chodorow and Craig 
[47 ] achieved this by using different shapes for alternate 
cavities so that the magnetic field on opposite sides of 
the partition is in the same direction at the 7 mode but 
in the opposite direction for the zero mode. The clover- 
leaf structure [47], [91] of Fig. 25(a) is an example of 
such a design. The dispersion curve shows that the 
zero-mode frequency is depressed relative to the 
mode. At Bp= $m, a typical coupling impedance is 
about 130 ohms. 

Negative mutual coupling can also be obtained [47] 
with the structure of Fig. 25(b) in which adjacent cavi- 
ties are coupled by reversed loops. An extension of this 
principle is that with the addition of many loops around 
the entire structure, the metallic wall can then be 
omitted. The dispersion curve of such an interlaced 
structure, shown in Fig. 25(b), indicates that the funda- 
mental is again a forward wave. For reference, the cut- 
off frequency of the TM: mode in the unloaded guide 
is also given. The characteristics are modified [194] 
when the loop circuits are themselves resonant. 

The characteristics of periodically loaded waveguides 
may be measured by a number of experimental methods 
[9], [79], 159], [247]. The properties of a matched in- 
put coupling [185] may be examined by terminating 
the slow-wave structure with a nonreflecting load and 
by making impedance measurements in the input trans- 
mission line. In one method [124], all reactive values of 
the impedance in the loaded guide were produced by 
sliding a metal shorting plug into it at various distances. 
The parameters of the coupling system were then de- 
termined by the well-known nodal shift method. 

The frequency characteristic of a periodic guide may 
be determined from probe measurements when the far 
end is short circuited. Care must be taken in the location 
of the probe since it detects the total electric field of all 
the space harmonics whereas generally a determination 
of the wavelength of the fundamental space harmonic 
is all that is required. Another method makes use of the 
fact that the phase of the field inside the stub uniquely 
determines the fundamental wavelength in the line. 
Thus by measurement of the amplitudes of the fields 
at the back of each stub and plotting on a graph, the 
wavelength may be obtained. Greater accuracy was 
obtained [135] in measurements at 50 kmc by using a 
sliding base plate to carry the probe, the output of which 
was fed into a bridge comparison circuit. 

One satisfactory method is to short circuit the trans- 
mission system at both ends and to search for the reso- 
nant frequencies of this structure. It is necessary that 
the short-circuiting plungers be at planes of symmetry 
of the system so that all space harmonics have zeros in 
the standing-wave pattern at the plungers. If this is not 
done, reactances, caused by other modes being excited 
at the ends of the structure, would result in the resonant 
frequencies being dependent to some extent on the 
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length of guide chosen. The condition for resonance is 
that there must be an integral number of half-wave- 
lengths in the length of the guide so that for a structure 
of NV resonators, 8 is given by 


6B = 2n/d, = nx/NP. 


The resonant frequencies of the author’s structure con- 
sisting of N=6 resonators are shown in Fig. 26; the 
relevant dimensions are given in the inset. It is seen 
that the modes form a group of N-+1 frequencies in a 
restricted pass band where the modes are clustered in 
the neighbourhood of the two edges of the pass band 
and more widely spaced between. The edges of the 
pass band are the zero and 7 modes at which the phase 
changes from one section to the next are Gb=0 and 7, 
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respectively. The group velocity may be found from the 
slope of the curve and therefore by using a measured 
value of unloaded Q factor, the attenuation is calculated 
from (8). A periodic waveguide may also be made reso- 
nant by bending it around in a circle so that the input 
connects to the output. In this case there must be an 
integral number of whole wavelengths in the length of 
guide and, once again, the continuous curves break up 
into a series of discrete points or modes. In both these 
types of resonators the separation of the resonances, 
especially near the 7 mode, can be increased by the use 
of systematically-modified loading reactances. 

The field distribution, coupling impedance, and shunt 
impedance of a slow-wave structure are usually deter- 
mined by perturbation techniques [3], [184]. As shown 
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Fig. 25—Slow-wave structures with negative-mutual inductance coupling. (a) Re-entrant cavity 
with slot coupling. (b) Cavity with reversed-loop coupling. 
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Fig. 26—Resonant frequencies of a short-circuited slow-wave structure. 
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in the inset of Fig. 26, a perturbing object such as a 
small dielectric or metal sphere is moved along a pre- 
determined line as, for example, the direction of propa- 
gation. Observations are made on the changes in reso- 
nant wavelength for which Slater [233] gives the relation 


H? — «FF? 
dd 1 {ne €0 \dV 


a5 as 5 (110) 
f Gott? + akdav 
V 


where AV, V are, respectively, the perturbed and cavity 
volumes. The measurement is made absolute by deter- 
" mining the total stored energy by introducing [187] for, 
example, a small variable plunger in a region where H 
is zero and EF constant. From knowledge of the phase 
velocity and field distribution, the coupling impedance 
may be calculated. 


HELICAL STRUCTURES 
Simple Helix 


A widely-used slow-wave structure consists of a me- 
tallic conductor wound in the form of a helix with cir- 
cular cross section. The propagation of electromagnetic 
waves on such helical structures was first studied by 
Pocklington [206] who assumed that there was a thin 
perfectly conducting wire. The solutions obtained pre- 
dicted a travelling wave whose axial phase velocity is 
nearly c for low frequencies but reduces to c sin y for 
high frequencies. The latter result is equivalent to a 
wave with phase velocity ¢ travelling along the wire. 
Under these circumstances it has been shown [138] that 
the wave possesses axial components of both electric 
and magnetic field and since it is evanescent over the 
wave front on the outside of the helix it may be regarded 
as an EH surface wave, i.e., a mixture of TM and TE 
modes which contain roughly equal amounts of electric 
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and magnetic energy. A pure EH wave may only exist 
as a travelling wave on a simple helix—two EH waves 
travelling in opposite directions result in an elliptically 
polarized EH surface wave whose plane of polarization 
rotates with position along the line. 

Some basic properties emerge from the model applied 
by Ollendorf [188] and others [132], [150], [151], [202], 
in which the helix is replaced by an anisotropic sheet 
wound on a cylinder and conducting only in the W di- 
rection. This sheath model ignores the periodic structure 
of the actual helix as well as the finite size of the con- 
ductor. Sensiper [228] shows that solutions only exist 
for slow waves where 8 >, and which represent modes 
characterized by different angular variations given by 
ei”. The usual m=0 wave shows large dispersion at low 
frequencies, but at higher frequencies, the phase and 
group velocities are nearly equal over a broad band. For 
modes where m>1 which occur when 277,>\X, the re- 
sults are more complicated since there are now several 
waves per mode number. When these are plotted on an 
w—f diagram it is observed that some branches have 
the phase and group velocities in opposite directions, 
corresponding with backward waves. The sheath model 
enables an estimate of the coupling impedance to be 
made but experiment [63] shows that this is about twice 
that possessed by practical structures. 

The periodic nature of the helix is evident in analysis 
based on the tape model in which the conductor is con- 
sidered to possess zero radial extent. The structures 
examined have included narrow tapes or wires [154], 
[155], [156], [197], [214], [215], [240], those with 
narrow gaps [266] and miscellaneous sections [49]. 
The developed tape helix [228] is shown in Fig. 27(a), 
practical structures having nearly equal gap and con- 
ductor widths. It is evident that 
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Fig. 27—Propagat 


ion along a tape helix. (a) Developed tape helix. (b) Phase velocity vs frequency. 
() Rrehuency characterisitc. Helix details are yz=10°, rb/p=0.1. 
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The periodicity means that the wave function is charac- 
terized by a phase-change coefficient given by (1). 
Each angular mode of the helix now contains a complete 
set of space harmonics and, because of the close con- 
nection between translation and rotation in helical 
structures, the conditions for propagation require m =n. 
The exponential field relation then becomes 


e-im[(Qa/p)z — 8]. 


On applying the appropriate boundary conditions, 
analytical and graphical procedures give the results 
shown in Fig. 27(b) for the particular case of ¥,=10° 
and 1b/p=0.1. The condition 8, > leads to the existence 
of forbidden regions which are associated [203] with 
coupling to fast waves [169] leading to radiation from 
the structure. No propagation takes place for the con- 
dition 


(112) 


w > ac/p or p< dn. (113) 


The branches A to E correspond to different angular 
modes. If the helix is excited by a source at z=0, then 
for z>0 those waves with positive group velocity, 
indicated by full lines, can exist, whereas for <0 those 
waves with negative group velocity, indicated by dotted 
lines, can occur. 

For example, when w<0.2mc/p, propagation is pos- 
sible with values of 8» indicated by the branches A» and 
Cy having positive phase velocities and By’ having nega- 
tive phase velocities. A few examples of the associated 
space harmonics marked with the appropriate subscript 
n, are also shown on the diagram; such harmonics have 
been observed experimentally [5], [280], [281]. The 
phase velocity [267 | of the harmonics for various angular 
modes is given by 


e Bwop/ 24 
¢ n+ Bop/2m 


and values for various branches are given, as a function 
of w, in Fig. 27(c). Eq. (114) shows, for example, that 
the first forward space harmonic is equivalent, as re- 
gards phase velocity, to the fundamental of a helix of 
_ radius (2rr,—X)/27. Operation in such a harmonic al- 
lows [158] the use of a larger helix than with the usual 
fundamental mode. 

Analysis of the power flow shows that a considerable 
fraction is carried by the space harmonics which explains 
the too-high coupling impedance given by the sheath- 
helix model. Butcher [38] extended his work on ladder 
lines to include calculation of the dispersion curves and 
coupling impedance of tape helices. Other studies of the 
helix have included power handling capacity [34] and 
attenuation [118], [222], [261]; the latter results have 
been extended [49] by the use of a correction factor 
to conductor shapes other than the thin tape. 
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Practical Modifications 


Considerations arising in practical use require modi- 
fication [161] of the simple helix. The effect of a dielec- 


January 


tric has, for example, been examined [100] in the case 
of a spiral support for a coaxial line but most work 
[183], [189], [221], [240], [260] has been devoted to 
determining the change in characteristics of the metal 
helix in a continuous surround. In a comprehensive an- 
alysis, Tien [252] showed that the phase velocity and 
coupling impedance are reduced by a dielectric loading 
factor. This factor is typically 0.2-0.8 and can be raised 
by supporting the helix by tubes or wedges so that the 
main body of dielectric is away from the immediate 
vicinity of the helical surface. 

Analysis with the sheath model suggests [251] that 
in certain circumstances small amounts of dielectric 
can reduce the dispersion of the helix. Experimental 
results of the attenuation of helices, both alone and in 
several types of dielectric support, have been quoted 
[196]. The frequency was in the range 2.6 to 3.6 kmc and 
the examined helices possesed diameters of 0.1 to 0.25 
inch and wire to helix length ratios of 13 to 23. The helix 
attenuation was found to vary with the material, to in- 
crease linearly with frequency, and to have a flat maxi- 
mum at a ratio of wire-diameter pitch of 3. For a helix 
of 40 turns per inch with diameters 0.15-inch outside, 
0.128-inch inside, the attenuation coefficients at 3 kmc 
for various materials and supports are given in Table I; 
the wire diameter was 0.011 inch. These results confirm 
that a fluted or similar support adds little to the helix 
losses. 


TABLE I 
ATTENUATION OF SUPPORTED HELICES 


: : Plain Silver-Plated 

Type of Dielectric Tungsten Wire | Tungsten Wire 
decibels decibels 
per inch per inch 

None OF55 0.26 

707 fluted glass tube 0.62 0.33 

Quartz tube 0.75 0.42 

707 plain glass tube 0.88 0.49 


More complicated media which have been studied 
include attenuating layers [160], [284] and semicon- 
ductors [243]. Ferrites are of practical interest since 
the loss caused by this medium may be nonreciprocal in 
direction. Propagation along a helix surrounded by a 
ferrite sleeve has been analysed [250] in terms of a 
plane sheath model with nonreciprocal properties oc- 
curring under the condition of circumferential magneti- 
zation. 

The properties of a helix with a coaxial inner con- 
ductor have been examined but the effect of an outer 
metallic sheath is more pronounced [8], [207], [229], 
[235], [283] since radiation from the helix is prevented. 
Under conditions of evanescent radial decay of the 
fields, the outer sheath has little effect unless it is very 
close or the frequency is low. For modes in which Un oe 
Stark [246] has shown that the fields have a radial de- 
pendence which oscillates outwards to the conducting 
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Fig. 28—Contra-wound helixes. (a) Twin tape helix. (b) Modified structure. (c) Frequency characteristic 
for helix with 27b/p=1 and cot y as parameter. 


sheath in the manner noted in the case of capacitive 
loading of Fig. 4. In these “exceptional” regions the con- 
ditions resemble perturbed TE and TM modes of a 
coaxial line and circular waveguide. 

If several helices each with the same pitch and radius 
are equally spaced in the axial direction, there results 
the multifilar helix [126], [238]. The curves of Fig. 
27(b) still apply, but if NV is the number of conductors 
the abscissa points (—27/p), 0, (+27) and the ordi- 
nate point mc/p are multiplied by N. According to the 
value of NV, some of the space harmonic components 
will be missing. 

The bifilar helix with V=2 has received much atten- 
tion [86], [152], [175]. At low frequencies there is an 
extra mode present which is analogous to the TEM 
wave on a two-wire line. At any transverse plane the 
equal RF currents on the two tapes may thus be in- 
phase or out-of-phase. In the former case, odd space 
harmonics are zero and in Fig. 27(b) the solution corre- 
sponding to branch By and the portion of branch ( along 
the forbidden boundary region disappear; the A» branch 
and the remaining portion of Cy then join through the 
now-vanished forbidden region. In the out-of-phase 
case, the even space harmonics are zero. In either condi- 
tion, the power carried by some of the unwanted com- 
ponents can be eliminated and a higher impedance for 
the desired modes is realized. The bifilar helix has re- 
ceived special study [280] regarding backward-wave per 
performance; in the push-pull mode it has substantially 
higher impedance [ 253] than the single helix. 

As the pitch and diameter of a single helix are in- 
creased, the impedance of the fundamental is reduced 
[252], [253] while that of the »= —1 space harmonic is 
increased. Such an effect is undesirable in practice and 
may be eliminated by the contra-wound helix [46] 
which, as shown in Fig. 28(a), consists of two helices 
wound in opposite directions. An alternative version 
shown in Fig. 28(b) consists [25] of a spatial distortion 
which has the advantage of simplicity of construction. 
Single or multifilar helices are possible in both arrange- 
ments. Two modes, designated as the symmetric and 


antisymmetric, may be propagated and can be consid- 
ered as arising from the combining of the single helix 
modes with different phases. In the former, the two 
modes are superimposed in phase and, in the latter, 
out of phase. In the symmetric mode, which is the one 
considered, the axial electric fields of the fundamental 
component add, and the resultant axial magnetic field, 
together with its associated stored energy, is zero. Thus 
the TE portion of the fundamental component is non- 
existent so that the higher order space harmonics must 
have most of their energy in the magnetic or TE part 
of the field. This implies that the higher order space 
harmonics have small axial electric field components 
and, consequently, small impedance for backward 
waves. 

The exponential term in the field equations now takes 
the form 


exp{—j[(2m/p)(m + 2n’)z — mé]}, (115) 


where 
Bnin' = Bo,o + 2a(n ae 2n')/p 


and is similar, if 2’ is omitted, to the single helix set of 
space harmonics. In Fig. 28(c), wis plotted against 6 for 
two examples of twin helices with 27b/p=1, and cot 
y,=5 and 10, respectively. The forbidden regions are 
the same as for the single helix, and the solution for cot 
¥,=5 has two branches, whereas that for cot ¥,=10 has 
five, only three of which are shown. Measurements [25 | 
on contra-wound helices show typically that there is an 
increase by a factor of 2 in the fundamental impedance 
and a reduction by a factor of 20 in the n= —1 space 
harmonic, as compared with the single helix. As expected 
from the diagrams, the phase velocities show increased 
dispersion over the single helix. 

Numerous practical designs of helices have been de- 
veloped [71], [84] for use at microwave frequencies. A 
typical example of 0.048-inch diameter copper wire, 
diameter of turn 0.25-inch and pitch 0.157-inch would 
have an axial velocity of 0.1 c, attenuation, 2 decibels 
per meter, and coupling impedance, 500 ohms. The ap- 
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plications of helices require measurement [184] of their 
essential properties and the design of broad-band transi- 
tions from coaxial and waveguide transmission lines. In 
experiments [282] on such devices, mercury formed a 
convenient and efficient moveable short circuit. Transi- 
tions from coaxial line [170], [287] may be via the inner 
conductor, the outer being continued for a short distance 
as a sheath surrounding the helix. The reflections caused 
by changes in pitch angle [200] are also relevant. 

Coupling of power into and out of a helix at any par- 
ticular point can be achieved [59] with an additional 
surrounding concentric helix. The coupling is strong 
when the helices have very nearly equal velocities of 
propagation when uncoupled and they are wound in 
opposite senses. These transitions resemble directional 
couplers, and modifications such as tapering or stepping 
can be employed. Complete power transfer can be af- 
fected over a distance of the order of one-helix wave- 
length (about 0.1). Coupled helices have no direct con- 
nection and thus the input or output circuit may be ex- 
ternal to the device containing the main helix. The 
coupling conditions are modified in the presence of a di- 
electric or electron beam [272] and triangular as well as 
semicircular-re-entrant coupling helices have been de- 
veloped [10]. A typical [166] helix coupler for frequen- 
cies of 1.7-2.3 kmc possessed a diameter ratio of 2.7 
with an input VSWR of 1.3 and a directivity of 4 db. 
Such large diameter ratios lead to difficulty in matching 
and thus a third helix, intermediately placed and un- 
connected but contra-wound with respect to the other 
two, has been proposed and tested [180]. 

A helical structure may be made by spiralling [113] a 
rectangular waveguide. Such an arrangement has been 
analysed [274], [275] by considering a guide whose 
axis is uniformly curved and adopting the fiction that 
points at angular separation of 2m are not equivalent 
but differ in axial position by the pitch. If the rectangu- 
lar guide propagating its dominant mode is orientated 
with its major dimension perpendicular to the axis of 
the structure, a TMo mode is supported whereas the 
orthogonal orientation supports a TE: mode. Such a 
structure is very dispersive [52] if coiled, for example, 
with a radius ratio of 5:1. Improvement results when 
there is coupling between turns as, for instance, in the 
extreme case of a coaxial line with helical grooves in one 
or both conductors. The properties now resemble those 
of the stub-loaded line provided that account is taken 
of circumferential as well as of axial propagation. A 
further modification entails the removal of the center 
conductor to form an open helical waveguide which has 
a low frequency cutoff. 
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Design of Mode Transducers” 


L. SOLYMAR} anv C. C. EAGLESFIELDt+ 


Summary—tThe propagation of the electromagnetic wave in a 
gradual transducer is discussed. It is shown that the incident mode 
and the geometry of the transducer determine the outgoing mode. 
Inverting this theorem, a method is suggested for the design of the 
transducer’s surface for cases in which the desired modes in the uni- 
form waveguides are given. 

The application of the method is illustrated in three examples. 


I. INTRODUCTION 


N the design of a microwave transmission system it 

is often necessary to connect two uniform wave- 

guides of different cross section by means of a non- 
uniform waveguide (subsequently referred to as a trans- 
ducer). The transducer can be used for two different 
purposes: 1) to transform the same mode from one 
waveguide into another waveguide of different size; and 
2) to transform a certain mode of one waveguide into 
a predetermined mode of the other waveguide. 

The best example for the first type is a transducer 
between two rectangular waveguides of different size. 
The requirement is to transform efficiently the Ha 
mode in a specified bandwidth. All the solutions natu- 
rally employ a transducer whose cross section is every- 
where rectangular. Similarly, the cross section of a 
transducer between two circular waveguides of different 
diameter is always circular. The problem in these cases 
is how to vary the size of the cross section. This field is 
well explored, and for certain cases optimum solutions 
have been obtained. 
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The design of a transducer of the second type (gener- 
ally called a mode transducer) is incomparably more 
complicated, since the shape of the cross section is vary- 
ing. Although mode transducers have been used since 
the earliest days of microwave transmission, no syste- 
matic procedure seems to have been developed for the 
design of the required cross sections. The existing mode 
transducers were designed by physical intuition. ° 

The aim of the present paper is to suggest a syste- 
matic design method. For the better understanding of 
the basic phenomena, the properties of a given trans- 
ducer are first analyzed. It is shown that the incident 
mode and the surface of a sufficiently gradual trans- 
ducer determine the outgoing mode. In the third section 
the inverse problem is dealt with, 2.e., choosing the 
surface of the transducer when the desired modes in 
the uniform waveguides are given. 


Il. THE PROPAGATION OF THE ELECTROMAGNETIC 
WAVE IN A SUFFICIENTLY GRADUAL TRANSDUCER 


Let us consider the following arrangement of wave- 
guides (see Fig. 1). The uniform waveguide A extends 
from g= — © to g=0, the transducer from z=0 toz=L 
and the uniform waveguide B from z=L to z=. 


WAVEGUIDE B 


WAVEGUIDE A 


z=L 


Fig. 1. 


62 IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES 


The transducer has the following properties: 


a) The equation of the surface is differentiable as a 
function of z. 

b) A plane perpendicular to the 2 axis cuts the sur- 
face in a single closed curve. 

c) The cross sections [denoted by S(z) | at z=0 and 
z=L are equal to those of the uniform waveguides A 
and B, respectively; i.e., S(O) =S4 and S(L) =S?. 


The propagation of an electromagnetic wave in this 
waveguide system can be studied with the aid of the 
equivalent circuit concept. 

As is known,! a uniform waveguide can be repre- 
sented by a set of uniform transmission lines, where each 
transmission line corresponds to a mode. The _imped- 
ance and the propagation coefficient of the transmission 
line can be expressed by the eigenfunctions (cross-sec- 
tional wave functions) and eigenvalues (cutoff wave 
numbers) of the uniform waveguide. A wave can sepa- 
rately propagate on any of the transmission lines. 

Propagation in a waveguide of gradually varying 
cross section can also be represented by the same pic- 
ture of a number of transmission lines,?'? but now each 
line has gradually varying characteristics and there is a 
coupling between the lines. The coupling coefficients 
and the characteristics of the transmission lines can be 
expressed by the eigenfunctions and eigenvalues of a 
uniform waveguide, whose cross section is identical 
with that of the nonuniform waveguide at z. However, 
if the transducer is sufficiently gradual, the coupling 
between the transmission lines can be neglected.* 

Thus, if a single mode enters the transducer from 
waveguide A it will travel along one of the transmission 
lines and emerge at the end as a single mode of wave- 
guide B. However, at this stage of the argument it is not 
at all clear which mode of waveguide B will be excited; 
in order to discover this, the transducer has to be stud- 
ied step by step. This can be done in principle (and in 
practice numerically) by determining the eigenfunc- 
tions and eigenvalues at a number of successive cross 
sections of the transducer; thus, the continuity of the 
transmission lines is determined in particular that of 
the transmission line which is terminated in the incident 
mode. The investigated cross sections must be spaced 
sufficiently close, so that the continuity can be clearly 
established. 

If we write t,,4 for the incident mode and refer to the 
transmission line on which it travels as the mth trans- 
mission line, and if Wn(x, y, 2) is the corresponding 
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*G. Reiter, “Connection of Two Waveguides by a W. i 
Variable Cross-Section,” M.S. thesis in applied machen. sare 
versity Eotvos Lorand, Budapest, Hungary; June, 1955. 
‘ ¥ L. ates Beeurious mode generation in nonuniform wave- 
guide, RANS. ON MICROWAVE THEORY AND TECH 
MTT-7, pp. 379-383; July, 1959. Dubay ie 
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gradually varying eigenfunction, then the requirements 
on Wm are as follows: 


1) It is differentiable as a function of z. 

2) W(x, ¥, 0) =Wn4, where Ym4 is the eigenfunction 
of the ¢n4 mode in waveguide A. 

3) Wnl(x, y, L) =Yn®, where Wn is the eigenfunction 
of the excited mode in waveguide B (denoted by 
Pee 

4) It satisfies the two-dimensional wave equation for 
all values of z. 

5) It satisfies the boundary conditions on the boun- 
dary of every cross section. 


We must note here that as a direct consequence of the 
equivalent circuit of the transducer, the fm? mode 
belongs to the same family (H or £) as the tn4 mode. 

Summarizing the conclusions of this section, we state 
that if the geometry of a sufficiently gradual transducer 
and the incident mode are given, the outgoing mode 
may be determined with the aid of the Yn(«, y, 2) func- 
tion. 

However, the above treatment is not completely 
general. In a few special cases, spurious modes will be 
present in waveguide B even for a very gradual trans- 
ducer. These exceptions are discussed in the Appendix. 


III. OUTLINE OF THE DESIGN METHOD 


We now invert the problem; instead of starting with 
an existing transducer and deducing W(x, y, 2), we lay 
down the required ?,,4 and tm? modes, construct the 
eigenfunction of the mth transmission line, and design 
the transducer. 

Knowing Wmn4 and Wm? it is always possible to con- 
struct a function ~. which satisfies conditions 1)—4). 
(A particular method of this construction will be given 
in a later section.) Ya becomes the eigenfunction of the 
mth transmission line, if it satisfies condition 5) as well 
as conditions 1)—4). Thus, the surface of the transducer 
must be designed in such a way that the boundary 
conditions for Wa are satisfied at every cross section. If 
the transducer furthermore satisfies conditions a)-c), 
then according to the analysis of the previous section, 
the transducer transforms the t,4 mode of waveguide A 
into the desired tn? mode of waveguide B. 


The Equation of Possible Boundaries 


If both ¢,,4 and ?,,? belong to the family of the E 
modes, then the equation of the possible boundaries is 
given simply as follows: 

Ym(«, ¥, 2) = 0. (1) 

If both tn4 and t,® are H modes, then the normal 
derivative of the eigenfunction should vanish at the 
boundary. Denoting by f(«, y)=0 the equation of the 
boundary curve at a given 2, it must satisfy the follow- 
ing partial differential equation: 

Om Of | Ibm Of 


a = 0. 
Ox Ox dy Oy (2) 
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In a practical case it is generally sufficient to con- 
struct the boundary curve by finding graphically the 
orthogonal trajectories of the (Wm=constant) electric 
lines. 


Construction of W(x, ¥, 2) 


The eigenfunction of the mth transmission line can be 
constructed in an infinite number of ways. We shall 
choose it for most of the subsequent examples in a 
simple mathematical form as follows: 


Wm(2, y; z) = £1(2)Wm4 “Ur £2(2)YmB (3) 
where 
g(0)=1, g(Z) =0 
g2(0) = 0, go(L) = 1 (4) 


and both gi(z) and ge(z) are monotonic differentiable 
functions. Y,—constructed in this way—obviously satis- 
fies conditions 1)—3). A simple (but not the only possi- 
ble) way of meeting condition 4) is to make the eigen- 
values (cutoff wave numbers) of the #,,4 and ¢,,2 modes 
equal. This implies a certain relation between the di- 
mensions of waveguides A and B which may not be 
convenient. In practical devices, this can be overcome 
by a preliminary taper in which the dimensions of 
waveguide A (or B) are changed gradually, where the 
shape is kept the same. 

An interesting special case arises when the eigen- 
function of the /,,4 and t,? modes is the same, although 
the cross sections of the uniform waveguides are dif- 
ferent. Then an obvious choice for the eigenfunction of 
the mth transmission line is 


Vin = Vm = Vn? . (5) 


Mode Purity 


A disadvantage of the method is that we cannot per- 
form the design for a specified mode purity. Because of 
the coupling (neglected in the design) between the 
transmission lines, spurious modes will always be pres- 
ent. After the transducer has been constructed, the 
power in the spurious modes is calculable’ although the 
calculations are very laborious. 

The mode purity will also depend on frequency, but 
since the transducer is built up by gradual change the 
purity of the desired mode cannot change violently with 
frequency. However, when the frequency is increased, 
the power in the spurious modes generally increases*? 
due to the decrease in the difference of the propagation 
coefficients. Nevertheless, this increase in the power of 
the spurious modes is small within the normally re- 
quired bandwidth and is unlikely to affect the per- 
formance. 


5 B. Z. Katzenelenbaum, “On the Theory of Nonuniform_Wave- 
guides with Slowly Changing Parameters,” presented at the Congres 
International Circuits et Antennes Hyperfrequences, Paris, France; 
October, 1957. 
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Examples 


We shall illustrate the design method in three 
examples. 

The first example is a transducer between two uniform 
waveguides having cross sections which are, respec- 
tively, a section of a circle and a whole circle. The elec- 
tric lines of the desired modes (both are H modes) are 
shown in Figs. 2(a) and 2(c). (The density of the lines 


(a) 
Fig. 2. 


in these and subsequent drawings is not related to the 
intensity of the electric field). In this case, the eigen- 
functions of both modes are the same. The simplest 
choice for the eigenfunction of the mth transmission line 
is in the form of (5). Then 


bn = Fo (3.83 *) (6) 


where 


Jo =zero order Bessel function, 
p=the radial polar coordinate, and 
ro =the radius of the circle. 


The boundary of an intermediate cross section must 
be chosen in such a way that the boundary conditions 
are fulfilled for YW». It may be easily shown that the 
normal derivative of (5) vanishes on the boundary of 
any section of a circle of radius 7». Hence, the cross 
section of the transducer is chosen as a section of a 
circle of radius 79, whose central angle is a monotonic 
function of g satisfying the conditions a(0)=ap and 
a(L) =2r. 

This type of transducer is in common use.® The 
example simply shows that, using this method, we 
arrive at the same transducer. 

We wish, however, to emphasize the fact that this is 
not the only solution. If we choose a different WY, we 
arrive at a different transducer. Another possible choice 
of Wn [it obviously satisfies conditions 1)-4)] is, for 
example, 


p 
Yn = Jo (3.83 a (7) 


where r(z) is a slowly varying function of z, r(0) =7r(L) 
=r, Anintermediate cross section of this transducer isa 
section of a circle of radius r(z). 


6A. C. Beck, “Measurement Techniques for Multimode Wave- 
guides,” presented at the Symposium on Modern Advances in Micro- 
wave Techniques, New York, N. Y.; November, 1954. 
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A further choice of Wm might result in a transducer in 
which none of the intermediate cross sections is a sec- 
tion of a circle, and which nevertheless produces an 
arbitrarily pure mode at the output, provided that the 
transducer is sufficiently gradual. 

There is no doubt that an engineer will prefer the 
transducer designed in the first way (it is very likely 
that for a given length that transducer produces the 
purest mode), but it is worthwhile to note that, depend- 
ing on the choice of Wm, an infinity of solutions exists. 

Our second example is a mode transducer from the 
Ho. mode of a rectangular waveguide into the Ho mode 
of a circular waveguide. Mode transducers between 
these two modes were designed a long time ago.’ We 
wish to suggest an alternative solution. 

Wm is chosen in the form of (3). The ratio of the di- 
ameter of the circle (denoted by d) to the width of the 
rectangle (denoted by a) is d/a=1.22, determined from 
the equality of the cutoff wave numbers. The height of 
the rectangular waveguide is chosen to be equal to the 
diameter of the circular waveguide. Thus, the eigen- 
function of the mth transmission line may be expressed 
as follows: 


24 DRE 
W(x, ¥, 2) = gi(2) ae + go(z)Jo (= V/ 7) (8) 


where x, y, are Cartesian coordinates. 

In this case, the intermediate cross sections of the 
transducer cannot be determined by simple considera- 
tions. Either a numerical solution of the differential 
equation (2) is necessary, or the following graphical 
method can be used. 

The Wm=constant curves representing the lines of 
electric intensity are plotted in Fig. 3 for given values of 
gi(z) and g2(z). A possible boundary intersects perpen- 
dicularly these electric lines. A further consideration is 
that the resulting surface between the prescribed cross 
sections should be a smooth one. Taking account of 
these requirements, Fig. 4 shows four cross sections 
(initial, two intermediate, and final) of the transducer 
designed. One can see from the changing picture of the 
electric lines how the Ho mode of the rectangular wave- 
guide is transformed into the Hq mode of the circular 
waveguide.$® 

Let us choose for the third example a mode trans- 
ducer, which—although it has no practical importance 
at the moment—illustrates how powerful the method is. 


7 C. G. Montgomery, R. H. Dicke, and E. M. Purcell, “Principles 
of Microwave Circuits,” McGraw-Hill Book Co., Inc., New York 
N. Y., p. 340; 1948. 

8A transducer of this type has been constructed and tested by 
Dr. Yi. Klinger. It is 3 inches long, $ inch diameter at the circular end, 
Preliminary measurements at the wavelength 9 mm indicate a power 
level in the desired Hm circular mode of about 95 per cent. 
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| 
Fig. 3—The Wm, =constant curves, gi(z)=0.246, go(z) =0.8. 


The cross sections of the two uniform waveguides 
(rectangle and isosceles right-angled triangle) to be 
connected and the electric lines of the desired modes 
may be seen in Figs. 5(a) and 5(e). The mode in the 
triangular waveguide is the same as an Hy mode in a 
square waveguide. 

In this case— in our opinion—intuition fails and the 
cross sections of the transducer cannot be guessed, 
while the application of the proposed design method 
leads to a direct result. 

The height of the rectangle (denoted by 0) is chosen 
to be equal to the sides of the triangle. The equality of 
the eigenvalues is assumed by the choice w=6/+/2, 
where w is the width of the rectangle. Constructing the 
eigenfunction of the mth transmission line in the same 
way as before, we obtain 
TX Ty 

— COs —- 
w/2 wr/2 


Y(t, V5 #) = gu(2) cos + ga(z) cos (9) 


Three intermediate cross sections of the transducer 
may be seen in Figs. 5(b), (c), and (d). Having seen 
these figures, one can imagine how the transducer 
works; 7.e., the application of the method helps to build 
up a deeper physical insight. 


IV. CoNcLUSION 


It has been shown that for a gradual transducer the 
outgoing mode #,,2 can be determined from the incident 
mode tm4 (exceptions are treated in the Appendix). The 
gradually changing field configuration in the transducer 
is represented by an appropriately chosen function, the 
eigenfunction of the mth transmission line. When this 
theorem is inverted, the eigenfunction of the mth trans- 
mission line is determined from the incident and out- 
going modes, and with its aid the surface of the trans- 
ducer is also determined. 
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(c) (d) 


Fig. 4—Four ctoss-sections of a transducer from the H® mode to the 
Hg mode. (a) gi(z)=1, go(z)=0; (b) gi(z)=0.739, go(z)=0.4; 
(c) gi(z)=0.246, go(z) =0.8; (d)-g:1(2) =0, go(z) =1. 


(d) (e) 


Fig. 5—Five cross-sections of a transducer from the Hf mode to the 
Hf mode. (a) gi(z)=1, go(2)=0; (b) gi(z)=0.6, go(z)=0.4; (c) 
eae go(z)=0.63; (d) gi(z)=0.2, go(z)=0.8; (e) gi(2)=0, 
£2\2) = 1. 


Three examples have been worked out to illustrate 
the design procedure. The electric lines in intermediate 
cross sections are plotted; these show how the trans- 
ducer works. 

The paper presents a systematic approach to the 
design of mode transducers, but certainly leaves many 
questions unanswered, a few of which are listed here. 


Solymar and Eaglesfield: Design of Mode Transducers 65 


1) In choosing a Wm, does a transducer exist between 
the required cross sections of the uniform wave- 
guides for which Ym is the eigenfunction of the 
mth transmission line? 

2) Which is the best choice of Wn? 

3) When choosing Wn in the form (3), what is the best 
choice of gi(z) and go(z)? 


The answers to these questions do not seem to be simple 
ones, but there is no reason to suppose that the optimum 
design (in one or other sense) of mode transducers is 
prohibitive. 


APPENDIX 


There are two types of cases when the conclusions of 
Section II are not valid. Both are consequences of 
degeneracy. 

1) If a mode at a certain cross section of the trans- 
ducer can be represented as the superposition of two 
modes which have the same cutoff wave numbers, then, 
because of a change in the boundary, the two compo- 
nents might separate (in the equivalent circuit this 
means that a transmission line is split into two). This 
may happen, for example, with a (not circularly sym- 
metrical) mode in a circular pipe. If the circular wave- 
guide is deformed into an elliptical waveguide, and the 
deformation does not take place along one of the axes of 
symmetry, then two separate modes with different 
velocities will propagate in the elliptical waveguide.® 

2) If in the equivalent circuit of the transducer there 
exists another transmission line whose cutoff wave 
number agrees with that of the mth transmission line 
for every value of z, and these two transmission lines 
are coupled, then this coupling can never be neglected. 
The power is fluctuating between these two transmission 
lines.!° This happens, for example, in a bent circular 
waveguide, where the Ho and Ly modes (each repre- 
senting a transmission line) have the same cutoff wave 
number and are coupled through the boundary. 

It is unlikely that in the design of a mode transducer 
either of these cases will arise. Nevertheless, it must be 
borne in mind that these effects can cause the failure of 
the method. 
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UHF Resonator with Linear Tuning* 


B. H. WADIAt anv R. L. SARDAT 


Summary—A novel method of tuning a transmission-line type 
resonator is described. The first-order theory of such a resonator is 
derived and presented in the form of design curves which indicate an 
extremely good tuning linearity. Experiments with a resonator de- 
signed on this principle agree with theory. 


I. INTRODUCTION 
A tunable resonant device, in which frequency 


varies linearly with mechanical motion, promises 

a large number of advantages in applications 

such as wavemeters, ganged resonators, and mechanic- 
ally swept oscillators where such a characteristic could 
permit vernier frequency dials, one-point calibration, 
and easier alignment and adjustment. Resonant circuits 
which are in general use (LC circuits, resonant lines, 
re-entrant cavities) depart greatly from linearity when 
used over a large frequency range. Attempts are often 
made to improve linearity by special measures and 
auxiliary devices such as cams, link motions, specially 
shaped tuning rods and plates; among the more so- 
phisticated devices of this type, we may mention the 
developments of Ginzton and Salisbury,! and Brot and 
Soulard.2 However, these methods are not linear “in 
principle” but are made so by special design. A resonant 
system which can indicate linearity or near linearity in 
its basic conception is likely to be even more valuable. 
This paper describes a simple method of tuning which 
exhibits good linearity over a wide frequency range. In 
essence, it involves two quarter-wave resonant trans- 
mission line sections which are coupled together at their 
open ends by a series capacitor. By a common mechan- 
ical motion, the length of one section is increased while 
that of the other is reduced by the same amount in such 
a way that the combined length remains the same. This 
causes One section of line to tune up its frequency curve 
while the other tunes down and the nonlinearities of the 
two sections effectively cancel each other. By a proper 
choice of the characteristic impedances of the two sec- 
tions, one can vary the tuning range, the rate of tuning, 
and the region of approximate linearity. This principle 
is quite neatly applied to two quarter-wave coaxial lines 
placed “back-to-back” so as to form a doubly re-entrant 
cavity as shown in Fig. 1(a); tuning is accomplished by 
the movement of the capacitive gap relative to the 
outer conductor. The theory and the design curves for 
this type of tuning are derived and show that good line- 


* Manuscript received by the PGMTT, June 12, 1959, 
Tt Central Electronics Engrg. Res. Inst., Pilani, Rajasthan, India. 
1K. L. Ginzton and F, L. Salisbury, “Ultra-high-frequency wave- 
meter,” U. S. Patent No. 2,503,256; April, 1950. 
e i moe and a eee: peas with linear tuning for meter 
and decimeter wavelengths,” Compt. Rend. Acad. Sci. } 
243, pp. 1848-1850; December, 1956. esate. 
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Fig. 1—(a) Schematic diagram of the resonant system. (b) Idealized 
and lossless equivalent circuit. (c) Ideal equivalent circuit with 
losses. 


arity can be obtained over as large a tuning range as 
1.5:1. Experimental evidence is given in support of the 
theory. The study also includes a consideration of the 
higher order modes and the Q of the structure. 

In connection with previous work, we may mention 
an article by Barrow and Mieher® which gives extensive 
experimental data on re-entrant cavities. The article 
deals with various modes which interplay ina re-entrant 
cavity as it passes from a perfect cylinder to a perfect 
coaxial line. In the process, the authors give brief data 
on the resonant frequencies of the cavity with various 
gap positions. It is interesting to note its similarity with 
the data presented in our work. However, Barrow and 
Mieher do not proceed to analyse the system nor to 
consider it as a method of linear tuning as is done in the 
present paper. The article came to the attention of the 
authors after the principle of back-to-back tuning had 
been established. 


II. PRINCIPLE oF BAcK-TO-BAcK TUNING 


Consider two coaxial line sections each shorted at one 
end with their open ends brought together. If the di- 
ameters of their outer conductors are equal and if a 
narrow capacitive gap is left at the junction between 
their center conductors, a doubly re-entrant resonant 
cavity results. Fig. 1(a) shows such a structure and its 
major dimensions. In general, the diameters (d; and ds) 
of the two portions of the center conductor on either 
side of the capacitive gap may be different; they are, 


Wa L. Barrow and W. W. Mieher, “Natural oscillations of elec- 
cua cavity resonators,” Proc. IRE, vol. 28, pp. 184-191; April, 
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however, mechanically joined together to keep the gap 
distance constant. Tuning of the cavity consists in 
making the outer shell capable of axial motion relative 
to the center conductor assembly so that the capacitive 
gap changes position and the lengths of the two coaxial 
lines on either side of the capacitive gap are altered by 
the same amount—one increases and the other decreases 
in length. If J; and J, are the lengths of the two sections 
and Zo, and Zo are their characteristic impedances, 
the ideal and lossless equivalent circuit of the resonator 
will be as shown in Fig. 1(b). The impedances of the two 
lines in question seen at the capacitive gap will be 


eon 
Zh 


2rle 
Lis => IZ 02 tan ie 


both are normally inductive. 


A. The Resonance Equation 


For resonance 


Qal; 2rlp 
= Zo tan — + Zoo tan —- 
eae oN » 


By appropriate re-arrangement 


recy ea) get as) | 
eet: 


where v7) = velocity of light. 

It is noted that the bracketed quantities are dimen- 
sionless and constitute normalized variables. A simpler 
form of the equation results as 


= tan falin + Zn tan fn(1 — hin) (1) 
Vice se 
where 
InfL 
fn = normalized resonant frequency = wath (2) 
0 
lin = normalized length = —» (3) 
CZ v0 

C, = normalized impedance = 7 ) (4) 
, Zoe 

Z, = normalized impedance pine . (5) 
01 


In order to examine the tuning characteristics, the 
above equation must be solved to yield f, as a function 
of hn for representative values of the design parameters 
- Z, and C,. From the nature of the above equation it 
‘would at first appear that the relation between fn and 
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h, could hardly be linear and indeed in the rigorous sense 
it is not so; attempts to convert (1) to a linear form by 
some appropriate approximation did not yield neat 
results. However, solution and plotting of (1) shows 
that a significant portion of the curve differs only 
slightly from the linear, and this is borne out by subse- 
quent experimentation. It must be admitted that, in 
spite of the nonlinear appearance of (1), faith in the 
ultimate linearity of tuning was maintained by a cer- 
tain amount of intuitive reasoning based on the fact 
that the two component lines of the resonator are oper- 
ating back-to-back; while one is increasing in length, 
the other is being reduced—thus giving a chance for the 
nonlinearities on either side of the gap to neutralize each 
other. 


B. Solution of the Resonance Equation 


By treating Z, and C, as parameters, (1) reduces to 
an implicit transcendental relation between f, and lip 
for each set of values of Z, and C, and can be solved by 
well-known graphical methods. For each value of hin 
from 0 to 1, the two sides of the equation are separately 
plotted with f, as abscissa; the intersection of the two 
curves gives the solution of f, for each hin. Fig. 2 pertains 


San sy tan-foliaet (Syl tanktn(iant yey 
: eS 
~ 


LO 


1a Sal 


[with C, fixed] 


Fig. 2—Method of solution of the resonance equation. 


to this process of graphical solution. It must be noted 
that the terms on the right hand side of the equation 
are periodic and that there will be a large number of pos- 
sible solutions according to the branch on which the in- 
tersection occurs. We shall discuss this point again 
later, but for the moment we limit ourselves to the solu- 
tion on the first branch of the curve, thus considering 
only the case of “quarterwave” operation for each of the 
two component lines. This is the lowest or dominant 
mode and is of major practical importance. 

The solutions obtained for this fundamental mode 
are given in Fig. 3(a), (b), (c), and (d) in the form of a 
series of universal design curves. These curves and the 
normalized variables defined in (2), (3), (4) and (5) give 
us the tools for designing these types of resonators in the 
desired frequency range. The loci of the maxima are also 
obtained by equating the derivative to zero and solving 
the resulting equation, 


Sele 
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Fig. 3—Universal design curves for various values of Z, and Cp. 


An examination of these curves shows the following 

properties: 

1) Good linearity is obtained except near the maxi- 
mum of the curve. 

2) For values of Z, other than unity, better linearity 
and more gradual tuning can be obtained over a 
greater range on one side of the curve than on the 
other. 

3) The tunable range is reduced while linearity im- 
proves as value of C, increases. 

4) From symmetry considerations, it should be clear 
that for Z, less than unity, the curves are lateral 
inversions of the corresponding cases for their re- 
ciprocals. 

5) For h,=0 or 1 the cavity resembles a singly re- 
entrant cavity of length Z and characteristic im- 
pedance Zo. or Zo: respectively. 


C. Higher Order Modes 


We have thus far restricted ourselves to the discus- 
sion of the simplest mode in the cavity, z.e., the trans- 
mission line mode with nearly quarterwave variation in 
each coaxial section. It would be worthwhile to study 
the possibility of other modes to see whether they be- 
have linearly and to assure that there is no likelihood of 


interference between the useful mode and the higher 
orders. 

That higher order longitudinal modes are possible can 
easily be seen from the periodic nature of the tangent 
functions and from Fig. 2, where several intersections 
are indicated. A physical picture can also be obtained 
by noting that the resonance condition is determined by 
the impedances looking into both lines at the plane of 
the capacitive gap; the requisite impedances on either 
side may be obtained by modes which are not necessarily 
of the fundamental type. The number of possibilities 
for satisfying the resonance condition is therefore in- 
finite for each position of the capacitive gap. 

For a proper understanding of such higher modes, a 
solution for some typical values of parameters was ob- 
tained for the mode which appears next after the dom- 
inant, 7.¢., as given by the second intersection (shown in 
Fig. 2). Fig. 4 shows a comparison of the normal tuning 
curve with the-tuning curve for this next solution when 
Z,=3 and C,=0.05. It is noted that the new curve is far 
from regular; also that, fortunately, considerable fre- 
quency separation occurs, and there is no harmonic 
relation between the modes. We are therefore fairly safe 
in assuming good mode-separation properties. 

Higher order modes of the circumferential type are 
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Fig. 4—Comparison of the next higher mode with the dominant 
for Z,—3, and!C,=0.05. 


also possible as in all cylindrically symmetric structures. 
However, if care is taken to keep the circumference of 
the cavity sufficiently less than one wavelength in the 
operating range, the cavity can be essentially free from 


circumferential mode interference. 


Two simple checks can be made to assure that any 
given design is operating in the required fundamental 


mode: 
amD<«Kd for circumferential modes 


éy ae for longitudinal modes 
at the highest operating frequency. 


III. CALCULATION OF Q 


If we take into account the small losses occurring in 
the cylindrical conducting walls, the equation of input 


impedance of the left side line can be rewritten as 
Ly = Ri, = a = Zon tanh yl 
where 


= +761, 
a, = loss factor in nepers per meter (small), 
@1=phase constant in radians per meter 


provided we neglect the losses at the shorting end and 


at the capacitive gap. 


By standard algebraic methods, the real and the 
imaginary parts of the above equation can be separated 


to give 


= 


Wadia and Sarda: UHF Resonator with Linear Tuning 69 


Ri, = Zoiaih, sec” Bil 
X 1, = Zou tan Bil. 


We assume that a; is quite small so that terms with 
a"l;" are neglected and tan ail; ~ ail. This assumption is 
justified for cavities with inner surfaces of high con- 
ductivity materials. 

The value of a; is given by the usual skin effect 
formula’; for a silver plated cavity 


6.68 X 1o-yj(= + 1) 
1 


(al 


But since 


hence 
ry AL 
a = 2774 1044 (6) 
L ZyiD 


The resistive and reactive components of Z;, become 
yh 
2414 xX 104 A7/ — 

L 


Ly o1 tan falin 


Ri, 


LiniSCGinlin 
ayia eo fob 


Xi 


and similar expressions hold for the right-side coaxial 
line. 

The equivalent circuit of Fig. 1(b) can be modified to 
include the resistive components as shown in Fig. 1(c). 
An expression for the unloaded Q is then simply given 


by 
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4W. Jackson, “High Frequency Transmission Lines,” Methuen 
and Co. Ltd., London, Eng., p. 50; 1951. 
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IV. EXPERIMENTAL RESULTS 


A. Cavity Design 


In most cases, cavity design begins with a knowledge 
of the desired tuning range around a given center fre- 
quency. From the normalized curves in Fig. 3, one 
curve with the appropriate linear tuning range and 
slope is chosen; this determines the values of the para- 
meters Z, and C,. The value of L is then determined by 
applying (2) to the center frequency; knowing L, the 
product ZC in (4) is fixed from the chosen value of C,. 
The value of C is generally determined by the bounds of 
the design problem such as the required gap distance or 
the capacity of the tube electrodes in case of oscillator 
cavities; hence Zo: gets defined. The rest of the design 
requires only the determination of the diameters di, ds, 
and D for the appropriate characteristic impedances 
keeping in mind that larger diameters give better Qo, 
while a possibility of circumferential modes limits the 
average circumference to less than the lowest wave- 
length. 

A cold test model of a cavity with a range of 1100 to 
1900 mc was designed to test the principles outlined 
above. The curves of Z,=3 were chosen due to their 
reasonable linearity consistent with good tuning range. 
The mechanical structure of the cavity is shown in 
Fig. 5. The two center conductors are supported with 
the requisite spacing by being clamped to an outside 
frame which forms the base of the whole structure. The 
outer cylinder is mounted concentric to these conduct- 
ors and it slides over the center conductor assembly. Ac- 
curate linear motion is imparted to the outer cylinder 
by means of a micrometer head having threads with 
one millimeter pitch; there are two hundred circumfer- 
ential divisions, and motion adjustability of nearly 10~4 
cm is thereby derived. An inherent backlash of about 
0.005 cm exists; hence care is taken to make all adjust- 
ments in one direction only. The important dimensions 
of the cavity are L=4.967 cm, D=4.0 cm, d,;=3.0 cm, 
d,=1.75 cm, and ¢ is adjustable. The zero position on 
the micrometer scale corresponds to the case when the 
inner conductor d, is flush with the left wall of the cavity. 

The feeding-in of the RF signal is in a completely 
symmetric manner. A tiny probe protrudes through the 
center of one of the inner conductors at the capacitive 
gap and delivers the RF signal to the cavity from an or- 
dinary flexible coaxial cable which is brought in along 
the middle of the tube forming the center conductor d. 


B. Frequency Measurements 


Measurements were first made on the cavity before 
plating and installation of spring fingers in order to as- 
sure that the cavity configuration was as close as pos- 
sible to the theoretical design. As will be shown later, 
these changes lead to a perturbation of the frequency. 
For this experiment, the bearing surfaces were made to 
the best possible sliding fit and properly aligned in all 
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respects to ensure a good contact. A standard method® 
was used for obtaining the curve of resonant frequency 
vs cavity scale reading for two gap distances [0.42 cm 
which corresponds to approximately 1uuf(C, =0.1), and 
0.21 cm which gives twice as much capacity (Cn =0.2) ii 

Fig. 6 shows the measurements (curves B) as well as 
the calculations (curves A) of tuning characteristics for 
these two gap spacings; it is noted that the measured 
curves exhibit an appreciably linear behavior, perhaps 
slightly better than the theoretical curves. For com- 
parison, a tuning curve (curve D shown dotted) is also 
computed for the usual type of singly re-entrant cavity 
(i.e. the capacitance terminated coaxial line) in the same 
general range; the improvement in linearity by back-to- 
back tuning becomes quite apparent. By fitting the best 
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Fig. 5—The experimental resonator. 


Fig. 6—Comparison of measured and calculated readings for gap 
distances of 0.42 cm (C,=0.1) and 0.21 cm (C,=0.2). A gives 
calculated values; B gives measured values without spring fingers; 
C gives measured values with spring fingers and silver plating. 


°E, L. Ginzton, “Microwave Measurements,” McGraw-Hill 
Book Co., New York, N. Y., pp. 413-417; 1957. 
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straight line through our measured values, it can be 
checked that departure from linearity is much less than 
1 per cent for the whole range. For the larger capacit- 
ance value, the linearity appears to be further improved, 
although the tuning range is much reduced. 

It is noticed that the measured curves have shifted 
upwards and leftwards from the calculated curves for 
both values of gap distance. An inquiry into the pos- 
sible reasons for this difference between theory and ex- 
periment yields a better insight into short-comings of 
the first order theory. 


1) A small systematic error is introduced due to the 
finite thickness of the capacitive gap. In the ex- 
periment, the micrometer scale is referenced from 
the left wall of the cavity and, in any given posi- 
tion, measures the distance from the wall to the 
end plate of the larger central conductor. Where 
the gap thickness is truly negligible this would not 
cause an error, but for appreciable gap width (0.42 
cm and 0.21 cm in our experiment) the distance J, 
should be measured to the center line of the gap as 
the appropriate reference; hence all measured 
readings would be shifted to the right by half the 
gap width. 

2) Consider the RF field configuration near the gap 
as sketched in Fig. 7. Our design did not take into 
account the effects of the “fringe” fields on the 
capacity at the gap but merely assumed a lumped 
capacitance of the ideal parallel-plate-type cal- 
culated from the average area of the end surfaces 
of the two center conductors. In practice, the “ef- 
fective” capacitance under RF operation is differ- 
ent and is determined by the field lines exchanged 
between the two center conductors. Hence the 
lines terminating on the outer cylinder indicate a 
reduced effective capacitance. Resonance would 
therefore be indicated at a slightly higher fre- 
quency. 

3) Due to the same fringing effect, the effective 
lengths of the coaxial lines have changed. This is 
shown by the distance marked A on Fig. 7 which 
is the distance from the gap center to the surface 
of revolution which separates the fields of the left- 
hand coax from the fields of the righthand coax. 
It is easily seen that the direction of the error is 
such as to explain the differences between theory 
and experiment. 


A little thought will show that the errors due to 2) 
and 3) will be larger for larger values of Z, and for 
narrower gaps, since the differences in diameters of the 
two central conductors, as will a narrower gap, will 
cause the actual capacitance value to differ considerably 
from that calculated on the average area basis. 

In preparation for a proper measurement of Qo, 

spring-fingers were subsequently installed at the sliding 


Wadia and Sarda: UHF Resonator with Linear Tuning 71 


contacts and the RF surfaces were plated with a coat of 
about 20 microns of silver. Frequency measurements 
were repeated in order to assess the change caused by 
these additions; these measured curves are also shown 
in Fig. 6 (marked C). It is clear that these changes have 
caused a perturbation of nearly 100 mc in the frequency 
due to the reduction in volume and the consequent 
change in the resonant structure; however, linearity is 
not at all impaired. 


C. Measuremeni of Q 


The first order formula for calculating the Qo of this 
cavity was derived in Section III. When applied to the 
present design, a curve of Qo vs the tuning position can 
be calculated; such a curve is shown in Fig. 8. It is of 
interest to note the general trend of the curve which 
indicates a similarity in general form to the slope of the 
tuning curve. We see that Qo is reasonably high in the 
region of interest to us (namely the linear tuning region 
on the left hand side) and that it shows a slight rise with 
frequency; the rapid fall in the region beyond the linear 
range is of little consequence since the cavity is not in- 
tended for use in that region. 
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Fig. 8—Calculated Qo of the resonant system. 
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Practical measurements of unloaded Qo for a gap dis- 
tance of 0.42 cm were carried out using the impedance 
method,® and are shown in Table I together with the 
corresponding calculated values. 


DABBLE! 
COMPARISON OF CALCULATED AND MEASURED VALUES OF Qo 


Measured fre- Tuning Corresponding 
quency in mega- position A ge theoretical 
cycles per second | in centimeters 9 Oo 

1500 0.85 1125 4700 
1600 ESS) 1280 4950 
1800 ibets) 1720 5100 
1870 2.50 900 4400 
1690 3.49 575 2100 


As can be expected, the measured values of the un- 
loaded Qy are about 25 per cent of the theoretical values. 
This difference is a usual one in case of Qo measurements 
and is due to losses which are not accountable by the 
simple theory. Losses at the shorting end, imperfect 
spring contacts, unpolished surfaces, dirt, scratches, 
capacitance losses at the gap, no losses etc., account for 
this difference. 


V. CONCLUSION 


The first-order theory of back-to-back tuning has 
been derived and shown to agree reasonably well with 
the experimental results. Both theory and experiment 
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show that the resonator tuning characteristic obtainable 
by this method is linear for all practical purposes over a 
large frequency range. By appropriate design, various 
frequency ranges and tuning slopes can be obtained. 
The theoretically expected values of unloaded Qs are in 
the vicinity of 4500, while in actual practice values 
around 1200 are obtained in the useful range of linear 
tuning. 

The method is, in general, applicable to any form of 
resonant system where quarter-wave line sections can 
be employed. For instance, for frequencies in the VHF 
range, the method can be applied with Lecher lines; in 
the UHF range, coaxial-type lines are more convenient. 
The presence of a capacitive gap makes the system 
especially adaptable where interaction with an electron 
beam is intended. Due to the simple construction, con- 
venient size, nonharmonic modes, and good mode sepa- 
ration, this method should hold promise of valuable ap- 
plication over a wide frequency spectrum. 


VI. ACKNOWLEDGMENT 


The authors gratefully acknowledge the valuable help 
of Dr. H. D. Doolittle of Machlett Laboratories, Inc., 
Springdale, Conn., for initiating the idea and giving a | 
start to the investigation; and also the assistance of 
B. Rama Krishna Rao and Ravindra Babu (both of this 
Institute) in making the many measurements and plots. 


Equivalent Circuits for Small Symmetrical 
Longitudinal Apertures and Obstacles* 
ARTHUR A. OLINER} 


Summary—Formulas based on small aperture and small obstacle 
theory are presented for the determination of equivalent circuits for 
symmetrical longitudinal apertures and obstacles. These formulas 
are then applied to several examples of practical interest, including 
aperture discontinuities in trough waveguide and an obstacle array 
of interest to anisotropic radomes. 


I. INTRODUCTION 


HE evaluation of equivalent circuits for wave- 
ah guide discontinuities often involves the solution of 
a boundary value problem of considerable com- 
plexity. For the class of so-called “small” apertures and 
obstacles, however, this evaluation becomes particu- 


i Manuscript received by the PGMTT, August 28, 1959. The 
major portion of this work was performed at the Microwave Research 
Institute of the Polytechnic Institute of Brooklyn under Contract 
No. AF-19(604)-2031, sponsored by the Air Force Cambridge Re- 
search Center. 
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larly simple when the problem is properly phrased. A 
small aperture or obstacle is one which is located far 
from the guide walls and whose dimensions are small 
compared to a wavelength. Under these conditions, the 
distortion of the field lines in the vicinity of such a small 
aperture or obstacle, due to some specified excitation, 
is essentially independent of the cross-sectional shape 
of the containing waveguide, and depends only on the 
nature of the excitation and the physical shape of the 
aperture or obstacle. The quantity which characterizes 
the aperture or obstacle and which is a function only of 
its physical geometry and the type of incident excitation 
is the polarizability; since the aperture or obstacle is 
small compared to wavelength, the polarizability may 
be determined under static conditions. The function of 
small aperture or obstacle theory is then to relate the 
polarizability to the location of the aperture or obstacle 
within the containing waveguide and to the appropriate 
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incident mode in a fashion such that the equivalent cir- 
cuit parameters may be readily evaluated. The value 
of this method lies not only in the simple phrasing of the 
problem that is permitted, but also in the fact that the 
resulting solutions are useful considerably beyond the 
strict limitations indicated in the preceding. 

Small aperture theory was first formulated by 
Bethe,» and was soon afterwards rephrased by Marcu- 
vitz’ in a more compact form particularly suitable for 
equivalent circuit evaluations. Transverse apertures 
(z.e., apertures located in a metal plate which is coinci- 
dent with a waveguide cross-section plane) have been 
treated by many workers, both with regard to the power 
coupled through the hole and in terms of its shunt 
equivalent circuit. It has also been long recognized that 
the shunt equivalent circuit for a small transverse ob- 
stacle may be obtained by Babinet equivalence con- 
siderations from the results for a corresponding small 
transverse aperture. 

For longitudinal apertures (located in a top or side 
wall of a waveguide and employed to couple power be- 
tween two neighboring waveguides) the picture is not as 
complete. Bethe? presents formulas for the power cou- 
pled between two adjacent waveguides, and these for- 
mulas have been used, for example, in directional cou- 
pler designs. Expressions for the scattering matrix ele- 
ments in multimode waveguide have also been derived! 
via simple extensions of Bethe’s work. Marcuvitz* pre- 
sents equivalents circuits which were obtained by small 
aperture methods for several examples of waveguides 
coupled by longitudinal apertures. Despite the existence 
of these solutions, general small aperture formulas for 
the equivalent circuit parameters do not appear any- 
where and are not available. 

In Section II-B of this paper, general expressions are 
presented for the equivalent circuit parameters of a 
certain class of small longitudinal apertures, these ex- 
pressions being deduced from a knowledge of the scat- 
tering matrix elements. The longitudinal apertures con- 
sidered here are restricted to symmetrical apertures 
coupling identical waveguides; this restricted class ap- 
plies to a wide number of cases of practical interest, as is 
indicated later. 

In contrast to the case of longitudinal apertures, small 
obstacle theory applicable to longitudinal obstacles has 
not been exploited heretofore. Formulas are presented 
in Section II-C of this paper which permit the ready 
evaluation of the equivalent circuits of small longitu- 


1H. A. Bethe, “Lumped Constants for Small Irises,” M.1.T. Rad. 
Lab., Cambridge, Mass., Rept. No. 43-22; March, 1943. 

2H. A. Bethe, “Theory of Side Windows in Waveguides,” Malle 
Rad. Lab., Cambridge, Mass., Rept. No. 43-27; April, 1943. 

3N, Marcuvitz, “Waveguide Circuit Theory: Coupling of Wave- 
guides by Small Apertures,” Microwave Res. Inst., Polytechnic 
Inst. of Brooklyn, Rept. No. R-157-47, PIB-106; ee 

4H. A. Judy and D. J. Angelakos, “Mode Selective Directional 
Couplers,” Electronics Res. Lab., University of California, Berkeley, 
Ser. No. 60, Issue No. 19; September, 1954. ; Ms 

5 L. B. Felsen, “Analysis of Circular Waveguide Modes, Micro- 
wave Res. Inst., Polytechnic Inst. of Brooklyn, Second Quarterly 
Rept., R-394.6-55, PIB-327.6; February, 1955. 

6 N. Marcuvitz, “Waveguide Handbook,” Rad. Lab. Ser., Mc- 
Graw-Hill Book Co., Inc., New York, N. Y., vol. 10; 1951. See for 
example, Sections 6.6, 6.8-6.10, 7.2-7.5. 
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dinal obstacles which are symmetrical.’ Since it is felt 
that the derivations of these expressions and those for 
longitudinal apertures are in themselves of lesser inter- 
est than the results, and since the derivations do not 
contain any new features and are somewhat lengthy, 
they are not included here. 

Several applications of the small longitudinal aperture 
and longitudinal obstacle expressions presented in 
Section IT are also included here. These applications 
serve partly to illustrate the use of these relations, but 
are also of interest in themselves and were solved orig- 
inally in answer to a need. In Section III, the small aper- 
ture formulas are applied first to a round hole located 
in the center fin of trough waveguide, and then to an 
array of holes coupling two parallel plate waveguides. 
It is pointed out there that the latter case is of particu- 
lar value in its use in a transverse resonance procedure, 
and can be applied, for example, to top wall directional 
couplers in rectangular waveguide, or to a periodic ar- 
ray of holes in trough waveguide. The small obstacle 
formulas are applied in Section IV first to a circular disk 
in rectangular waveguide, where the distinctions be- 
tween longitudinal and transverse orientations of the 
disk are determined, and then to the case of a plane wave 
incident at an angle on a two-dimensional array of longi- 
tudinal rods. The latter problem is of interest in a study 
of anisotropic radomes, since this configuration dis- 
criminates between incident waves of parallel and per- 
pendicular polarization. 


II. SMALL APERTURE AND SMALL 
OBSTACLE FORMULAS 


A. Preliminary Relations and Definitions of Terms 


The incident mode in the waveguide containing the 
aperture or obstacle may be characterized by trans- 
verse mode functions e and A and by a longitudinal 
scalar function @ or w. These functions and their nor- 
malizations are the same as those in the “Waveguide 
Handbook;”® expressions for these functions for con- 
ventional waveguides are also presented there.? The 
scalar function ¢ and w are proportional to longitudinal 
components of electric and magnetic field, respectively, 
so that ¢=0 for H (or TE) modes and y=0 for E (or 
TM) modes. When the mode functions and the scalar 
functions are normalized in the manner 


Phe SI 


cross section cross section 


ff i o*dS = 1/he, 


cross section (2) 
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and 


7L. B. Felsen of the Polytechnic Institute of Brooklyn has in- 
dependently derived a small obstacle formulation which applies also 
to unsymmetrical obstacles. 

8 Marcuvitz, op. cit., Section 1.2. 

® Tbid, Chap. II. 
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where k.(=27/).) is the cutoff wave number of the 
given mode; then the characteristic impedance Zo and 
the characteristic admittance Yo are equal to the wave 
impedance and admittance, respectively, 7.e., 


K 
— for E modes 
WE 


ae for H modes (3) 


K 


where x(=27/),) is the propagation wave number. 

It is convenient to employ the symbols e, and h, to 
represent the longitudinal field components; their rela- 
tion to ¢ and w are 


VY 
oe EG (4) 
WE 


Mh; 
en ea peasy 3c) (5) 
Op, 


Since the incident mode field does not vary much over a 
small aperture or obstacle, the value of the incident 
field is taken to be that at the center of the aperture or 
obstacle, and this particular value of the field is denoted 
by the subscript 0. 

In small aperture theory, the behavior of the aperture 
is dependent on the magnetic and electric polarizabili- 
ties, M and P, which respond, respectively, to the tan- 
gential component(s) of magnetic field and the normal 
component of electric field at the aperture. These polar- 
izabilities are a function of the shape and size of the 
aperture only, and expressions are available for the 
polarizabilities of apertures of simple shapes, such as a 
circle, ellipse, or long slit.1° Numerical values for other 
shapes have been obtained experimentally by Cohn!!)?2 
using an electrolytic tank, thereby enhancing the use- 
fulness of small aperture theory. Cohn has also derived 
a simple correction formula® for the magnetic polariza- 
bility in the case of larger apertures. 

The behavior of a small obstacle is sensitive to the 
tangential component(s) of electric field and the normal 
component(s) of magnetic field at the obstacle. The re- 
spective polarizabilities are designated in this paper as 
P*® and M*. For a planar obstacle, the numerical values 
of P® and M*® are equal to those of M and P, respec- 
tively, for an aperture identical in size and shape to the 
obstacle. Such an equivalence is generally deduced via 
Babinet equivalence considerations, involving a factor 


ae, G. Montgomery, R. H. Dicke, and E. M. Purcell, “Prin- 
ciples of Microwave Circuits,” Rad. Lab. Sers., McGraw-Hill Book 
Co., Inc., New York, N. Y., vol. 8, p. 178; 1948. 
es = EY Cohn, or ator a aperture parameters by electro- 
ic-tank measurements,” Proc. IR ; — c - 
se eh E, vol. 39, pp. 1416-1421; No 
2S. B. Cohn, “The electric polarizability of apertures of arbit 
Pes ge aE ee 40, pp. 1069-1071; Sepiteriber 1952. mgs. 
. B. Cohn, icrowave coupling by | MW 
IRE, vol. 40, pp. 696-699; June, 1952. TS Se aes 


of 4, but we choose to place this factor in the expressions 
for the equivalent circuit parameters rather than in the 
polarizability expressions directly. Expressions for cer- 
tain nonplanar obstacles of simple shape are scattered 
throughout the literature. 4% 

Since the apertures and obstacles treated in this 
paper are all symmetrical and lossless, only two inde- 
pendent parameters are required for their circuit repre- 
sentation. The reactance and susceptance representa- 
tions are shown pictorially by the tee and pi networks of 
Fig. 1. The parameters are related to the reactance and 
susceptance matrix elements by 


Xa = Xai X12, Xp = Xi 
Ba = Bu — By, By = Br. (6) 


Xa Xa 


(a) (b) 
Fig. 1—(a) Tee equivalent network. (b) Pi equivalent network. 


In the small aperture or obstacle limit, the reactance 
and susceptance parameters are very simply related, 2.e., 


1 
Xoo 
2B,’ 
P 1 
Xp = — 2B,’ ne (7) 


where the prime denotes the parameter normalized to 
the appropriate characteristic impedance or admittance. 
Relations (7) state in essence that the shunt effect and 
the series effect of the networks are independent in this 
limit. 

In ascattering matrix representation of a symmetrical 
aperture or obstacle, only parameters Si and Sj, are in- 
dependent. Furthermore, one can write for small aper- 
tures or obstacles 


Se =1-+c. (8) 
Element Siz should actually be expressed as 
1 
Sie = ) 
1—o 


so that | Si2|?<1, but in the small aperture or obstacle 
limit ¢<1. Elements Sy and o are related to the pi net- 
work parameters in this limit as 


i! 
jBa = — $(Su + 2), (9) 


4 C, Susskind, “Obstacle type artificial dielectrics for micro- 
waves,” J. Brit. IRE, vol. 12, p. 49; 1952. 
_ 5M. M.Z. Kharadly and W. Jackson, “The properties of artificial 
dielectrics comprising arrays of conducting elements,” Proc. I.E.E. 
(London), Pt. III, vol. 100, pp. 199-212; July, 1953. 
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or 


Su = 


q 
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(10) 


B. Symmetrical Longitudinal A pertures Coupling Iden- 
tical Waveguides 


Longitudinal apertures may be used to couple two 
waveguides either in a tee junction fashion or when 
placed parallel to each other. In either case, an appropri- 
_ ate equivalent circuit representation is chosen, and by 
small aperture theory the parameters of the equivalent 
circuit are related to the geometry of the coupling aper- 
ture and the coupled waveguides. Equivalent circuits 
for several specific examples of these two types are pre- 
sented by Marcuvitz.® 

When the two coupled waveguides are identical and 
are arranged parallel to each other, the form of the 
equivalent circuit becomes particularly simple. This 
special case corresponds to many practical situations; 
it occurs, for example, in various directional coupler 
applications and in strip line and trough waveguide dis- 
continuities. The longitudinal aperture discussion in this 
paper is restricted to this class of structures. 

Two typical cases which arise in the coupling of two 
parallel identical waveguiding regions are illustrated in 
Fig. 2. The coupling behavior for arbitrary field excita- 
tion may be expressed in terms of two orthogonal modal 
situations, one for which the excitations from the two 
separate waveguides are in phase and the second for 
which they are out of phase. When the field excitations 
in the separate waveguides are opposite to those indi- 
cated in Fig. 2, the surface common to the two identical 
waveguide regions becomes an electric wall and the 
presence of the coupling aperture is not felt. The equiva- 
lent circuit for this excitation degenerates into a straight- 
through connection for each waveguide separately, with 
no coupling between them. 

When the excitations in the separate waveguides are 
as shown in Fig. 2, the aperture surface becomes a mag- 
netic wall and the equivalent circuit is now nontrivial. 
Since the two halves of these structures are identical to 
each other, the reflection coefficients for each half are 
equal and are the same as the reflection coefficient for 
both halves taken together. The complete electrical 
behavior for this excitation is thus obtained by choosing 
a pi or tee network representation, of the form of Fig. 1, 
for either half of the structure. 

It may be desirable to have available a single equiva- 
lent circuit appropriate to both excitations, or, equiva- 
lently, to an arbitrary excitation. In that case, a form 
such as that shown in Fig. 3 may be used; as seen, the 
circuit consists of two pi networks, back to back, bridged 
across by an additional element equal to — B,. When the 
excitation is such as to produce a magnetic wall in the 
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(a) (b) 


Fig. 2—Longitudinal aperture coupling of identical waveguides. (a) 
E plane (top wall) coupling. (b) H plane (side wall) coupling. 


Fig. 3—Equivalent circuit for longitudinal aperture coupling two 
identical waveguides, valid for arbitrary excitation. 


aperture, an open circuit is produced along the line 
A-—A’ in Fig. 3, so that the circuit breaks up into two 
separate pi networks, back to back, and element —B, 
does not contribute. When the excitation is such as to 
produce an electric wall in the aperture, a short circuit 
occurs along A—A’ and the additional element —B, 
cancels the remaining elements to produce straight- 
through connections in the separate waveguides. 

E Plane (Top Wall) Coupling: The structure appro- 
priate to this situation was indicated in Fig. 2(a). The 
waves in both of the constituent waveguides propagate 
along the z direction, and the principal axes of the sym- 
metrical coupling aperture are assumed to lie along the 
x and z axes. In small aperture theory, the coupling by 
the aperture is sensitive to the H,, H,, and E, compo- 
nents of the unperturbed fields in the constituent wave- 
guides. The expressions for the equivalent circuit param- 
eters will therefore contain the M,, M,, and P, polari- 
zabilities in the general case. Only two parameters, Ba 
and Bz, are needed to specify the complete equivalent 
network, either in pi form for the “magnetic wall” exci- 
tation or in the form of Fig. 3 which is valid for arbi- 
trary excitation. It can be shown that small aperture ex- 
pressions for these two parameters, normalized to the 
characteristic admittance Yo of either of the identical 
coupled waveguides, are 


1 
B;’ 

, * * 
15h a wl oM -hahz = weZ oP yeyoeyo- 


(11) 
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The polarizabilities M and P have been discussed in the 
previous section, Yo and Z» are defined in (3), and the 
mode functions are defined with respect to their nor- 
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malizations in (1), (2), (4), and (5). The subscript 0 de- 
notes the value of the mode function at the center of the 
aperture, and the asterisk means the complex conju- 
gate. In the normalizations defined by (1) and (2), the 
integrations are performed over either of the two identi- 
cal waveguides, but not over both. One sees from (11) 
and (12) that By’ is always inductive, while B,’ can be 
either inductive or capacitive. 

H Plane (Side Wall) Coupling: A structure corre- 
sponding to coupling of this type is shown in Fig. 2(b). 
Again, the power flow in both of the constituent wave- 
guides is in the z direction, and the principal axes of the 
coupling aperture lie along the y and 2 directions. In the 
most general case, which might arise for some higher 
mode, the coupling would be responsive to the H,, H,, 
and £, components of the unperturbed fields in the sepa- 
rate waveguides. For this case the expressions for B,’ 
and B,’ would be given by (11) and (12) upon replace- 
ment of M, and P, by M, and P,. Often, however, this 
type of coupling occurs when #, and Hy, are both zero 
in the unperturbed waveguides. Then (11) and (12) 
reduce to 


1 
Bes = wl pM hah. (14) 


It is seen from (13) and (14) that to this order the equiva- 
lent circuit reduces to a simple shunt capacitance. The 
other elements are actually nonvanishing but generally 
can be neglected; they correspond to higher order 
(multipole) contributions. 


C. Symmetrical Longitudinal Obstacles 


A typical small symmetrical longitudinal obstacle 
and an equivalent circuit for it in pi form are shown in 
Fig. 4(a) and (b). Since the obstacle is symmetrical, 
only two parameters suffice to characterize it com- 
pletely. In small obstacle theory, the electrical behavior 
of the obstacle is responsive to the tangential compo- 
nent(s) of electric field and the normal component(s) of 
magnetic field at the obstacle. As mentioned in Section 
II-A, the respective obstacle polarizabilities are desig- 
nated in this paper as M*” and P”, 

The direction of propagation in the waveguide is de- 
noted by z, with « and y referring to the cross-section co- 
ordinates. With these coordinates, small obstacle ex- 
pressions for the parameters of the equivalent network 
of Fig. 4(b) may be shown to be 


ee : . 
Be = 2weZ [11,°eao€z0 =f M,*eyoeyo| 


— 2ouV o[P.heohz0] (15) 
1 Abe b = * 
tia 4auV [Ps hohe + Py hichse| 
ti) 
— AweZo [Me 0€s0]. (16) 


*® For example, see N. Marcuvitz, op. cit., pp. 379 (2), and 380 (6). 
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Fig. 4—Symmetrical longitudinal obstacle. (a) Geometry. 
b) Typical equivalent circuit. 


The various quantities appearing in (15) and (16) have 
been defined and discussed in Section II-A. In particu- 
lar, attention is called to the remarks concerning the 
polarizabilities. The transverse mode functions A and e 
have been discussed above in their vector form; the 
components employed in (15) and (16) are related to 
the vector form in the evident manner 


A = hyxo + hyYo, e = @:Xo + CyY 0; (17) 


where xo and yo are unit vectors. 

Since expressions (15) and (16) are valid for any small 
symmetrical, but otherwise general, obstacle, they 
should also apply to a transverse planar obstacle of the 
type shown in Fig. 5(a). The equivalent circuit for this 
transverse obstacle is purely shunt, as seen in Fig. 5(b). 
Since the obstacle is now responsive to E,, E,, and H,, 
only the M,”, M,, and P,” polarizability components 
will be nonvanishing. One then finds from (15) and (16) 
for a transverse planar obstacle: 


1 
= 0, 
B,’ 
B! = 2B,’ = 4weZo[Mzeacez0® + Myeyeyo* | 
— 4auYo [P.°*hsohz0* J. 


(18) 


Result (18) is simply a rephrasing in the notation of 
this paper of the well-known result for a transverse 
planar obstacle. The factor of 4 arises because the nu- 
merical values for M and P® are equal to those of M 
and P, respectively, for a transverse aperture identical 
in size and shape to the obstacle. 


III. APPLICATIONS OF SMALL APERTURE FORMULAS 
A. Circular Hole in Trough Waveguide 


The small aperture expressions are here employed 


to evaluate the equivalent circuit parameters of a cir- 


cular hole located in the center fin of trough waveguide. 
The geometry is illustrated in Fig. 6(a). For the round 
hole this type of calculation is usually very good except 
when the hole is very large or almost in contact with the 
side wall, or is near to the edge of the fin. Since the 
trough waveguide is symmetrical, and therefore non- 
radiating, and since the hole is located on the center fin, 
the equivalent circuit for the hole is purely reactive. 
Due to the shape of the hole, the circuit is also sym- 
metrical, and may be chosen in the form of the pi net- 
work of Fig. 6(b). It will be seen, as implied by Fig. 
6(b), that the series element By, is always inductive 
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Fig. 5—Planar transverse obstacle. (a) Geometry. 
(b) Equivalent circuit. 
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Fig. 6—Circular hole in center fin of trough waveguide. (a) Geometry. 
(b) Equivalent circuit. (c) Rectangular waveguide approximation 
to trough waveguide. 


Electric =] 


while the shunt arms B, may be inductive or capacitive 
depending on the location of the hole (value of d). 

The relation between the electric fields in the upper 
and lower portions of the trough waveguide in its usual 
mode of operation is that indicated in Fig. 2(a). Conse- 
quently, (11) and (12) are the appropriate expressions to 
use for the determination of B,’ and B,’. Before these 
expressions can be applied, however, one must have 
knowledge of the polarizabilities M and P, the quanti- 
ties Yo and Zp, and expressions for the mode functions. 

For the case of a circular hole, the polarizabilities are 


4 
M, = M, = — ry? 
3 
2 
Ee ite, (19) 


where 7p is the radius of the hole. Since the dominant 
mode in trough waveguide is an H (or TE) mode, the 
appropriate relations for Yo and Z) are, from (3), 


(20) 
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where x(=27/),) is the propagation wave number. 

Because the rigorous mode functions for trough wave- 
guide are somewhat involved, a simple approximation is 
employed here which is expected to be quite accurate. 
The lumped effect of the field distribution away from 
the edge of the fin can be very well approximated by 
replacing the fin edge with its associated fringing field 
by an additional width of fin and a magnetic wall (open 
circuit) at the end of this extension, as shown in Fig. 
6(c). The structure then becomes two half-sections of 
rectangular waveguide, one on top of the other, coupled 
by the circular hole. The amount by which the center 
fin is extended can be obtained from the knowledge of 
the available value for the cutoff wavelength,!”"8 since, 
as shown in Fig. 6(c), the original fin width plus the ex- 
tension must be equal to \,/4. 

The mode functions / and e can now very readily be 
obtained from the equivalence of Fig. 6(c) and the 
normalization relations (1) and (2). Noting that the 
origin of coordinates is taken at the junction of the fin 
with the side wall, we find from an integration over one 
of the two halves of the structure that relations (1) and 


(2) yield 
santa) = 4/2 ain (7) 


using A, =27/Re. 

The equivalent circuit parameters for the circular 
hole can now be found by employing relations (19)—(22) 
and (5) in expressions (11) and (12). Noting that the 
center of the hole is located at x =d, we obtain after sim- 
plification 


; 3D, 
Deh pT ene ee (23) 
k.(4ro)* sin? kd 
Ag(2Rero)*® cos? kod fev aeN 2 
B= BESO E -—(+) tan? ke | (24) 
37d DONT. 


where k, =2m/d-, R= 27/d. We also note that k must ex- 
ceed &, for propagation. Results (23) and (24) were orig- 
inally derived as byproducts in an analysis of periodic 
structures in trough waveguide.” 

From (24), one sees that B,’ can be capacitive or in- 
ductive, depending upon the frequency and the location 
of the hole. The inductive contribution is greater if the 
hole is located nearer to the fin edge. For an appropriate 
hole location, B,’=0, and the equivalent circuit be- 


17 A. A. Oliner, “Theoretical developments in symmetrical strip 
transmission line,” Proc. Symp. on Modern Advances in Microwave 
Techniques, Polytechnic Institute of Brooklyn, Brooklyn, N. Y., pp. 
387-390; November, 1954. : 

18 K, S, Packard, “The cutoff wavelength of trough waveguide,” 
IRE Trans., vol. MTT-6, pp. 455, 456; October, 1958. 

19 A. A, Oliner and W. Rotman, “Periodic structures in trough 
waveguide,” IRE TRANS. ON MICROWAVE THEORY AND TECHNIQUES, 
vol. MTT-7, pp. 134-140, (3) and (4); January, 1959. 
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comes a pure series inductance. This condition 1s, of 
course, given by 


k = /2k, cot kd, 


~ cot (5) 
=> — ‘ta a 2 
Pears goo Ney: 


We also note that it is possible at a given frequency 
or for a given hole location to obtain a reflectionless dis- 
continuity. From (10), z.e., from Su=0, we see that a 
unity VSWR occurs when 


TON eh: 
oe 4/ , 
Seesineee, 


or, alternatively, when 
oO} = 
Sane 


1 
d = —sin“ | 
k, 

At these values of & or d the hole introduces only phase 
shift. 

Numerical values for a typical case are presented in 
Fig. 7. The following dimensions [see Fig. 6(a) | have 
been taken: 26=1.00 inch, s=1.00 inch, 79> =0.25 inch, 
\=3.50 inches; the wavelength chosen corresponds 
roughly to midband operation. Fig. 7 presents B,’ and 
B,’ as a function of the location of the hole on the fin. 
For these dimensions, one finds d=0.617 inch and d 
=0.485 inch to be the hole locations such that the 
equivalent circuit is pure series and the hole is non- 
reflecting, respectively. Fig. 7 also includes a curve of 
VSWR vs hole location. 


(25) 


or 


(26) 


(27) 


(28) 


B. Array of Holes Coupling Parallel Plate Waveguides 


In this section, small aperture expressions are em- 
ployed to obtain the equivalent circuit parameters for 
an array of holes which couples two identical parallel 
plate waveguides. The geometry of the configuration 
is shown in Fig. 8. As shown, the waves in the parallel 
plate guides have oppositely directed electric fields and 
are incident on the array of holes at an angle @ with re- 
spect to the x direction. Because of the symmetry of the 
structure and the excitation, the equivalent circuit can 
be expressed in pi form and the parameters can be de- 
termined by the use of (11) and (12). The equivalent cir- 
cuit, in fact, will be seen to be of the form of Fig. 6(b), 
with the series element always inductive and the shunt 
elements capacitive or inductive, depending on the 
angle 6 of incidence. 

The real value in the solution of this problem lies not 
in the direct phrasing of it, as given above, but in its 
application to the transverse resonance analysis of a 
number of waveguiding structures possessing a longi- 
tudinal array of holes. For example, if metal plates are 
placed at the sides of the structure in Fig. 8, one has a 
top wall directional coupler in rectangular waveguide. The 
use in a transverse resonance procedure of the equiva- 
lent circuit for the array of holes permits the determina- 
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Fig. 7—Network parameter values for circular hole 
in trough waveguide. 


Fig. 8—Wave incident at angle @ on array of holes 
coupling parallel plate waveguides. 


tion of the properties of the coupler. A second example 
is an array of longitudinal holes in trough waveguide. 
Again, the results of this section are employed in a 
transverse resonance procedure. ”° 

The TEM waves incident at angle 6 are viewed in this 
analysis as being equivalent to H (or TE) waves inci- 
dent normally (in the x direction) on the array of holes. 
The use of this technique simplifies the determination 
of the mode functions. The propagation wave number x 
is related to angle @ as 


k = k cos 8, (29) 


and all field components experience an exponential vari- 
ation of the form exp (—7k,z), where 


has eesinua: (30) 


Due to the periodicity of the array of holes, the modes 
in the vicinity of the array possess fields which are also 
periodic.?! When the holes are sufficiently closely spaced 
together, the higher modes are nonpropagating. The 
mode functions for the dominant mode, normalized to a 
unit cell of the array, are then obtained by integrating 
over a unit cell in either the upper or lower portion of 
the configuration in the manner of (1) and (2). One 
finds, as a result, 


20 Tbid., see Section II-B., pp. 137-138. 
"1 Marcuvitz, op. cit., pp. 88, 89. 
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h-(z) =€e (z) = et —Ikz 
z ONCE = Jab Sa (31) 
1 
VA ee ge a es, (32) 


k.v/ab 


where k,=k;. On use of (5) and (20), since the dominant 
mode is an H (or TE) mode, (31) and (32) become 


Hitwe,e, = 1/ab 


Teen 
hzh.* = (=) 1/ab. 
K 


When (33), (34), and (20) are used in relations (11) and 
(12), with x and z interchanged, expressions for the pi 
network parameters become 


(33) 


(34) 


Bt ab ae 
: 2«M, oy) 
1 
B,’ = — [M.k. — Pp B?], (36) 
abx 


where M,, M,, and P, are the magnetic and electric 
polarizabilities for an individual hole. In some cases, 
close proximity of the holes to each other may produce 
mutual coupling effects which will alter the polarizabil- 
ity values. 

When the problem is phrased in terms of waves inci- 
dent at angle 08, (35) and (36) become, on use of (29) 
and (30), 


“ ab (37) 
oo 2kM.,cos@ 
k 
B,’ = ——— [M. sino — P, |. (38) 
ab cos 6 


One sees from (38) that B,’ can be either capacitive or 
inductive depending on @. 

When the equivalent circuit is to be used in a trans- 
verse resonance context, propagation actually occurs in 
the z direction so that in (35) and (36) k, become the 
propagation wave number (=27/h,) and x becomes the 
transverse wave number &;. Moreover, to be useful in a 
transverse resonance context, (35) and (36) must in- 
volve k; but not &,. Since k; and k, are related via 


k? = ke? = Ras 
(35) and (36) become 
ji ee ee (39) 
2k.M, 
1 
a= [at =P) - MR). 40) 
abk; 


It is significant that B,’ involves the free space wave 
number & in addition to &. As a result, the transverse 
wave number will be frequency dependent, a property 
‘ characteristic of periodic structures. 
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IV. APPLICATIONS OF SMALL OBSTACLE FORMULAS 
A. Circular Disk in Rectangular Waveguide 


As a simple illustration of the use of small obstacle 
expressions, the equivalent circuit of a centered circu- 
lar metallic disk in rectangular waveguide can be exam- 
ined for different orientations of the disk. For example, 
consider the disk located longitudinally and then trans- 
versely, as shown in Figs. 9(a) and (b). 
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Fig. 9—Circular disc in rectangular waveguide. (a) Longitudinally 
oriented disc. (b) Transversely oriented disk. 


The polarizabilities of the circular disk are 


(41) 
(42) 


for the longitudinal orientation; for the transverse 
orientation of Fig. 9(b), M,% and P,” should be re- 
placed by M,” and P,°, respectively. The dominant 
mode in rectangular waveguide is an H (or TE) mode, 
so that its characteristic impedance has the form (20); 
the corresponding transverse mode functions are”? 


ee ha 
be). =e(4) = \/= sin — - 
ab a 


The longitudinal magnetic field has a cos (rx/a) de- 
pendence, and is therefore zero at the center of the disk 
and can be neglected. 

The parameters B,’ and B,’ of the pi network equiva- 
lent [see Fig. 4(b) ] of the longitudinally oriented circu- 
lar disk are found by employing (41), (42), (43), and 
(20) in relations (15) and (16). One finds then that 


Ag (27) . Ng 


(43) 


A eat 44) 
Gime 0 ae \ 
1 4m (270) 
ES cs A (45) 
B,! 3 abrvg 


2 Thid., Section 2.2. 
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When these same expressions are inserted into (18) one 
obtains the following result for the shunt element B’ 
[see Fig. 4(a) | of the transversely oriented circular disk: 


; 87 (2ro)* Ng 


Cy Uli ae (46) 


When the two equivalent circuits are compared, it is 
seen that the total shunt effect of each is identical, due to 
the electric field component parallel to the disk, while 
for the longitudinal orientation an additional series 
capacitive element is present, resulting from the com- 
ponent of magnetic field normal to the disk. Since the 
shunt and series elements have the same sign, one sees 
from relation (10) that the VSWR introduced by the 
longitudinal orientation is greater than that produced 
by the transverse orientation. 


B. Array of Longitudinal Rods in Free Space 


The infinite two-dimensional array of longitudinal 
rods to be analyzed is described in Fig. 10. A plane 
wave of so-called parallel polarization is shown in Fig. 
10(a) to be incident on the array of rods at angle @ with 
respect to the z direction. With such a polarization a 
component of electric field is set up parallel to the con- 
ducting rods, so that the rods exert a significant effect on 
the wave. For perpendicular polarization, on the other 
hand, a component of magnetic field would be created 
parallel to the rods and the wave would be negligibly 
affected if the rods were thin. Such a longitudinal array 
of rods thus serves to discriminate between the two 
polarizations. 

For the polarization shown in Fig. 10(a), the total 
field consists of H,, E,, and E, components. The plane 
wave incident at angle 0 thus may be viewed as an E (or 
TM) mode incident along the gz direction, with char- 
acteristic impedance Zo given by (3) as 


1 K 
4=—>—>=—) (47) 
0 WE 
with 
k = k cos 0. (48) 


When the spacing between successive rods is less than 
half a free-space wavelength, all the higher modes are 
nonpropagating. The mode functions of the dominant 
mode, which is the incident wave, normalized to the 
unit cell of dimensions a by 8, are found by integrating 
over the unit cell according to (1) and (2). On use of 
(4), the mode functions may be written as 


1 
x(x) = hy(x) = == emit sing 
v( ) aie (49) 
a) tan @ Bes 
(x) = — 7 —— ev iker sin 
OE : (50) 
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Fig. 10—Plane-wave incident on infinite two-dimensional array 
of longitudinal rods in free space. (a) Side view. (b) Cross-section 
view. 


since 


ke = ke = k sin 8. (51) 


For simplicity, we assume that the rods are thin so 
that the only non-negligible polarizability is M.%, 1.e., 
the rods are sensitive only to the longitudinal compo- 
nent of electric field. Under these conditions, the equiva- 
lent circuit parameters can be evaluated via expressions 
(15) and (16), using (47), (49), and (50). One finds that” 


7 () 
1 87M °® sin? 6 

copirrsgr tag ‘= (52) 
Bs aby cos 8 


Result (52) states that the equivalent circuit consists 
only of a series inductance, the value of which is pro- 
portional to the polarizability. It is of interest that the 
element is inductive rather than capacitive, since an 
array of similar rods transversely oriented would be 
characterized by a shunt capacitive equivalent circuit. 
An analogous situation arises in connection with slots 
whose length is smaller than that required for resonance. 
Such a transverse slot in rectangular waveguide is induc- 
tive, while the equivalent circuit for this slot cut in the 
top wall of rectangular waveguide (a “longitudinal 
shunt slot”) is a shunt capacitance. 
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On the TE. Modes of a Ferrite Slab Loaded 
Rectangular Waveguide and the Associated 


Thermodynamic Paradox* 
ia Neged DY BRESLERT 


Summary—It has been known for some time that the secular 
equation for the TE,. modes of a perfectly conducting rectangular 
waveguide loaded with a transversely magnetized dissipationless 
full height ferrite slab located against one of the narrow walls of the 
waveguide admits the possibility of the existence of only a single 
propagating mode (transporting energy in one direction only). In this 
paper, it is established that if we admit the existence of a passive 
dissipationless uniform waveguide supporting only a single propagat- 
ing mode we are led inescapably to a thermodynamic paradox. A 
uniqueness theorem is cited to establish that, for the waveguide 
described above, the paradox is associated with the TE,. mode set 
alone. This conclusion motivates a thorough study of the secular 
equation for the TE,,o modes of this waveguide. This study is initiated 
by an investigation into the properties of the TE, surface waves 
guided along a plane interface separating a transversely magnetized 
dissipationless ferrite from free space. It is shown that two oppositely 
directed surface waves are guided along this interface. These two 
surface waves are admitted in different finite ranges of the parameter 
values which never coincide and which may or may not overlap. Each 
of the two surface waves has both a high- and a low-frequency cutoff 
and, in general, both a high and a low dc magnetic field cutoff. The 
propagation constant of one of the surface waves becomes infinite at 
the low field (high-frequency) cutoff. The next step in the analysis 
consists of an examination of the behavior of these surface waves on 
finite thickness ferrite slabs located in different environments. It is 
shown that when one of the two interfaces bounding the slab ap- 
proaches a short circuit the infinite propagation constant noted above 
behaves in a peculiar discontinuous fashion. Next, the TE,» mode 
secular equation of the slab loaded rectangular waveguide is analyzed 
and information is developed leading to a description of the behavior 
of the propagation constants of all the propagating TE, modes. This 
analysis reveals that the possibility of the existence of only a single 
propagating mode is associated only with the surface wave mode of 
this waveguide. A resolution for the thermodynamic paradox is pro- 
posed based on the discontinuous behavior of one of the infinite 
propagation constants associated with this surface wave mode. It is 
shown that with a properly chosen secular equation for the waveguide 
under consideration there are always an even number of TEx prop- 
agating modes, half of which transport energy in one direction, half 
in the other. This demonstration is based, in part, on an analysis lead- 
ing to relations between the direction of the power flow associated 
with a propagating mode and the derivative of its propagation con- 
stant with respect to the dc magnetic field. 


* Manuscript received by the PGMTT, April 6, 1959; revised 
manuscript received, September 2, 1959. Parts of this paper were 
presented at the IRE-URSI meeting, Washington, D. C., April, 1958. 
It is based, in part, on the author’s dissertation submitted to the 
Polytechnic Institute of Brooklyn, Brooklyn, N. Y., in partial ful- 
fillment of the requirements for the degree of Doctor of Engineering. 
The work on which this paper is based was done while the author was 
a member of the staff of the Microwave Res. Inst. of the Polytechnic 
Institute of Brooklyn, and was supported by the Air Force Cambridge 
Res. Center under contract AF-19(604)-2301. 
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INTRODUCTION—THE THERMODYNAMIC PARADOX 


HIS PAPER is concerned with a study of the TEno 
te of a perfectly 'conducting rectangular 

waveguide loaded with a full height ferrite slab 
located against one of the narrow walls of the wave- 
guide. The ferrite slab is uniformly magnetized in the 
transverse direction indicated in Fig. 1. As part of this 
study, we will examine the properties of the TEno sur- 
face wave modes guided along the plane interfaces 
separating transversely magnetized ferrite slabs from 
free space. While these studies are of interest in their 
own right, they also have a further significance which 
will now be made evident by a statement of their moti- 
vation. 


UNIFORMLY MAGNETIZED 
DISSIPATIONLESS FERRITE 


PERFECTLY 
CONDUCTING 


FIELD COMPONENTS 
OF ATE, MODE 


Fig. 1—Ferrite slab loaded rectangular waveguide 
(slab against waveguide wall). 


Some time ago, Lax and Button? pointed out a curi- 
ous phenomenon associated with the spectrum of the 
waveguide whose cross section is shown in Fig. 1. They 
found that the secular equation determining the propa- 
gation constants of the TE,» modes of this waveguide 
admitted the possibility of the existence of only a single 
propagating mode (transporting energy in one direction 
only). The obvious implication is that this waveguide 
can be used to construct an ideal one way transmission 
system. If this were really possible, it would constitute a 
clear violation of the basic laws of thermodynamics. In 


1 These modes are characterized by the absence of any variation 
along the direction of the dc magnetic field, Ho, and by the fact that 
the electric field is parallel to Ho. The locations of the conducting 
planes normal to the v direction are therefore of no significance. For 
a description of the field components see, e.g., H. Seidel, “Ferrite 
slabs in transverse electric mode waveguide,” J. Appl. Phys., vol. 28, 
pp. 218-226; February, 1957. f 

2B. Lax and K. J. Button, “Theory of new ferrite modes in rec- 
tangular waveguide,” J. Appl. Phys., vol. 26, pp. 1184-1185; Sep- 
tember, 1955. Also, “Theory of ferrites in rectangular waveguide,” 
IRE Trans. oN ANTENNAS AND PropaGatIon, vol. AP-4, pp. 531- 
537; July, 1956. 
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an attempt to resolve this difficulty, it has been argued?4 
that the power flow in the reverse direction takes place 
via the cutoff (nonpropagating) modes and that there- 
fore no thermodynamic difficulty actually exists. We 
will now show that the cutoff modes do not provide a 
satisfactory mechanism for the resolution of the para- 
dox. This demonstration will not be restricted to the 
special case of the waveguide described previously. 

To establish that the existence of a passive dissipa- 
tionless uniform waveguide supporting only a single 
propagating mode does indeed constitute a violation of 
the basic thermodynamic laws, we note the following. 
First, we recall that in a dissipationless waveguide only 
the propagating modes (considered individually) carry 
power.® The cutoff modes take part in the mechanism 
of energy transport only through the coupling between 
two modes associated with complex conjugate propaga- 
tion constants.’ Now, consider the junction of the two 
dissimilar uniform waveguides illustrated in Fig. 2. In 
an earlier paper,® the author has shown that when this 
structure is excited from the empty waveguide side the 
fields to the right of the junction plane will consist of a 
superposition of only those modes which, if propagating, 
transport energy to the right (z.e., along +2) or, if cut 
off, decay exponentially with increasing z. Thus, only 
one of the two modes associated with a pair of complex 
conjugate propagation constants is excited at the junc- 
tion plane and therefore the cutoff modes play no role 
in the transport of energy away from the junction. 
Finally, suppose that the waveguide to the right of the 
junction plane supports only a single propagating mode 
which (without loss of generality) is assumed to trans- 
port energy to the right. The incident wave shown in 
Fig. 2 would then excite this single propagating mode 
along with an infinity of cutoff modes which all decay 
with increasing z. Therefore, for z>>z’ and increasing, 
the fields in the waveguide approach ever more closely 
to the propagating mode fields. 

Now let a short circuit termination be introduced into 
the waveguide at some z>>z’. Since there are no prop- 
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Eee D. Bresler, “The far fields excited by a point source in a pas- 
sive dissipationless anisotropic waveguide,” IRE Trans. on Micro- 
WAVE THEORY AND TECHNIQUES, vol. 7, pp. 282-287; April, 1959. 


“Orthogonality 
waveguides,” J. 


January 


agating modes which carry power to the left, only cutoff 
modes will be excited at the short circuit. The ampli- 
tude coefficients of these cutoff modes will be deter- 
mined from the requirement that the net tangential 
electric field at the short circuit must equal zero. Ad- 
mittedly, some power transfer now takes place via the 
coupling between pairs of cutoff modes which decay 
with equal attenuations in opposite directions along 
z.5 To demonstrate that this power transfer mecha- 
nism cannot provide a proper power balance, we first 
assume the converse; 7.e., we assume that the net power 
flow through the transverse plane just to the left of the 
short circuit is equal to zero. This net power flow may be 
written as Pop-+>P; where Po is the power flow associ- 
ated with the single propagating mode and 2P; is the 
net power flow resulting from cutoff mode coupling. 
Each term in 2P; is proportional to the product of the 
amplitude coefficients of a pair of cutoff modes char- _ 
acterized by complex conjugate propagation constants 
one of which is excited at the junction plane, the other 
at the short circuit.5.* Now suppose that the short cir- 
cuit is moved a distance Ago (” is an integer, Ago is the 
guide wavelength associated with the propagating 
mode) further away from z’. The fields incident on the 
short circuit in the two locations are almost identical. 
Thus, for either location, the set of modes excited at the 
short circuit constitutes a modal representation (in 
terms of a complete eigenfunction set) of a transverse 
electromagnetic field whose electric field component 
must be almost exactly the negative of the propagating 
mode transverse electric field incident on the short cir- 
cuit. Since the two short circuit positions are separated 
by ”Xgo, this latter field has equal amplitudes at the two 
short circuit positions. Therefore, the amplitude coef- 
ficients of the cutoff modes excited at the short circuit 
are practically identical for the two locations. In travers- 
ing the distance between the two short-circuit positions, 
the cutoff modes excited at z’ are attenuated by the fac- 
tor exp (—ajimAgo) where a;>0 is the attenuation con- 
stant of the ith mode. Thus, if we now compute the net 
power flow through the transverse plane just to the left 
of the new short-circuit position, we find that Po is un- 
changed while each term in 2P; is reduced by the factor 
exp (—a@,nXgo). Therefore Po +P; is now unequal to 
zero. We must therefore conclude that power transfer 
via cutoff mode coupling cannot provide the proper 
power balance. Thus, when we introduce the short cir- 
cuit termination we are faced with a situation wherein 
we are continuously pumping energy into a reactive 
termination and no means exists for returning all of this 
energy to the source. This clearly constitutes a violation 
of the basic laws of thermodynamics. We are therefore 
led to assert that a passive dissipationless uniform wave- 
guide cannot support but a single propagating mode. 
We are now faced with the problem of reconciling this 
assertion with the known results cited earlier for the 
waveguide in Fig. 1. In this connection, it is important 
to recognize that when the discontinuity problem posed 
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in Fig. 2 is that for an infinite rectangular waveguide 
which is empty for z<z’ and which, for z>z', is loaded 
with a ferrite slab as in Fig. 1, then the paradox arises 
even though it is the TE,» mode set of the slab loaded 
waveguide which has only a single propagating mode. 
This conclusion is based on a uniqueness theorem es- 
tablished by the author’ which states that if the fields 
which excite the two waveguides are independent of y 
(see Fig. 1) and are completely characterized by asingle 
non-zero component of electric field directed along y, 
then the boundary value problem which has been posed 
is actually a two dimensional problem and the total 
field in the structure can be completely described in 
“terms of this single component of electric field. Thus, 
when the incident mode indicated in Fig. 2 is, e.g., the 
TE:o mode of the empty rectangular waveguide, only 
TEno modes will be excited at the junction plane and 
we therefore may not look outside the TE,. mode set 
to resolve our difficulty. 

In casting about for a basis for resolving this paradox, 
we reject the approach advanced by Seidel? which in- 
volves the assumption of an “intrinsic loss” for a loss- 
less ferrite medium and into which he introduces argu- 
ments based on a consideration of the atomic model 
from which the ferrite properties are deduced. Our atti- 
tude is that such arguments seek to answer an electro- 
magnetic question by considerations outside the frame- 
work in which the problem is posed. To be more specific, 
our attitude is that we are concerned solely with the 
solutions to the Maxwell equations in a region contain- 
ing an anisotropic medium for which we are given the 
permeability dyadic. We do not need to know the atomic 
model from which this dyadic has been deduced. We do 
know that this dyadic satisfies the restrictions imposed 
by the linearity, passivity, losslessness and time reversi- 
bility requirements.*:!° Under these circumstances, if 
the solutions to the Maxwell equations give rise to 
thermodynamic difficulties, the source of the difficulties 
must be sought in the electromagnetic problem, not in 
the atomic model. 

As a consequence of the considerations outlined above 
a thorough analysis of the TE,» modes of the waveguide 
illustrated in Fig. 1 was undertaken. As a result of this 
analysis, we will establish that with a properly chosen 
secular equation for the waveguide in Fig. 1 there are 
always an even number of TEno propagating modes, half 
of which transport energy in one direction, half in the 
other. This will dispose of the thermodynamic paradox 
associated with this structure. To accomplish this task, 


7 A. D. Bresler, “On the Discontinuity Problem at the Input to 
an Anisotropic Waveguide,” D.E.E. dissertation, Polytechnic In- 
stitute of Brooklyn, Brooklyn, N. Y.; June, 1959. The dissertation 
has also appeared as Res. Rept. No. R-716-59 of the Microwave 
Res. Inst. of the Polytechnic Inst. of Brooklyn. 

8 Seidel, op. cit. Ant : 

® “Round-table discussion on design limitations of microwave 
ferrite devices,” IRE TRANS. ON MicrowAVE THEORY AND TECH- 
NIQUES, vol. 6, pp. 104-111; January, 1958. : wa 

10 B. S. Gourary, “Dispersion relations for tensor media and ¢ a 
7 application to ferrites,” J. Appl. Phys., vol. 28, pp. 283-288; March. 

1957. 
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we will first show that the possibility of the existence of 
only a single propagating mode is associated only with 
the surface wave mode, 1.e., the “ferrite-dielectric” mode 
identified by Lax and Button.? In the discussion which 
follows, we will first examine the properties of this sur- 
face-wave mode. This mode represents a true surface 
phenomenon in that the amplitudes of its fields decay 
exponentially away from the ferrite-empty space inter- 
face on both sides of the interface. Therefore, the essen- 
tial properties of this surface wave mode will be deter- 
mined from a study of its behavior in the ferrite loaded 


parallel plate waveguide, whose cross section is shown in 
Fig. 3. 


UNIFORMLY MAGNETIZED 
DISSIPATIONLESS FERRITE 


Fig. 3—Ferrite loaded parallel plate waveguide. 


DEFINITIONS AND PRELIMINARY CONSIDERATIONS 


All field components are assumed to have the (sup- 
pressed) time dependence exp (—iwt) where w is the 
radian frequency. Since we will be concerned exclusively 
with TE, modes, all field components are independent 
of y. Since these modes propagate along z, the z depend- 
ence for all field components in either the empty or fer- 
rite loaded regions is taken as exp (zxz). The dependence 
on « differs in the two regions. This dependence is taken 
as exp (+7k.a%) in the empty regions and exp (+7kzmX) 
in the ferrite loaded regions. We adopt the convention 
that both kz, and kym satisfy the restrictions k,>0 if real 
and Im k,>0 if imaginary. The wave numbers x and k, 
are related via! 


K? = k? — aa = kh? — Rem? (1) 


where k?=wu0€0, @o and € are, respectively, the perme- 
ability and permittivity of free space, € is the (relative) 
scalar dielectric constant of the ferrite and 1, the (rela- 
tive) effective permeability parameter for transverse 
magnetization, will be defined more precisely below. 

For the time dependence indicated above, the (rela- 
tive) permeability tensor for a gyromagnetic ferrite sub- 
jected to a uniform internal magnetic field applied 
along y takes the form™ 


Mi tus O 
Very = |—ipe pa 0 (2) 
(Ogee One | 


where the subscripts on u indicate the cyclic order em- 
ployed in the tensor representation. For a dissipation- 
less ferrite, the dependence of 1,2 on frequency, dc mag- 
netic field (Hy), and saturation magnetization of the 
ferrite (47_M,) is given by" 


1 H, Suhl and L, R. Walker, “Topics in guided wave propagation 
through gyromagnetic media,” Bell Sys. Tech. J., vol. 33, pp. 579- 
660; May, 1954. 
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and y is the magnitude of the gyromagnetic ratio.” 
Note that p and o are defined so that at a fixed fre- 
quency p is a constant of the material while o is propor- 
tional to the dc magnetic field. Eqs. (3) are valid only for 
saturated ferrites, 7.e., only when Hp exceeds that value 
required to produce saturation. Since the dc permeabil- 
ity of most ferrites is very large, the value of o required 
for saturation is very small.!! Thus, whenever results 
are stated for o=0 these are understood to be valid 
when o approaches zero but remains larger than the 
value required for saturation. Since Hy and 47M, must 
have the same algebraic sign, it follows that the product 
pa is always positive. Therefore, a reversal of the dc mag- 
netic field changes the sign of ue but does not affect m1. 

For modes which propagate in a direction perpendicu- 
lar to the dc magnetic field, it is convenient to express 
all results in terms of the elements of the inverse u 
tensor 
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It is evident that a reversal of the dc magnetic field 
changes the sign of vz but does not affect 11. The param- 
eters 1,2 and 1,2 are sketched in Fig. 4 as functions of 
o for fixed p. These sketches therefore illustrate the be- 
havior of the permeability as a function of the dc mag- 
netic field for a fixed ferrite at a fixed frequency. 

Certain features of the curves in Fig. 4 deserve com- 
ment. First, since (3) and (6) are valid only for saturated 
ferrites, we should not be disturbed by the fact that the 
curves based on these equations do not indicate an iso- 
tropic medium at ¢=0. On the other hand, Fig. 4 makes 
evident that the ferrite becomes an isotropic dielectric 
as o approaches infinity. Next, we remark that at ¢= 1 
a.é., at the ordinary “gyromagnetic resonance,” the 
parameters 1,2 do not display any resonance or, indeed, 
any sort of unusual behavior. We will find that the point 
g=1 has no significance for the surface wave phenom- 
ena. Finally, two special values of ¢, o2, and 0; are indi- 
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Fig. 4—Ferrite permeability parameters. 


cated in Fig. 4. At the latter, », becomes infinite. At the 
former, v1 and v2 both become zero, their ratio remaining 
finite. 


SURFACE WAVES AT A SINGLE INTERFACE 


To obtain the secular equation determining the sur- 
face-wave propagation constants, we employ a trans- 
verse resonance procedure. For the structure in Fig. 3 


this requires a knowledge of the admittances Y, and 


ao The former is simply the input admittance of an 
infinite transmission line for a TE,» mode of an empty 
parallel plate waveguide. If we choose to normalize the 
fields so that the admittance for the TEM mode of this 


waveguide is unity, then Y, becomes 


mae, Rea 


Y,= 


(7) 


We recall that the input admittance to an infinite modal 
transmission line corresponds to the ratio of the ampli- 
tudes of the transverse (to x) magnetic and electric 
fields of that mode which propagates outward to infinity, 
7.€., in this case, of the mode whose dependence on x is 


given by exp (tkzax). We obtain the admittance Y, via 

a similar requirement for the ferrite loaded waveguide. 
= 

Thus, we define Y,, as the ratio of the amplitudes of the 

transverse (to x) magnetic and electric fields for a mode 

whose x dependence is exp (—7Rzmx). The admittance 


Yn is then obtained as! 


eee (8) 


The secular equation is now obtained from the trans- 
verse resonance requirement 
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Veo a= .0 = 9, + aire rere (9) Curves in Fig. 5 represent surface-wave solutions. In this 

Vy V9 discussion, we will make use of the information con- 


where we have introduced the normalized wave num- 
bers 


(10) 


As it stands, the secular equation (9) is ambiguous be- 
cause of the quadratic nature of the relationships in (1). 
This ambiguity is resolved by recognizing that the fields 
- of a surface-wave mode must decay exponentially away 
from the interface on both sides of the interface. There- 
fore, we require that Im g.>0 and Im g,>0. Substitu- 
tion from (1) into (9) now yields the following as the 
secular equation in terms of @ only: 
iC See ee re 
V1 


V2 
subject to 
ImvV/1i — @>0 


l al a1) 
Im Ye; — 6? > 0. 


> ey 


Since this is an algebraic equation, its solutions are 
readily obtained in closed form and are subject to ex- 
haustive analysis. In the following, we give the results 
of such an analysis omitting most of the details of the 
required algebraic manipulations which, while compli- 
cated in detail, are quite straightforward.’ 

Solutions to (11) are obtained by squaring twice to 
obtain a quadratic equation in 6?. When » and v2 are 
eliminated via (6) the solution to this quadratic is ob- 
tained as 
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tained in the equations in Table I, where certain values 
of o are distinguished and defined in terms of the fixed 
parameters p and e. It is readily verified that, for p>0 
and e>1, a>8 implies o2>og except that o; may be 
204. Since the product of p anda is always positive, it is 
sufficient to consider only p>0 and o>0. Note that if p 
and @ are both replaced by their negatives, i.e., if the 
dc magnetic field is reversed, the only effect on the 
solutions indicated in (12) is to interchange 0,2 and 6_2. 
The restriction to p>0, ¢>0 means that if any og in 
Table I is found to be negative for p>0, then that value 
of o is no longer significant, 7.e., can no longer be ob- 
tained with the given ferrite at the given frequency. 
From the information given in (12), Table I, and Fig. 
5, it follows that surface-wave mode solutions may occur 
only in the interval 0<¢ <a;. To justify this statement, 
we note that 6,? are both equal to or less than zero for 
all o >0¢ so that the restriction in (11) is not satisfied. In 
the interval o5<oa<o¢, 01? are both complex. Surface- 
wave modes with complex propagation constants are 
not admissible. This is evident from the following con- 
siderations. If a complex @ is a solution of (11) then its 
complex conjugate, 6*, must also be a solution. Suppose 
that the g. and gm associated with @ are such that Im 
ga>09 and Im g,,>0 so that 6 represents an admissible 
surface wave-mode. It follows that qa* and dm*, asso- 
ciated with 6*, are characterized by Im q,*<0 and Im 
dm* <0. Therefore, 6* cannot be the propagation con- 
stant of an admissible surface-wave mode. It can be 
shown® that, in a dissipationless waveguide, complex 
modal propagation constants must occur in complex 
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where u=4p-+c. The plus or minus subscript associated 
with 6? distinguishes the solution with the corresponding 
algebraic sign preceding the radical (understood to be 
positive). Note that the solutions to the biquadratic 
given here do not necessarily provide solutions to (11). 
Such solutions result only when the restrictions indi- 
cated in (11) are satisfied. Moreover, when a particular 
62 given by (12) does provide a solution to (11), it will 
satisfy the latter equation with only one or the other of 
6=+4/@. Thus, the restrictions on the sign of the 
imaginary part of g. and gm serve to determine the alge- 
braic sign of @ appropriate to the particular solution. 

A sketch of 6,2 as a function of ¢ with p held fixed is 
given in Fig. 5. We will now establish that only those 
values of 642 lying on the solid line segments of the 

18 A. D. Bresler, “TEnxo Surface Waves at Ferrite-Air Interfaces,” 


Polytechnic Institute of Brooklyn, Brooklyn, N. Y., Microwave Re- 
ota Institute, Memorandum R-723-59; February 28, 1959. 
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conjugate pairs. Therefore, since we cannot admit @ as 
a proper surface-wave solution and exclude 6*, we ex- 
clude all complex @ from further consideration. 

The outstanding feature to be observed in the range 
o <a; is the infinite 0,2? solution which obtains for c—903. 
This infinity is not associated with any peculiarity in 
the ferrite parameters since both 71,9(¢3) are finite and 
non-zero. Thus, this infinity might be described as a 
“waveguide resonance” as opposed to a “medium reso- 
nance.” Since a surface-wave solution must satisfy the 
restriction 62> 1, it follows that the infinite propagation 


4 The existence of this infinite solution in a ferrite slab loaded 
rectangular waveguide and its characterization as a “waveguide 
resonance” is noted by H. Seidel in ref. 1. Seidel gives the condition 
for the existence of this resonance as #;=4y(Bo+Ho) where Bo=Ho 
+47M,. This is exactly equivalent to o;=1—%p. For the benefit of 
readers more familiar with descriptions of critical points in terms of 
By and H; we take this opportunity to point out that oz and os are 


exactly equivalent to w2=7yBo and w= y1/BoHs, respectively. 
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5 at o, and that 6_? has no zeros. In Table I it is indi- 
cated that 6_? passes through a minimum at oy and that 
its value there is always one. With this information, we 
conclude that surface-wave solutions may occur only on 
the curve passing through the points labeled A through 
Ein Fig.-5. 

We now assert that surface-wave mode solutions are 
obtained only on the segments BC and DE (the solid 
line segments) of the curve in Fig. 5. Moreover, we as- 
sert that 6.2 on BC represents a solution such that 
6_>1 whereas 6,2 on DE represents a solution such that 
6,.<—1. In the following, we will give only a brief out- 
line of the analysis required to justify these assertions. ¥ 
To facilitate the discussion which follows we rewrite (11) 
as 


0: yal <7 1 | a= ee er 
Vi 


The “admissible” solutions of this equation must, of 
course, still satisfy the restrictions #?>1 and 6?>e). 
This version of the secular equation makes evident that 
constant at o; may be associated with a surface-wave only one of the two square roots of either 6,? or 6_? may 
solution only for o—0; from above. It is readily demon- be an admissible surface-wave solution. Now, in the 
strated that 64? has only the single zero shown in Fig. interval 0<o <as5, 6_? is a single valued continuous func- 


Fig. 5—642 as a function of o with p fixed. 
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tion of o. Therefore, if @_, one of the square roots of G2 
is a proper solution of (13) in one part of this interval 
but not in another part, the change must occur either 
where 6_?=1 (at point C) or where 6_?=e, (at point 
B). In the interval o3<o <a;, 6,7 is also a single-valued 
continuous function of o and, moreover, is always 
greater than both 1 and 7 in this interval. Therefore, 
if one of the square roots of 6,2 provides a proper sur- 
face-wave solution at any point of the segment DE, it 
must provide a proper solution at all points of this seg- 
ment. Finally, we observe that if @(¢) represents a 
proper surface-wave solution in some continuous in- 
terval in o then either @>1 or 6<—1 throughout this 
interval. With these observations, the significance of the 
successive steps in the analysis outlined in the next 
paragraph should be evident. 

The first step in the analysis is to consider the be- 
havior of (13) in the limit as 6,2. If », and v2 are 
eliminated from (13) by substituting their known 
values at o3, given in Table I, it becomes evident that, 
for 0,2 ©, 6,—>— © is a proper surface-wave solution 
near point £ (7.e., as s—a; from above). It then follows 
that 6,<—1 must be a proper surface-wave solution 
throughout the segment DE. An independent verifica- 
tion of this conclusion may be obtained by demonstrat- 
ing that, in the neighborhood of point D, points on DE 
are proper solutions with 6,<—1, whereas points on 
CD are not proper solutions. This implies that surface- 
wave solutions do not exist on the segment CD. The 
next step in the analysis is to show that 6_(03) >1 is a 
proper surface-wave solution if and only if (e+1)p>4. 
Since 04203 according as (e+1)p24, this verifies the 
conclusion that points on CD do not represent proper 
solutions. In addition, it shows that points on BC, with 
6_>1, do represent admissible surface-wave mode solu- 
tions. Point B is defined by the requirement that 
§_?(o1) =ev1(01). This requirement is satisfied with o,>0 
for all p less than some upper bound. For sufficiently 
large e, in particular, for the range of € values character- 
istic of most ferrites, the upper bound is given by 
pu~0.6. Thus, the final step in the analysis is to show 
that 6_2(0) does not provide a proper surface-wave solu- 
tion when p is sufficiently small. From this we conclude 
that, when o;>0, points on AB do not represent proper 
surface-wave mode solutions. 

The conclusions we have drawn from the analysis 
described above are summarized in Fig. 6(a) where we 
indicate the behavior of the surface-wave mode propa- 
gation constants as a function of ¢, 7.¢., as a function of 
the dc magnetic field at a fixed frequency. To obtain 
analogous results applicable when the de magnetic field 
is fixed and the frequency is varied, we introduce the 
variables 
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Fig. 6—Surface wave propagation constants. (a) p=constant, w 


(b) 


=constant, o~Hp. 
Q=1/c~o. 


b) Ho=constant, m=1+p/c=constant, 
where m is independent of frequency and, for fixed Ho, 
Q is directly proportional to the frequency. Expressions 
for v1,. as functions of Q and m instead of p and o are 
readily obtained and the entire analysis may be re- 
peated. Most of the required information can be ob- 
tained by direct substitution into the result of the ear- 
lier analysis and a reinterpretation of these results for m 
fixed and Q as the variable. The results of this new 
analysis are shown in Fig. 6(b). The surface-wave cutoff 
points Qs.4,5 are defined there in terms of m and e. For 
e>1 and m>1, all these cutoff points are finite and 
non-zero. The two frequency ranges in which surface 
waves are permitted will overlap, 7.e., Q;>Q:, when 
(e—1)m>(e+3). In the earlier analysis, the low-field 
cutoff point o1 was obtained from the solution of a 
quartic equation. The expression for o; given in Table I 
is an approximate solution of this quartic valid subject 
to the assumptions indicated in Table I in connection 
with the expression for a. In the present analysis, it is 
possible to obtain an exact expression for {) since the 
quartic equation for o; transforms to a quadratic equa- 
tion in 2,2. The solution of this biquadratic which cor- 
responds to the requirement 6_?= e; is 


_@ + Va? — 4(e — 1) (em — 1)m3 
z 2(e — 1) 


01? 


where 
a = (3e — 1)m? — (2e + 1)m+e. 


For all e>1, ©? is finite so that this high-frequency cut- 
off point always occurs. This is consistent with the re- 
sults of our earlier analysis since, for any ferrite, p ap- 
proaches zero as w goes to infinity. 

Fig. 7 shows computed curves of @ as a function of ¢ 
for values of p and € chosen to cover the range of values 
characteristic of most ferrites at X band.” Note that an 


(15) 


15 S, Sensiper, “Resonance loss properties of ferrites in the 9-kmc 
region,” Proc. IRE, vol. 44, pp. 1323-1342; October, 1956. 
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Fig. 7—Propagation constants for surface waves at a ferrite-air 
interface (for fixed frequency). 


expanded scale has been employed for 6>1. The curves 
in Fig. 7 make it evident that, for fixed p and o, | o| in- 
creases with increasing ¢ and that, for e and o fixed, | 6| 
decreases with increasing p. The only positive directed 
(@>1) surface wave which exhibits a low-field cutoff 
point is that for p=0.4. This is consistent with the re- 
quirement indicated earlier that p be less than approxi- 
mately 0.6 for this cutoff point to make its appearance. 

To conclude this section, we note that we have shown 
that two oppositely directed TE,» surface-wave modes 
are guided along a plane interface separating a dissipa- 
tionless anisotropic (transversely magnetized) ferrite 
from free space. The two surface waves exist in different 
finite ranges of the parameter values. These two ranges 
never coincide and may or may not overlap. In contrast 
to the behavior of more familiar surface-wave phenom- 
ena, the surface waves here under consideration always 
exhibit both high- and low-frequency cutoff points (for 
fixed dc magnetic field). In addition, at a fixed fre- 
quency, each of the two surface waves cuts off for suf- 
ficiently high dc magnetic field and may or may not 
(depending on the parameter values) also cut off for 
sufficiently low dc magnetic field. The propagation con- 
stant of one of the two surface waves becomes infinite 
at the low-field (high-frequency) cutoff point. The be- 
havior of this infinite propagation constant, when the 
guiding surface is located in different environments, 
will be the major subject of discussion in the next section. 


SURFACE WAVES ON FERRITE SLABS 


In this section we will be concerned with the TE,» 
surface waves guided along finite thickness ferrite slabs 
located as indicated in Fig. 8. The secular equations de- 
termining the surface-wave propagation constants are 
again obtained via the transverse resonance procedure 
described above. For this purpose we employ, in addi- 
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Fig. 8—Ferrite loaded parallel plate waveguides. (a) Ferrite slab in 
free space. (b) Ferrite slab near a short circuit. (c) Ferrite slab 
at a short circuit. (d) Ferrite filled semi-infinite waveguide. 


tion to the admittances defined in (7) and (8), the im- 
pedance transfer formulas given by Morgenthaler™ for 
TE,0 modes in ferrite media. We will be interested pri- | 
marily in the surface-wave solutions with large #. With 
this in mind we let 


ga = 104 Gm = 10m. (16) 


From (1) and (10) it follows that the wave numbers 6, 
Qa, and Qm are related through 


62? = 1+ 0.2 = o1 + On’. (17) 


Thus, for finite 1, 02-2 implies Q22— 0 and Q,’—>. 
For each of the structures in Fig. 8(a), (b), (c) the 
empty region extends to infinity. We must therefore 
require that Q,>0. 

Before writing down the secular equation for the fer- 
rite slab in free space [see Fig. 8(a) |, it is instructive to 
predict some of the features of this equation. Suppose 
we choose to write the transverse resonance equation 
in terms of the admittances at xo, the midpoint of 
the slab. With this choice, the total admittance is 


_— 
given as the sum of the admittances Y(%o; Ho) and 


— — 
Y(x0; Ho) = Y(x0; —Ho). Thus, while each of these ad- 
mittances depends on the direction of Ho, their sum is 
independent of this direction. We therefore expect that 
the secular equation will be an even function of v2. Also, 
since reversing the direction of Ho is equivalent to a 
180° rotation about the x axis, the secular equation 
must contain only even powers of 6. These requirements 
are evidently satisfied by the secular equation 
2 2 
Ge erat k5QOm a = A = 0. 


V1 Vi v9? 


(18) 


For a sufficiently thick slab, 7.e., for R6Qm sufficiently 
large, the two interfaces should behave independently. 
That this is the case is verified by noting that in the 
thick slab limit (18) becomes 


16 F. R. Morgenthaler, “Transverse impedance transformation for 
ferromagnetic media,” Proc. IRE, vol. 45, p. 1407; October, 1957. 
The time dependence assumed in this reference is exp (jwé) not, as in 
this paper, exp (—zot). Note that the term following the plus sign in 
the numerator of the right hand side of (4) of this reference has been 
omitted. The omitted term is simply the quantity 7. - 
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Qm 8 Ms 
(++ "\(.4%_*) 0) eel) 


V2 Vi Vo 


This equation shows clearly that each interface of a 
thick slab supports a pair of surface waves whose propa- 
gation constants are either those in Fig. 6 (for the inter- 
face at x =35) or the negatives of those in Fig. 6. With 
certain minor modifications,® this conclusion is valid 
for any slab thickness throughout most of the range in 
which the surface waves propagate. The conclusions 
noted above are summarized in the sketches in Fig. 9. 


’ Note that the curves labeled RH in Fig. 9 are practi- 


cally identical with those in Fig. 6(a) except in the imme- 


- diate vicinity of o;. Note also that the low-field cutoff 


point (o;’) indicated in Fig. 9 is not simply related to the 
corresponding point (01) in Fig. 6(a). 

The behavior of the infinite propagation constants 
will play a significant role in the discussions which fol- 
low. For this reason, it is pertinent to establish that, for 
any slab thickness, 6 approaching both + © are proper 
solutions of (18) for c—03 from above. We recall that », 
is finite in the neighborhood of o3 and therefore 0? « 
implies 6?~Q,?~Q,,?— «©. Thus, for 6 approaching 
either + «, (18) may be approximated by 


Vy 


= (1 - ==) =H) (20) 


coth k6 | 6 | =— 
22 

where, since Q, must be positive, we have replaced 

Qa by | 6| and, since Qn coth k5Qm>0 for Qn 20, we have 

replaced this term by | 6| coth ké| 6| . Therefore, 9+ 

are both allowed solutions when h(c)—1 from above or, 

as is evident from Fig. 10(a), as c—03 from above. 

In turning now to the analysis of the structure in Fig. 
8(b) we are, in effect, asking the following question. 
What is the effect on the surface waves guided along a 
ferrite slab of locating one side of the slab near a short 
circuit? So long as we are interested only in the region in 
which |6| is very large, the answer must be that the 
short circuit will have very little effect since the surface 
waves are very tightly bound to the two interfaces. In 
particular, we certainly expect that for any d40 the 


- surface-wave propagation constants must still approach 


both + © as o—0; from above. To verify that this is 
indeed the case, we employ the transverse resonance 
procedure described earlier to obtain 


022 coth kdQ. + (1 + coth kdQz) Oc0m coth 250m 
Vy 
0 ne 62 
+(1 Ee itio) ee Su tL) 
V2 Vi V2 


as the secular equation for the waveguide shown in 
Fig. 8(b). It is immediately evident that as Q.— © with 
d#0 this equation reduces to (18). This verifies the as- 
sertion made above concerning the infinite solutions to 


(21) in the neighborhood of o3. Suppose now that the 


right hand interface of the structure in Fig. 8(b) is al- 
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Fig. 9—Propagation constants for surface waves on 
a ferrite slab in free space. 
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Fig. 10—The functions of h(c) and f,(c). 
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lowed to recede to infinity. The surface waves which the 
resulting structure would support would be those of the 
left-hand interface modified by the presence of the short 
circuit. It is evident that in this case we would find, for 
any d#0, that there still exists an infinite solution 
(@—++ © only) as ca; from above. On the other hand, 
if we set d=0 and so obtain the structure in Fig. 8(d) 
the surface waves must vanish completely since, as can 
readily be shown,® this structure will not support a 
surface wave. The discontinuous behavior noted here 
implies that a similar discontinuous behavior will be 
found in the comparison of the behavior of the surface 
waves for the structures in Figs. 8(b) and 8(c). 

When the ferrite slab is against the short circuit 
[see Fig. 8(c) ], the secular equation is obtained by set- 
ting d=0 in (21). This yields.” 


17 R, L. Pease, “On the propagation of surface waves over an in- 
finite grounded ferrite slab,” IRE TRANS. ON ANTENNAS AND PROPA- 
GATION, vol. 6, pp. 13-21; January, 1958. Pease discusses the solu- 
tions to this equation in the thin slab approximation. 
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‘m 6 
Oa + ies COtH ROU me — ari Ue (22) 


Vy v2 
To investigate the infinite solutions of this equation, 
we proceed as we did in connection with (20) and, for 
| 6| — ©, approximate this equation by 
(@Q> + ~). 


Eel — = nee) (23) 


v2 

The + sign which appears in this equation (associated 
with 9 + «) results from replacing 6 by + | 6| accord- 
ing as 020. It is evident from (23) that 9+ © are al- 
lowed solutions of (22) only for fs(¢)—>1 from above. 
Sketches of these two functions are shown in Fig. 10(b). 
An examination of these sketches makes evident that 
§— © will be a solution for c—02 from above whereas 
the solution 9—— © occurs, as before, for co; from 
above. 

We have now arrived at the major result of this sec- 
tion. We saw earlier that when the ferrite slab was ar- 
bitrarily close to but not at the short circuit, 7.e., in the 
limit as d—0, there were two infinite solutions allowed, 
both occurring for c—03 from above. These two infinite 
solutions are shown in Fig. 11(a). On the other hand, 
when the ferrite slab is at the short circuit, 7.e., at the 
limit d=0, there are still two infinite solutions, but the 
§—-+ © solution is suddenly found at c—«:2 from above 
instead of c—03 from above. The two infinite solutions 
in this case are shown in Fig. 11(b). The discontinuous 
behavior of the 9+ © solution is evident from a com- 
parison of Fig. 11(a) and (b). This discontinuous be- 
havior will play a significant role in the discussions 
which follow. 


THE TE... PROPAGATING MODES OF THE SLAB 
LOADED RECTANGULAR WAVEGUIDE 


The secular equation determining the propagation 
constants of the TE,» modes of the waveguide in Fig. 
(ris?2* 


‘m 0 
Ga cot K(1 — A)gqa + an cot KAgm — — = 0 


V1 V2 


(24) 


where the dimensionless parameters K and A are de- 
fined as 
a 
Rea AF tt =— (OSA 1h): (25) 
For the propagating modes, 0 is real while qa,m may be 
either real or imaginary. Since the secular equation is an 
even function of both g, and gm we may, without loss of 
generality, prescribe that these be positive when they 
are real and that Im q., gm>0 when they are imaginary. 
Very little has been published concerning the com- 
plete set of propagating mode solutions of (24). Some 
data has been given fora few special choices of the param- 
eter values.” In addition, for thin slabs, perturbation 
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Fig. 11—Infinite propagation constants for surface waves on a 
ferrite slab near a short circuit. (a) d—0. (b) d=0. 


formulas are available®:18 in which the solutions to (24) 
are obtained as first-order perturbations about the prop- 
agation constants of the empty waveguide. 

The analysis which follows is confined to the behavior - 
of the propagation constants at a fixed frequency as a 
function of the dc magnetic field and the normalized 
slab thickness. It is convenient to assume that this fixed 
frequency is such that r<K<2z, 12.e., such that the 
empty waveguide propagates only the TEio mode. It 
will become evident as we proceed that this does not 
seriously restrict the generality of the conclusions we 
will draw. 

Since the secular equation (24) is transcendental, we 
cannot obtain its solutions in closed form. The results 
presented below were obtained by a combination of 
analytical and graphical investigations, the details of 
which are given elsewhere.’ In the following, the dis- 
cussion will be primarily descriptive rather than de- 
ductive. 

The propagating TE,» modes of the waveguide in 
Fig. 1 are of two kinds, a “surface-wave mode” bound to 
the interface at x=6 and the “ordinary waveguide 
modes.” The latter are the modes whose properties can 
be understood (except for the effect of the ferrite aniso- 
tropy) by assigning to the ferrite slab an equivalent di- 
electric constant of 1. We expect that, except for A-1, 
the characteristics of the surface-wave mode will be 
very similar to those described earlier for the waveguide 
in Fig. 8(c). It is therefore not surprising that, by follow- 
ing the procedure employed in connection with (23), we 
again find that for 67> (so that ga and gm are both 
imaginary for 6? 0) there are precisely two infinite @ 
solutions and that these occur as follows: (a) 9—>-++ © as 
o— 02 from above; (b) 6->— © as c—a3 from above. 

To justify the statement that ev; plays the role of an 
effective dielectric constant in determining the proper- 
ties of the ordinary waveguide modes, we point out, 
first, that the relationship between 6? and gn? involves 
only «. Further, we note that the modal propagation 


8 B, Lax, K. J. Button, and L. M. Roth, “Ferrite phase shifters 


in rectangular waveguide,” J. Appl. Phys. 3 ie : 
November, 1954, 8 ppl. Phys., vol. 25, pp. 1413-1421; 
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constants for the completely filled ferrite loaded wave- 
guide (7.e., for A=1) are given by” 


t4/ (=) 
aE (5 ee —— — 1 2) 3 Rares 
1 = n 


Finally, we note that the only place in which v. has ap- 
peared so far is in the linear term in 6 in the secular 
equation (24). In the isotropic limit, i.e., for > ©, this 
secular equation reduces to one which is very similar to 
the one which would apply for a dielectric slab with di- 
' electric constant 6. Now, for r<K<2rz, the empty 
waveguide (A=0) propagates only a single pair of 
modes (two TEio modes, one in each direction along 2). 
It is evident from (26) that the number of pairs of 
modes propagated by the completely filled waveguide 
depends on 7. For »; <0, no modes may propagate, and 
therefore increasing the slab thickness will tend to cut 
off the modes which propagate at A=0. This will also be 
true for 1. >0, but 6, <(2/K)*. On the other hand, for 
€; positive and large, the completely filled waveguide 
will propagate many pairs of modes and therefore in- 
creasing the slab thickness should have the tendency to 
increase the number of propagating modes. We recall 
that »: approaches infinity in the neighborhood of os. 
From the remarks above, we conclude that, except for 
the surface-wave mode, the slab loaded waveguide 
must become completely cut off as 11—7— ™, 1.e., as 
o—o; from below. On the other hand, we expect to find 
a large number of propagating modes for 1;>+ ~, 1.¢., 
as o—<; from above. 

It was noted earlier that, subject to the restriction 
62> 1, there are precisely two infinite @ solutions to 
(24). The indicated restriction need not apply when 
yji—>+ 0. Suppose then we assume that », and 6? are 
both large, but such that «,—6*>0. In this case, for 
A0 and A#1, we may approximate (24) by 


(26) 


1 Leek Sees re we 
(1 =—)|0| + —V/ea, — cot KA Von — & =0 
Vy 


v2 


(920). (27) 


This equation is satisfied by many (large) values of 0, 
both positive and negative. The solutions are located 
approximately at the poles of the cotangent function. 
Finally, in the limit as m2, 6?~, subject to 
€v: —62>0, we find an infinity of positive and negative 
infinite solutions for @. These solutions represent surface 
waves which are bound to the ferrite-air interface on the 
air side only. The existence of such surface waves was 
ignored in the discussions above since these were con- 
cerned with surface waves which could exist on a single 
isolated interface. Since we have now determined the 
admitted infinite @ solutions for both 6?> 1 and #?<«1 


19 P. S, Epstein, “Theory of wave propagation in a gyromagnetic 
_ medium,” Rev. Mod. Phys., vol. 28, pp. 3-17; January, 1956. 
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(with A=0 and A=1), these must constitute the com- 
plete set of infinite solutions. 

The restrictions A40 and A#1, noted in the preced- 
ing paragraph, do not represent a meaningless quibble. 
To see why this is so we note that the surface-wave 
modes cannot exist for either A=0 or A=1. How does 
the surface wave mode disappear as A—0 and A->1? 
One way in which this can be accomplished is to have 
the surface-wave mode disappear via 62— ©. To investi- 
gate this possibility, we note that when | @| and 
A-0 (the product A| | remaining finite and nonzero) 
the secular equation (24) may be approximated by 


cOtheR AO ane ay, =e ee ore non 


v2 


(28) 


Similarly, when | 0| — and A-—-1 (the product 
[1-A]|6| remaining finite and non-zero), the secular 
equation (24) may be approximated by 


1 1 
coth K(1 — A)|@| = ——— = gu(0) 


Vo Vi 


(920). (29) 
We therefore conclude that, for A—0, infinite solutions 
for 6 exist only when f.(¢) >1 while, for A—1, such solu- 
tions are admitted only when g:(¢) >1. Examination of 
Figs. 10(b) and 12 makes evident that the infinite solu- 
tions under consideration can occur only as follows: 


range of 02 <6 < G3 03 <a < os 
forA—0 6+ + © @—> + © (30) 
forA— 1 §@—> — no infinities. 


The next step in the analysis is concerned with the 
determination of the conditions for cutoff. For 6=0, 
the secular equation (24) becomes 


a/ ev} —— 
cot K(1 — A) + ——cot KA Ve, = 0. 


Vy 


(31) 


The values of »; required for cutoff are readily deter- 
mined at those values of A for which cot K(1—A) is 
either zero or infinite as follows: 


for A = 1 — mr/K, 


n? ( K e 
y1=—|(——m) ; 
€ Tv 


for A = 1 — (2m + 1)r/2K, 


2 1) 2/2 Nee 
Spe ai cata (=-7 ) and 71, — ©. (32) 
4e T y) 


In each case, m=0, 1, 2,--- up to the largest integer 
for which A>O and n=0, 1, 2,---. Fig. 13 shows 


sketches of the values of 71 at cutoff as a function of A 
for K=1.52m and e=10.2° Points which were actually 


_ 20 The value chosen for K is appropriate for, RG 52/U rectangular 
waveguide (inner dimensions 0.4 inch X0.9 inch) at 10 kmc. 
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Fig. 12—The functions g+ (c). 
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Fig. 13—2 at cutoff (@=0) as a function of slab thickness 
(K = 1.527, e = 10). 


computed are indicated by the small circles. The curves 
are nutnbered according to the order of the modes of the 
completely filled waveguide starting with n=1 for the 
first mode which cuts off at a positive (non-zero) value 
of »,. The additional n=0 (or »,=0) solution at A=1 is 
identified as being associated with the surface-wave 
mode. Points on the curves labeled n=2, 3, 4 which lie 
in the shaded band are of no significance since values of 
v, in the interval 1-p <p», <1 do not occur. The bottom 
of this band (¥1=1—p) corresponds to ¢=0, the top 
(1. =1) too ~. Since the cutoff characteristics depend 
on 7; only, a scale of numerical values for ¢ need not be 
given unless we choose to specify p. Therefore, in Fig. 
13 we content ourselves with merely indicating the di- 
rections in which o increases from zero to o; and de- 
creases from infinity to 5. 

There is a strong temptation to interpret the curves 
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in Fig. 4 as follows. The mode corresponding to any one 
curve is either propagating or cut off according to 
whether the point representing the values of 1 and A 
lies “above” or “below” the curve.?! While this inter- 
pretation does provide a rough idea of the conditions 
required for a particular mode to propagate, it 1s not 
strictly valid. The interpretation would be completely 
valid if the @ vs o characteristics for fixed A (or, equiva- 
lently, the @ vs A characteristics for fixed ao) were sym- 
metrical about the @=0 axis and were such that the 
poles of the derivative of 6 with respect to o always coin- 
cided with 6=0. The need for these reservations be- 
comes apparent from an examination of the results indi- 
cated in, e.g., Fig. 17. Also, we remark that the curves 
in Fig. 13 give no indication of the erratic behavior of 
the solutions to (31) in the limit as A—0. Therefore, 
they should not be used as a basis for a discussion of the 
cutoff characteristics in the immediate vicinity of A=0. 

The segment of the »=1 curve shown with an ex- 
panded » scale at the top of Fig. 13 reveals that A(11) 
for cutoff is multivalued for small positive e7;. Presum- 
ably, this may also be the case for other values of in 
the range of sufficiently small €). The significance of this 
multivalued character becomes evident from a study of 
Figs. 14 and 15.22 The curves in Fig. 14 are for 71; <0 so 
that the only propagating modes are the surface wave 
mode (n=0) and the perturbed empty waveguide mode 
(n=1). The curves for both modes exhibit only the sin- 
gle cutoff predicted in Fig. 13. The manner in which the 
surface-wave mode disappears for A—0 and A—1 is con- 
sistent with the information given in (30). When 
takes on small positive values corresponding to values of 
o in the interval 0<a0<1i—p the surface wave mode is 
still admitted for A¥0, 1. The empty waveguide still 
propagates only the TEio mode and, for sufficiently 
small »,, the completely filled waveguide does not sup- 
port any propagating modes. Now, it is evident from 
(30) that infinite solutions for @ are no longer admitted 
with either A—0 or A—1. Therefore, the only way in 
which the surface-wave mode can disappear at A=0 and 
A=1is to have the 6 vs A curve for this mode close on 
itself. This is precisely what happens in the curves 
labeled a and 6 in Fig. 15. In closing on itself, the @ vs 
A curve passes through @=0 twice. Thus, the three 
values of A at which Fig. 13 predicts that @ will equal 
zero are all accounted for. As 1 is increased, the two 
separate @ vs A curves join to form a single continuous 
curve. This situation is illustrated by curve c of Fig. 15. 
When 7 is increased further to a value such that the 
completely filled waveguide will support one pair of 
propagating modes, the single curve c splits at A=1 to 
become the two continuous curves labeled d. 


*\ In this connection, the adjective “above” is to be interpreted 
as implying “above and/or to the left of” for curves which vanish 
via ¥.>— © and “above and/or to the right of” for the curves on 
which »; tends to +, 

” Data for these curves was obtained by a graphical procedure 
described by Bresler (ref. 7). , 
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Fig. 14—Propagation constants as functions of the slab thickness 
(K = 1.527, « = 10, p = 1). 


Fig. 15—Propagation constants as functions of the slab thickness 
(K = 1.527, « = 10, p = 0.8). 


(a) « = 0.190, vi = 0.0245, ve = 0.0249, 
(b) o = 0.1877, = = 0.0300, ve = 0.0305. 
(c) c= 0.1822, = 0.0433, ve = 0.0444. 
(d) c= 0.1567, » = 0.100, vo = 0.106. 


When 7, is increased still further beyond the values 
employed in Fig. 15, additional propagating modes ap- 
pear at A=1 and will propagate for all values of A down 
to approximately the cutoff value given in Fig. 13. As 
soon as »; becomes reasonably large, the surface wave 
mode is no longer propagated by the ferrite-air inter- 
face, and therefore we are no longer required to account 
for either its presence or the manner of its disappear- 
ance at A=0, 1. Sketches of a typical set of 6 vs A curves 
for a reasonably large value of ev; are shown in Fig. 16. 

The sketches shown in Fig. 17 illustrate the behavior 
of 6 as a function of o for fixed A. Certain essential 
features of these sketches (data concerning the surface- 
wave mode, the behavior at cutoff and the infinities in 
6) follow directly from the results given above. Two 
- other essential features (the slopes of the curves at 
@=0 and the absence of maximum and minimum points) 
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(b), (c) (d) 
Fig. 17—Sketches of @ vs o for K=1.52 7, e=10, p=0.8. 
(a) A = 0.2. (b) A = 0.3. (c) A= 0.5. (d)A = 0.9. 


will be justified by the analysis presented in the next 
section. 

The sketches in Fig. 17 are proportioned to corre- 
spond roughly to K=1.527, e=10 and p=0.8. In Fig. 
17(a), the region between the o; ordinate and the n=5 
curve is shaded to indicate that this region contains an 
infinity of propagating modes for each of which 0 + » 
as o—0,; from above. The region corresponding to 
o ><a; is not reproduced in Fig. 17(b), (c), (d) since the 
basic characteristics of the @ vs o curves in this interval 
do not change with A. In the interval 0<o <a; the 
n=0 and m=1 curves are shown for four different values 
of A. The remainder of this paragraph is devoted to a 
simplified explanation for the behavior exhibited by 
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these sketches. For the values of p and ¢ involved, an 
isolated ferrite-air interface would support a surface 
wave with @>1 throughout the interval 0 <a <o, where 
o>». With the finite thickness slab, the effect of plac- 
ing the slab against a short circuiting wall is to convert 
the o» ordinate into a barrier which the @ vs o curve for 
the surface wave may not cross and at which 6>+ 
as g—0» from above. However, a study of Fig. 17 re- 
veals that even with the smallest value of A employed 
(i.e., when the effect of the short circuit should be most 
pronounced) the surface wave reasserts itself as o ap- 
proaches zero and distorts the »=1 curve so that part 
of this curve constitutes a continuation of the gently 
sloping portion of the 7=0 curve. As A is increased so 
that the effect of the short circuit is diminished, the gap 
in the surface-wave characteristic between the 7 =0 and 
n=1curves is likewise diminished. The gap does not dis- 
appear completely because the infinity at o is required 
for any finite slab thickness. 


THE POWER FLow ASSOCIATED WITH THE 
PROPAGATING MOoOpDES 


In an earlier paper® the author employed a matrix 
formulation for the Maxwell equations to deduce a re- 
lationship between the power flow associated with a 
propagating mode in an arbitrary dissipationless uni- 
form waveguide and the frequency derivative of the 
propagation constant of this mode. For our purposes 
here, we require an analogous relationship involving 
the derivative of 6 with respect to o when p and w (or 
k) are held constant. By a procedure which parallels 
that employed in connection with (18) through (24) 
of the paper just cited,* it can be shown that the required 


relationship is 
OP e ={f H,*-w-H.dS 
8 


where 6. is the (normalized) propagation constant of a 
particular propagating mode, P. is the (real) power 
flow associated with this mode, Hz is the total magnetic 
field of this mode, u is the tensor permeability of the fer- 
rite slab, the prime superscript indicates the derivative 
with respect to o and the required integration is to be 
carried out over the cross section, S, of the waveguide. 
P. is defined so that it is positive for power flow along 
+z. The result in (33) is obtained when the modes are 
normalized in the manner indicated in the reference 
cited earlier. Also, to obtain (33), we must exploit the 
fact that the boundary conditions at the waveguide 
walls, the (scalar) permittivity of the ferrite and both 
the (scalar) permeability and permittivity associated 
with the empty waveguide regions are all independent 
of o. 

For the TE,» modes, H, has nonzero components 
only in the plane transverse to y (i.e., to HH). Therefore, 
for these modes, we introduce the subscript T to dis- 


(33) 
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tinguish quantities confined to this transverse plane 
and rewrite (33) as 


2P..0.5 eS ff Hra*-ur’- Hrd. (34) 
s 

For a dissipationless ferrite, ur is a hermitian matrix, 
and therefore its derivative with respect to ¢@ is also 
hermitian. Moreover, it is readily verified that (for 
fixed p and &) this derivative is negative definite when p 
is positive. It then follows from (34) that for the TEno 
modes here under consideration 


PO gaew for p> 8 (35) 


so that, for positive p, P.20 according as 0.’ $0. Fur- 
thermore, we see that P, may equal zero only at the 
poles of 6,’. This means that the power flow associated 
with a propagating mode can change direction only 
where 6,’ is infinite. A further important interpretation — 
of (35) is the recognition that 6.’ can not equal zero un- 
less P, becomes infinite. There is no difficulty in exclud- 
ing the latter possibility in the case of closed wave- 
guides, and we therefore conclude that @.’=0 cannot 
occur; 7.e., that the 6 vs o curves cannot exhibit maxi- 
mum or minimum points. 

In the sketches in Fig. 17 we have indicated that the 
poles of 6.’ do not ordinarily occur where 6,=0. This 
statement is verified by noting that P. is zero only at 
the poles of 6.’ whereas it can be shown that’ at 6.=0 


py (= KA =), 
Kye Var 


Thus, for 6.=0, we find that P, 20 according as »2.$0. 
It then follows from (35) that, at 0.=0, 6.’ 20 according 
as ve20. The availability of this last result eliminated a 
good deal of the guesswork which would otherwise have 
been involved in connection with the sketches in Fig. 17. 


Pe= (36) 


CONCLUSION—RESOLUTION OF THE 
THERMODYNAMIC PARADOX 


It is evident from Fig. 17 that the possibility of the 
existence of only a single TE,» propagating mode for 
the waveguide in Fig. 1 arises only from the fact that 
there is a nonvanishing interval between the values 
of o at which 6+ © and @—— o for the surface-wave 
mode. It is further evident that if this interval did not 
exist there would always be an even number of propa- 
gating modes. The results obtained in the preceding 
section, in particular, that in (35), make evident that 
this even number of propagating modes would always 
divide so that half transported energy in one direction 
along z, half in the other. This observation clears the 
way for the resolution of the thermodynamic paradox. 
It is reasonable to expect that the discontinuous be- 
havior illustrated in Fig. 11 will also be evident for the 
surface-wave modes of the waveguides in Figs. 1 and 18. 
To verify this conjecture we note that the secular equa- 
tion for the TE,» modes of the latter waveguide is! 
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where D=d/a. The reader may verify that for any d~0, 
however small, this equation admits both 6>+ © as 
solutions for g—03 from above, and does not admit 
0—-+ © asa solution in the neighborhood of a2. He may 
_ then further verify that, except for the discontinuity 
already referred to, all other solutions of (37) pass con- 
tinuously into solutions of (24) in the limit as d-0. It 
will then be evident that in the limit as d—0, the 
sketches in Fig. 17 serve to describe all the modes of the 
waveguide in Fig. 18 except the 7=0 mode. A study of 
Fig. 11 makes evident that the 6 vs o curve for the n=0 
mode of the waveguide in Fig. 18 will be that illustrated 
in Fig. 19. Finally, when we combine the results given 
in Figs. 17 and 19, we see that for any d#0 and, in par- 
ticular, in the limit as d—0, the waveguide in Fig. 18 
will always support an even number of propagating 
TE,no modes. To establish that this conclusion is valid 
for values of K outside the range r<K <27, we need 
only recall that the locations of the infinities in @ are 
independent of K. 

The conclusion to which we are led is now evident. 
We have seen that if we accept the solutions of the 
secular equation (24) as constituting the correct de- 
scription of the propagating TE,» modes of the wave- 
guide in Fig. 1, then we are led inescapably to a thermo- 
dynamic paradox. On the other hand, for any d#0 and, 
in particular, in the limit as d—0, the solutions of the 
secular equation (37) do not, a priori, give rise to any 
thermodynamic difficulties associated with the TEno 

spectrum of the waveguide in Fig. 18. These considera- 
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Fig. 18—Ferrite slab loaded rectangular waveguide 
(slab away from waveguide wall). 
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Fig. 19—8 vs o for the surface wave mode of the 
waveguide in Fig. 18. 
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tions lead us to assert that the TE,» mode propagation 
constants for the waveguide in Fig. 1 must be obtained 
from the solutions of the secular equation (37) in the 
limit d0 and not from the secular equation (24), 2.e., 
not from the secular equation which obtains at the limit 
d=0. We assert further that when this is done there 
will no longer exist any basis for construction of a ther- 
modynamic paradox associated with the waveguide 
in Fig. 1. 

The conclusion just stated may be criticized on the 
grounds that while it tells us how to avoid thermody- 
namic difficulties, it does not tell us why such difficulties 
are encountered. Anticipating such criticism, we offer 
the following remarks in our defense. The problem we 
have been considering is an idealization of a physical 
reality. Let us recall some of the idealizations which 
were implicit in our formulation of the problem. Thus, 
we have been considering absolutely dissipationless 
waveguides bounded by perfectly conducting walls and 
loaded with uniformly magnetized homogeneous ferrite 
slabs contained within sharply defined planar boundar- 
ies. All these idealizations are widely employed in the 
formulation of electromagnetic problems and we accept 
them on the basis of the implicit assumption that the 
solutions to these idealized problems represent the be- 
havior of a physical system in an appropriate limiting 
sense. To speak of the ferrite slab in Fig. 18 as being 
against the waveguide wall is to describe a physical 
situation for which we can not ordinarily distinguish 
between the mathematical descriptions d=0 and the 
limit as d—0. Given two different but equally accept- 
able mathematical idealizations for a physical situation, 
we are often called upon to distinguish between these 
idealizations by the physical content of the solutions to 
the problem which they yield. Thus, in our problem, we 
find that the two idealizations d=0 and d—0 lead to 
distinctly different solutions. Without asking why this 
difference arises, we are justified in choosing between 
them on the basis that the idealization which leads to a 
thermodynamic paradox must be discarded. 
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L-Band Ferromagnetic Resonance Experiments 


at High Peak Power Levels* 


E. SCHLOMANNf?, J. H. SAUNDERS}, anv M. H. SIRVETZ 


Summary—Ferromagnetic resonance absorption at high peak 
power levels has been observed at 1300 mc in yttrium-gadolinium 
garnets and in a nickel ferrite-aluminate. In agreement with theoreti- 
cal predictions, the critical field characterizing the onset of nonlinear 
effects, in a series of yttrium-gadolinium garnet disks of a given 
shape, was found to be very sensitively dependent on the gadolinium 
content. Similarly, for samples of a given composition, the critical 
field strength was sensitively dependent on the shape of the sample in 
agreement with theoretical predictions. At moderate power levels the 
susceptibility varies linearly with the square of the RF magnetic field 
strength over an appreciable range. This result can be understood in 
terms of an extension of Suhl’s theory. The results can be used to 
predict the high power performance of these materials when used in 
isolators. 


I. INTRODUCTION AND THEORY 


high peak and average power levels are encountered. 

With Curie temperatures of the order of 200°C, 
and suitable provision for cooling, it would seem that 
isolators can be developed to handle any average power 
of interest (up to tens of kilowatts). With respect to 
peak power levels, on the other hand, the situation is 
not so simple, and it is known that the response of ferrite 
materials becomes nonlinear above a certain critical 
level!:? which for a given frequency depends on the line- 
width, the saturation magnetization, and the shape of 
the specimen. 

These effects manifest themselves as a reduction of 
the absorption at resonance and, under certain condi- 
tions, as an increase of the absorption away from reson- 
ance. The nonlinear effects usually set in at a fairly well 
defined threshold, and their presence very often inter- 
feres with the performance of ferrite devices such as 
isolators, phase shifters, and circulators. It is, therefore, 
important to investigate the possibilities of reducing 
the nonlinear effects. 

The general features of the observed phenomena can 
be understood quite well in terms of a theory developed 
by Suhl.* According to this theory the nonlinear effects 
are due to the fact that certain spin waves become ex- 
cited as soon as the amplitude of the uniform mode 
(which is driven by the applied microwave field) exceeds 
a certain critical value. Two possible mechanisms can 
be distinguished. For one of them, the unstable spin 


|: many important applications of ferrite devices 
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waves have half the frequency of the applied signal; 
for the other, they have the same frequency as the ap- 
plied signal. We shall refer to these two mechanisms as 
nonlinear of first and second order. It has been shown 
by Suhl? that the first order effect has an inherently 
lower threshold than the second order effect (7.e., it 
sets in at a lower value of the amplitude of the uniform 
mode, hence a lower power level). It has also been 
shown by Suhl,?4 however, that the first order effect can 
be suppressed if the experimental conditions are such 
that all spin wave frequencies are higher than half the 
signal frequency. For spheroidal samples this condition 
is realized at resonance if the signal frequency exceeds 
a “characteristic frequency” 


we = 274rM.N 1. (1) 


Here y is the gyromagnetic ratio, M, the saturation 
magnetization and N. the transverse demagnetizing 
factor of the sample (equal to } for a sphere). At fre- 
quencies higher than this value only the second order 
effect can produce a change in the susceptibility at 
resonance and the first order effect gives rise to a “sub- 
sidiary” absorption peak at field strengths below those 
required for resonance. If the sample is biased for 
resonance, the critical RF field strength at which the 


nonlinear effects set in is, according to Suhl, 


AH; ; 
herit = AH: F ii wo < We 
Ar 
AH; ‘ 
= AH: Lf OS iels: (2) 
4rM, 


Here AZ is the observed linewidth (total width of the 
resonance curve at half its maximum height) and AH; a 
linewidth characteristic of the unstable spin waves. 
AH;, is believed to represent the intrinsic losses of the 
material, whereas very often AH is determined to a 
large extent by line broadening processes which arise 
from inhomogeneities such as the randomness in the 
distribution of the various magnetic ions over the avail- 
able sites in the spinel lattice,> polycrystallinity,®7 and 
surface roughness.® The constant F in (2) is of the order 
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of unity if w is sufficiently smaller than w, and becomes 
very large as w approaches w,. In (2) the RF field is as- 
sumed linearly polarized. If the experiment is per- 
formed on small samples of ellipsoidal shape, the line- 
width should be inferred from the effective susceptibil- 
ity (relating the RF magnetization to the RF magnetic 
field outside the sample) and hei: represents the cavity 
field in the absence of the sample. 

It is obvious from the preceding remarks that at high 
microwave frequencies (such as X-band) and for con- 
ventional ferrimagnetic materials, the saturation of 
the resonance usually requires the second order process. 
At low microwave frequencies (such as L-band), how- 
ever, the first order process is usually predominant un- 
less special precautions are taken to suppress it. Eq. (1) 
shows that, in order to achieve this aim, one must re- 
duce the saturation magnetization and/or use thin 
samples magnetized perpendicular to their planes. If 
the signal frequency is approximately equal to the 
characteristic frequency given by (1), the critical field 
strength should be very sensitive to small changes in 
the signal frequency, the magnetization, and the sam- 
ple shape. 

Suhl has also calculated the stationary behavior at 
power levels beyond the critical field given by (2). His 
original calculations with respect to this problem apply 
only to the first order process. He has shown that under 
these conditions the susceptibility at resonance should 
vary inversely with the amplitude of the RF magnetic 
field, and this has been confirmed experimentally.** 

One of the present authors’ has recently extended 
Suhl’s work to a calculation of the stationary response at 
high power levels for the case in which the second order 
process accounts for the saturation of the resonance. 
The principal innovation of the new theory consists in 
a more detailed consideration of line broadening mech- 
anisms. In Suhl’s theory the effect of dissipation is 
taken into account by means of phenomenological 
damping terms in the equations of motion. This damp- 
ing is very important because it stabilizes the spin 
waves in the presence of the time-varying coupling 
produced by the excitation of the uniform mode. It can 
be shown that this phenomenological description is not 
sufficient if the linewidth is predominantly caused by 
inhomogeneity broadening. This situation is encount- 
ered in many of the ferrites where the availability of 
various sites in the spinel lattice gives rise to an in- 
~ homogeneously broadened line as discussed by Clogston 
et al.» It is also encountered in polycrystalline ferrites 
where crystalline anisotropy, in conjunction with the 
polycrystalline character of the sample, gives rise to 
similar effects.®:” In these cases, the dissipation must be 
taken into account in a more detailed fashion, because 
the results so obtained differ appreciably from those 
obtained with a phenomenological damping term. 

This can be understood in a fairly simple way. In the 
absence of inhomogeneity interaction the motion of 
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the spin-wave amplitudes is determined by the time- 
varying coupling produced by the large excitation of the 
uniform mode. The spin waves are not excited at low 
powers and become unstable at a well defined threshold. 

Inhomogeneities give rise to a linear coupling between 
the uniform mode and the spin waves. Because of this 
coupling, those spin waves that have the right fre- 
quency are slightly excited by an applied microwave 
field even at very low powers. At higher powers the 
same spin waves are simultaneously subject to a time- 
varying coupling produced by the large amplitude of the 
uniform mode. The situation is then similar to that en- 
countered in parametric amplifiers. The excitation of the 
important spin waves caused by the inhomogeneity in- 
teraction is greatly enhanced by the time-varying 
coupling. Even at powers below those required for in- 
stability some of the spin waves are excited to a com- 
paratively high level. The excitation varies smoothly as 
the power is increased beyond the point at which insta- 
bility would occur in the absence of inhomogeneity inter- 
action. 

The results of the revised theory can be stated as fol- 
lows: at moderate power levels the susceptibility at 
resonance should vary linearly with the square of the 
amplitude of the RF magnetic field 


x! hs? 
=—i = c(—) ; (3) 
x0" AH 
Here x0’’ is the susceptibility at low power levels. The 
constant C depends on the location of the uniform mode 
in the spin-wave band, the strength of the inhomogen- 
eity interaction, and the correlation length character- 
istic of the dominant scattering process. A numerical 
calculation of this constant has not been possible be- 
cause of mathematical difficulties and because the phys- 
ical information necessary for such a calculation is not 
available at present. It is interesting to note that C is 
not necessarily positive. The experimentally observed 
values lie in the range between +150 and —30. At 
higher power levels, the susceptibility should vary in- 
versely with the amplitude of the RF magnetic field 


tad 2 
x Np 
VW oo ie (4) 
Xo h 
where 
AH. 
Pie iee) saat (5) 
4nrM, 


In (3)—(5), x’” is the effective susceptibility and / is the 
cavity field (assumed linearly polarized) in the absence 
of the small sample. The derivation of (4) is based on 
certain approximations which cease to be applicable if 
the power level is very high. It may, therefore, be ex- 
pected that this equation breaks down at very high 
power levels. The experimental results that have so far 
been obtained, usually agree quite well with (4), even 
at the highest available power levels. 
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Fig. 1 demonstrates the theoretical dependence of the 
resonance susceptibility on the power level. The broken 
line represents the results obtained without inhomo- 
geneity broadening. As Suhl has shown, the suscepti- 
bility should be constant up to h=herit (which equals 
h..), in this case. The curve shown for h>h,. represents 
the 1/h dependence that one may expect in analogy to 
Suhl’s results concerning the first order effect. The full 
line shows in a qualitative way the results obtained 
with the inclusion of inhomogeneity broadening. It is 
seen that the sharp break which previously character- 
ized the onset of the nonlinear effects has been replaced 
by a gradual decline. The curve shown is valid for the 
special case in which C(h.,/AH)? =¢. For different values 
of this parameter the curves will, of course, be different. 

Suhl!° has recently investigated the saturation of the 
resonance through the second order process taking into 
account inhomogeneity broadening in the manner sug- 
gested by Schlémann.* His results can be represented 
by a curve very similar to the one shown in Fig. 1. His 
curve also decreases as 1/h at very high powers. But the 
behavior at moderate powers is of the form 1 —cht. 


II]. EXPERIMENTAL PROCEDURE 


Fig. 2 shows a schematic diagram of the apparatus 
used for observing at 1300 mc the ferromagnetic reson- 
ance absorption under conditions of high peak power 
levels. The measurement is made on small specimens in 
a rectangular TE 2 transmission cavity of high un- 
loaded Q. By choosing an appropriate set of inductive 
irises, the loaded Q is adjusted to a value between 300 
and 2000 according to the strength of the absorption 
being measured and the range of RF field values re- 
quired. A pulsed magnetron provides } megawatt pulses 
to a power divider which is adjusted to give constant 
amplitude cavity output as the dc magnetic field is 
varied. The incident power is measured at several points 
on the resonance curve by means of a directional 
coupler, a coaxial cutoff attenuator, and a crystal de- 
tector. The setting of the attenuator for constant scope 
deflection removes the dependence on the crystal de- 
tection law. A duty cycle of the order of 6:10— is used 
to eliminate spurious effects due to heating of the speci- 
men. The pulse length was 4 usec. 


III. REsuLTs 


It was explained in Section I that a significant change 
in the critical field should be expected if the experi- 
mental conditions are changed in such a way that the 
first order nonlinear process is allowed in one case and 
forbidden in the other. Spencer e al." and Le Craw 
et al.” have observed this effect by changing the fre- 
quency and the temperature, respectively. In the present 
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Fig. 1—Theoretical dependence of the susceptibility 
at resonance on the power level. 
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Fig. 2—Experimental equipment for high power 
measurements at L-band. 


experiments the same effect has been observed by 
changing the composition (thus changing the saturation 
magnetization) and by changing the shape of the speci- 
men. In Fig. 3 the susceptibility at resonance is plotted 
as a function of 1// for a series of yttrium-gadolinium 
garnet disks of equal shape. In this representation the 
approximately linear dependence of x’’ on 1/h/ is most 
apparent, and the critical field 2, can be obtained by a 
simple extrapolation. It is seen that the critical field in- 
creases rapidly with increasing gadolinium content and 
is approximately twenty times higher for the sample 
with the largest gadolinium content than it is for pure 
yttrium garnet. The linewidth also increases in this 
series but only by a factor of less than three. 

In these experiments a clear 1/h dependence of the 
susceptibility at very high power levels has not been ob- 
served. This is probably due to extraneous effects. The 
samples used for these experiments are disks and not 
ellipsoids as assumed in theory. In addition the internal 
dc magnetic field at resonance is rather small, so that 
the sample may not be completely magnetized. It is be- 
lieved that these two facts account in large measure for 
the apparent residual susceptibility at very high power 
levels. In similar experiments at X-band" it has usually 
been found that the susceptibility varies as 1/h at high 
power levels. 


J. J. Green and E. Schlémann, “High power ferromagnetic 
resonance at X-band in polycrystalline garnets and ferrites,” this 
issue, pp. 100-103. 
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Fig. 3—Resonance absorption at high power levels for various 
yttrium-gadolinium garnets. Measurements at 1300 mc on disks 
33-inch diameter by 0.050-inch thick). 
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Fig. 4—Resonance absorption at high power levels for a disk (0) 
38-inch by 0.050-inch thick and a sphere () 3;-inch-diameter of 
a yttrium-gadolinium garnet (5 Fe.03-3Yo..Gdi103). Measure- 
ments taken at 1300 mc, 4r1=760, AH=173 Oe. 


When the complete resonance line (x’’ vs dc mag- 
netic field) was measured it was observed that with in- 
creasing power level the absorption maximum shifted 
toward lower fields. In the case of the yttrium garnet, 
the resonance line became very steep on the low field 
side at an RF field amplitude of approximately 6 Oe. 
This “fold-over effect” has been predicted theoretically 
by Anderson and Suhl and has previously been ob- 
served by M. Weiss." In all other samples except the 
yttrium garnet the effect was not noticeable. A theo- 
retical analysis showed that for the values of saturation 
magnetization and linewidth (AH and AH;) encount- 
ered in these experiments, the fold-over effect should 
not play an important role. 

Fig. 4 shows the susceptibility as a function of 1 /h for 
two samples of the same yttrium-gadolinium garnet: 
one, a thin disk; the other, a sphere. Again the large dif- 
ference in the critical field strength associated with the 
transition from the first (sphere) to the second order 
nonlinear process (disk) is apparent. 

If the susceptibility is plotted vs #’ on a linear 
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Fig. 5—Resonance absorption as a function of power level for a 
nickel ferrite-aluminate developed in this laboratory (47M, 
475 gauss, y=2.1 Mc/Oe, AH =290 Oe at X-band). Measurements 
taken at 1300 mc on a disk (§-inch diameter by 33-inch thick). 
O refers to h? scale, 0 to 1/h scale. 
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Fig. 6—Resonance absorption as a function of power level for a 
yttrium-gadolinium garnet (5 Fe,O3-3Yo.sGdi103: 47M@,=710 
gauss, AH =200 Oe). Measurements taken at 1300 mc on a disk 
(33-inch diameter by 0.050-inch thick). © refers to #? scale, o 
refers to 1/h scale. 


scale the linear dependence of the susceptibility on h? 
at moderate power levels becomes apparent. Figs. 5 
and 6 show two examples. In both cases the second or- 
der nonlinear process accounts for the saturation of the 
resonance. it is seen that the linear law agrees quite well 
with the data over an appreciable range of power levels. 
In the present cases the initial third of the decline of the 
resonance susceptibility is governed by the linear law. 
The constants C of (3) for the two cases are 29 (for the 
nickel ferrite-aluminate) and 11 (for the yttrium- 
gadolinium garnet). A different yttrium-gadolinium 
garnet of the same nominal composition showed an 
initial slight increase of the susceptibility with power 
level (i.e., C<0). 


IV. CoNCLUSION 


It may be seen from the last two figures that h,, for 
these materials is of the order of 25 Oe. This corre- 
sponds to approximately 1.7 megawatts in L-band wave- 
guide of half the conventional height.’® It should be re- 
membered that a wave traveling in the forward direc- 
tion of an isolator does not excite the resonance. Only 
the reflected power must be absorbed by the isolator. 


16 Half-height waveguide is generally used for isolators at this 
frequency. 
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With mismatches of the sort encountered in practical 
applications (typically less than two to one), an isolator 
using the materials discussed in this paper should func- 
tion satisfactorily at peak power levels of several mega- 
watts, if the necessary precautions are taken to suppress 
the first order nonlinear effect. Experiments using typ- 
ical isolator configurations instead of the resonance 
cavity have shown that the onset of nonlinear effects in 
isolators can be predicted with fair accuracy from cavity 
measurement. 

A further improvement of the power handling capac- 
ity of microwave ferrites appears quite feasible. In par- 
ticular, it is not difficult at all to increase the linewidth 
and thus increase the critical field (Aeit or h~). This is 
not a promising line of attack, however, since the ratio of 
reverse to forward attenuation of resonance isolators 
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decreases rapidly with increasing linewidth.’ To im- 
prove the power-handling capacity one must, therefore, 
according to (5), decrease the saturation magnetization 
and/or increase the spin-wave linewidth AH; This can 
generally be achieved by suitable substitution of the 
magnetic ions in ferrites of the spinel and garnet type. 


ACKNOWLEDGMENT 


The authors would like to thank L. G. Rubin for his 
help in constructing the equipment used in this work. 
They are also indebted to Dr. S. L. Blum, D. A. Belforti 
and Miss S. Georgian for the preparation of the ma- 
terials and for preliminary measurements. 


17 B. Lax, “Frequency and loss characteristics of microwave fer- 
rite devices,” Proc. IRE, vol. 44, pp. 1368-1386; October, 1956. 


High Power Ferromagnetic Resonance at X-Band in 
Polycrystalline Garnets and Fetrrites* 
J. J. GREENt anp E. SCHLOMANNY 


Summary—Resonance experiments have been performed at 
X-band on spherical samples of polycrystalline yttrium garnet, yt- 
trium-gadolinium garnet, yttrium-holmium garnet and nickel-cobalt 
ferrite. The RF field strength extended up to 60 Oersted. In the case 
of yttrium garnet the samples differed considerably in density and 
hence in linewidth. At fairly low power levels the susceptibility at 
resonance varies linearly with the square of the RF magnetic field 
strength. At high power levels the susceptibility is inversely propor- 
tional to the amplitude of the microwave magnetic field. The “spin- 
wave linewidth” AH; is inferred by extrapolation from the behavior 
at very high powers. It is found that AH;, is, to a large extent, inde- 
pendent of the linewidth AH observed by the usual low power experi- 
ments. In particular AH; was found to be essentially the same (ap- 
proximately 4 Oe) for all yttrium iron garnets (single crystals and 
polycrystals with linewidth varying between 1.8 Oe and 450 Oe). 
On the other hand, AH; increases very rapidly if the yttrium is par- 
tially substituted by holmium (AH;,~11 Oe for 1 per cent substitu- 
tion.) 


I. INTRODUCTION 


T was explained in the preceding paper! that at 
if X-band frequencies and for conventional ferrimag- 

netic materials, the saturation of the resonance line 
involves the excitation of spin waves which have the 
same frequency as the signal (second-order nonlinear 
process). In addition, at these frequencies, one observes 
a subsidiary absorption peak below the main resonance 


_ * Manuscript received by the PGMTT, August 3, 1959. The por- 
top a ue eet oraed by J. d; Green was supported by the 
ambridge Research Center, Contracts AF 1 - 
AF 19(604)-5487, eee opie s 
t Gordon McKay Lab., Harvard University, Cambridge, Mass. 
f Research Div., Raytheon Co., Waltham, Mass. 
1 E. Schlémann, J. Saunders, and M. Sirvetz, “L-band ferro- 
magnetic resonance experiments at high peak power levels,” this 
issue, pp. 96-100. 


which is attributed to the excitation of spin waves with 
frequencies equal to half the signal frequency (first-order 
nonlinear process). For spherical samples of the mate- 
rials investigated in this paper the subsidiary peak lies 
considerably below the main resonance and (for this 
reason) becomes noticeable only at quite high power 
levels. This means that one never encounters a situation 
in which both nonlinear processes (first and second order 
are simultaneously important. Experiments at X-band 
are, therefore, better suited for a detailed investigation 
of the second-order nonlinear process than the L-band 
experiments reported in the preceding paper.! 

The materials used in this investigation belong to four 
different families. One of these families comprises 
yttrium iron garnets of varying densities and hence 
varying linewidths (between 47 and 450 Oe). Two other 
families are derived from yttrium iron garnet by partial 
substitution of gadolinium or holmium for the yttrium. 
The fourth family is derived from nickel ferrite by par- 
tial substitution of cobalt for nickel. 


II. EXPERIMENTAL PROCEDURE 


Ferromagnetic resonance measurements were made 
at 9250 mc using a TE20o2 transmission cavity. The sam- 
ples were mounted on a quartz rod and placed in the 
cavity at a point of maximum RF magnetic field. 
Sample absorption as a function of de magnetic field 
was determined from the change in incident power nec- 
essary to maintain a constant transmitted power. The 
magnetic field strength at the sample was obtained from 
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a knowledge of incident power, cavity coupling, loaded 
Q and the cavity mode. This was done at one power 
level and all other power levels were compared to this 
reference level by means of a calibrated attenuator. The 
duty cycle was always less than 5 X10-, At power levels 
where heating effects might occur, single pulses of one 
microsecond duration were used. A 2J51 tunable mag- 
netron provided the microwave power which was suffi- 
cient to obtain cavity fields up to 60 Oe. Calibrated at- 
tenuators preceding each crystal made it possible to 
take readings with the crystals always at the same power 
level. All measurements were performed at room tem- 
perature on spherical samples. With increasing power 
level a slight shift of the resonance was observed in 
many cases. If this happened, the dc magnetic field was 
adjusted for resonance at each power level. 


III. RESULTS 


Fig. 1 shows a set of typical saturation curves (sus- 
ceptibility at resonance as a function of the amplitude 
of the microwave magnetic field on a logarithmic scale). 
The two curves which saturate at the lowest power 
levels (curves a and b) are obtained from measurements 
on single crystals of yttrium iron garnet. The two crys- 
tals differed in their surface treatment, since one (a) 
was polished (and had a linewidth of 3.9 Oe); and 
the other (b) had a rough surface (and a linewidth of 
9.1 Oe).Curves (c) and (d) are typical saturation curves 
obtained with polycrystalline yttrium iron garnet and 
holmium-substituted yttrium iron garnet, respectively. 
In these cases the saturation occurs at higher power 
levels as might be expected in view of the larger line- 
width. Curve (e) is a simplified theoretical curve. It 
was obtained from the results described in the previous 
paper by matching the two theoretical expressions (ex- 
pected to be valid at moderate and high powers, re- 
spectively) in such a way that the resulting curve hada 
continuous slope.” It is seen that the theoretical curve 
can be fitted moderately well to any of the experimental 
curves by sliding it along the horizontal axis. A good fit, 
however, is not obtainable in this way. This is not sur- 
prising since the behavior of x’’ at moderate and at very 
high power levels is determined by different physical 
consideration. In order to obtain a good fit one needs at 
least two adjustable parameters, like C and h,, of the 
preceding paper.’ 

In order to demonstrate the validity of the theoretical 
formulas derived for moderate and very high power 
levels [(3) and (4) of the preceding paper'] the sus- 
ceptibility should be plotted on a linear scale vs i? and 
vs 1/h. The phenomenological parameters C and h,, can 
be obtained from such plots by simple extrapolation. 
In the present paper, we shall concentrate on the be- 
havior at very high powers and hence use primarily 
the 1/h representation. Fig. 2 shows two typical sets 
of measurements obtained on polycrystalline yttrium 


; 2 This means that the two curves are joined at the point at which 
x"/xo" equals 3, and that C(h,,/AH)?=4/27 in the notation of the 
preceding paper. 
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Fig. 1—Saturation curves for various yttrium garnets. 
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Fig. 2—Saturation curves for polycrystalline yttrium garnet 
and holmium-substituted yttrium garnet. 


garnet (a) and yttrium-holmium garnet (b). It is seen 
that the latter obeys the 1/h-law quite well almost over 
the complete nonlinear range. The former, however, 
shows appreciable deviations from the theoretical 1/h- 
law. In cases such as these the phenomenological param- 
eter h,, was obtained by drawing a tangent in the way 
indicated in the figure. It should be noticed that for any 
point on the curve (x”’ vs 1/h) the slope of a line con- 
necting it with the origin is proportional to the ampli- 
tude of the precessing magnetic moment. The angle be- 
tween the precessing magnetic moment and the direc- 
tion of the dc field is (in radians and using the notation 
of the previous paper’) 


60) ore e See (1) 


Here h is the amplitude of the RF magnetic field in the 
absence of the sample and the RF field is assumed lin- 
early polarized. x’’ is the imaginary part of the effective 
susceptibility (which relates the magnetization of the 
sample to the magnetic field outside the sample). AH is 
the linewidth (total width). In case (a) of Fig. 2, the 
amplitude uo reaches a maximum with increasing power 
level and then decreases again. The maximum of up is 
obviously given by 


Iheg 


= (2) 


Womex — 
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According to (5) of the preceding paper, o,,,. is related 
to the “linewidth” of the unstable spin waves by 


AH; 
47M, 


2— 
Uma = 
x 


(3) 


The experimental results obtained with polycrystal- 
line yttrium garnet are summarized in Fig. 3. The line- 
width of these materials varied between 47 Oe and 450 
Oe. It increases with decreasing density in an approxi- 
mately linear fashion. This effect has been observed 
previously and is attributed to the presence of stray 
fields produced by nonmagnetic inclusions (such as 
pores).2-* Fig. 3 shows that for these materials the 
critical field h,. is very nearly proportional to-the line- 
width. Measurements of h,, on single crystals (with line- 
widths ranging between 1.8 Oe and 9.1 Oe) gave results 
which also agree quite well with the straight line drawn 
in the figure. We thus conclude that the maximum am- 
plitude of the precessing magnetic moment is independ- 
ent of the porosity. This implies that the spin wave 
linewidth AH; is also independent of the porosity.’ 

Fig. 4 summarizes the experimental results obtained 
with gadolinium-substituted and holmium-substituted 
yttrium garnet. Here the square of the maximum am- 
plitude is plotted as a function of the gadolinium and 
holmium content (characterized by the composition 
parameter f). The cluster of points at t=0 represents 
the yttrium garnet data, which was also shown in Fig. 3. 
It isseen from Fig. 4 that uo,,,” increases with increasing 
gadolinium and holmium content. In the case of the 
gadolinium-substituted yttrium garnet most of the 
increase is attributable to the decrease in the magnetic 
moment. Pure gadolinium garnet has a very small sat- 
uration magnetization at room temperature, and, it is 
known that in the yttrium-gadolinium garnets the 
saturation magnetization decreases approximately lin- 
early with the gadolinium content. At t=1 the satura- 
tion magnetization is, therefore, roughly half as large as 
it is at +=0. Fig. 4 shows that between t=0 and t=1 the 
square of the maximum amplitude increases by a factor 
somewhat larger than two. Thus AH; has also increased 
but only by a rather small factor. 

If holmium rather than gadolinium is substituted for 
the yttrium, a much more rapid increase of Umax 18 Ob- 
served. In this case the saturation magnetization is 
practically independent of the composition in the range 
of interest, so that the increase in u) 2 must be at- 


max 


* E. Schlémann, “The microwave susceptibility of polycrystalline 
ferrites in strong dc fields and the influence of nonmagnetic inclusions 
on the microwave susceptibility,” Proc. Conf. on M agnetism and Mag- 
netic Materials, Boston, Mass., October, 1956. 

; *G. P. Rodrique, J. E. Pippin, W. P. Wolf, and C. L. Hogan, 

Ferrimagnetic resonance in some polycrystalline rare earth garnets,” 
IRE TRANs. ON MICROWAVE THEORY AND TECHNIQUES, vol. MTT-6, 
pp. 83-90; January, 1958. 

5 W. P. Wolf and G. P. Rodrique, “Preparation of polycrystaline 
ferrimagnetic garnet materials for microwave applications,” J. Appl. 
sae vol, of aloe January, 1958. 

- onieder, “Ferromagnetic resonance in polycrystalline ferrites, ” 
Appl. Sci. Res., vol. B7, pp. 185-232; 1958. z 


bag: the saturation magnetization varies only by a small amount 
in this series. 
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Fig. 3—High power effects in polycrystalline yttrium garnet. The 
S ritical field strength h,, is proportional to the linewidth AH, 
which increases with decreasing density p. The same dependence 

of h,, on AH was also observed in single crystals. 
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Fig. 4—Maximum amplitude of the uniform mode for polycrystalline 
samples of 5Fe:03-3Y2:;Me,O; where Me=Gd (0) or Ho (0) 
as s function of the composition. Note the difference in the 
t-scales. 


tributed to an increase in the linewidth AH; of the un- 
stable spin waves. For yttrium garnet AH; is approxi- 
mately 4 Oe and it increases with holmium content at 
the rate of approximately 7 Oe per cent. 

The last family of materials to be described in this 
paper consists of cobalt-substituted nickel ferrites. It is 
known that in these materials the linewidth first de- 
creases with cobalt content, then reaches a minimum at 
approximately 3 per cent substitution, and finally in- 
creases again. This has been attributed to the fact that 
small cobalt substitutions tend to decrease the effects 
of crystalline anisotropy.®:*»? Since nickel ferrite has a 


§ M. H. Sirvetz and J. H. Saunders, “Resonance widths in poly- 
crystalline nickel-cobalt ferrites,” Phys. Rev., vol. 102, pp. 366-337; 
April 15, 1956. 

9 J. E. Pippin and C. L. Hogan, “Resonance measurements on 
nickel-cobalt ferrites as a function of temperature and on nickel 
ferrite-aluminates,” IRE Trans. ON MICROWAVE THEORY AND 
TECHNIQUES, vol. MTT-6, pp. 77-82; January, 1958. 
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negative anisotropy constant K, and cobalt ferrite has a 
very large positive one, a compensation of the crystal- 
line anisotropy is expected from a substitution in the 
range of a few per cent. Fig. 5 shows AH and Uo, asa 
function of the composition. The linewidth AH shows 
the extraordinary dependence on the cobalt content, 
which was described above. Uo... however, (and, 
therefore, AH; since M, is nearly constant) increases 
approximately linearly with the cobalt content. 


IV. Discussion 


The nonlinear effects discussed in this paper have 
important practical applications. The power-handling 
capacity of isolators and circulators is in large measure 
determined by the onset of nonlinearity. The optimum 
performance of ferrite parametric amplifiers depends on 
the high power properties of the materials used in such 
devices.!° In most cases the nonlinear effects must be 
avoided but in some cases they can be used advanta- 
geously, as in parametric amplifiers and limiters. It is, 
therefore, very important to understand the factors that 
influence the onset of nonlinearities and to be able to 
control these factors. 

The critical field h,,, which characterizes the onset of 
nonliner effects can obviously be increased by increas- 
ing the linewidths AH and AH; and by decreasing the 
saturation magnetization. In practically all applications 
a small linewidth AZ is desirable. A useful improvement 
in the power-handling capacity can, therefore, be ob- 
tained only by increasing the spin-wave linewidth AH; 
or by decreasing the saturation magnetization. The 
present experiments have shown that AH and AH; very 
often differ by an order of magnitude and that, to a 
certain extent, they can be controlled independently. 

The fact that AH; is approximately independent of 
the porosity (and independent of the surface roughness 
of single crystal samples), suggests that this linewidth 
is characteristic of the intrinsic losses of the material. 
It has previously been observed by Le Craw and 
Spencer" that in single crystals of yttrium garnet AH; 
is essentially independent of the surface roughness, 
whereas AH increases rapidly with the surface rough- 
ness. }? 

The fact that in the yttrium-holmium garnet AH; 
increases rapidly with the holmium content can be un- 
derstood in terms of a theory recently developed by 


10 R. W. Damon and J. R. Eshbach, “Theoretical limitations of 
ferrite parametric amplifier performance,” presented at PGMTT 
meeting, Cambridge, Mass., June 1-3, 1959; G. E. Tech. Rept. 


59-RL-2230E. t ; 
1 R, C. Le Craw and E. G. Spencer, “Surface-independent spin- 


wave relaxation in ferromagnetic resonance of yttrium iron garnet,” 
J. Appl. Phys., vol. 30, pp. 185S-186S; April, 1959. ; 

2 In Le Craw and Spencer, Ibid., AH; is determined from the 
first onset of nonlinear effects, rather than by extrapolation from the 
high power behavior as in the present paper. The procedure eee 
in Le Craw and Spencer leads to much smaller values of AH;, an 
it is believed to be in error, since it does not take into account Be 
influence of inhomogeneities on the high power behavior. In the 
present context the difference between the two methods of pbiaining 
AH; is not very important, because the two values generally differ 


by a constant factor. 
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Fig. 5—Linewidth and maximum amplitude of the uniform mode 
for spherical samples of Ni:¢CogMno.02Fe1.90, as a function of 
the composition. 


de Gennes, et al.* According to this theory the magnetic 
moment of the rare earth ions (with the exception of 
gadolinium) relaxes extremely rapidly because of strong 
spin orbit interaction. For this reason small amounts of 
any rare earth metal (with the exception of gadolinium) 
in yttrium garnet should increase AH; very rapidly. AH 
should be effected in essentially the same way, but for 
small substitution the increase in AH is not as readily 
and unambiguously observable because the linewidth 
is still predominantly caused by inhomogeneity broad- 
ening. Experiments on samarium substituted yttrium 
garnet have qualitatively confirmed the theoretical 
expectations. 

Similar arguments apply to the nickel-cobalt ferrite 
series. The magnetic moment of the cobalt ion is be- 
lieved to relax appreciably faster than that of the nickel 
ion. This can be inferred from the large linewidth ob- 
served in single crystal cobalt ferrite’.1* and is also con- 
sistent with the large crystalline anisotropy of this ma- 
terial. 
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Microwave Diode Cartridge Impedance” 
R. V. GARVER} anv J. A. ROSADOT 


Summary—In any application of a semiconductor microwave 
diode, the impedance of the diode cartridge plays a very important 
role. Two commonly made assumptions, which are quite erroneous, 
are that 1) the impedance of the diode cartridge consists simply of a 
shunt capacitance and whisker inductance, and 2) the metal-to- 
semiconductor junction at microwave frequencies behaves approxi- 
mately as it does at 10 me. In this paper it is shown that the imped- 
ance of the diode cartridge at microwave frequencies can be meas- 
ured accurately by substituting a carbon die for the semiconductor. 


INTRODUCTION 
i | EW uses of junction diodes at microwave fre- 


quencies as switches,! attenuators, phases modu- 

lators, frequency translators,? and amplifying 
elements,’ make it more important than ever to under- 
stand the semiconductor junction at these microwave 
frequencies. To measure junction impedance at micro- 
wave frequencies, the junction must be in a cartridge 
and the cartridge impedance must be known. Early 
work of this type was done by M. C. Waltz.‘ In the 
present work some of the error found in the original 
technique has been reduced and a reactive anomaly’ has 
been investigated. 


MEASUREMENT TECHNIQUE 


Historically, two techniques have been utilized for 
measuring diode cartridge impedance at microwave 
frequencies. M. C. Waltz‘ replaced the semiconductor 
die in the diode by a carbon die and then placed the 
diode in a rectangular waveguide mixer mount. Obser- 
vation of the microwave reflections with changing con- 
tacts on the carbon revealed the cartridge impedance. 
Penin and Skvortsova® fabricated diodes at the end of a 
50-ohm coaxial line and used an open, short, and for- 
ward-biased diode to determine the cartridge impedance. 
Both groups of experimentalists also placed transform- 
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ers before their diodes as an alternate technique which 
allowed them to measure diode junction impedances 
directly. 

One point should be borne in mind here. Impedance 
measurements made in a waveguide are made with re- 
spect to the characteristic impedance of the waveguide. 
Measured impedances that differ from the waveguide 
impedance by a factor of ten or more are increasingly 
obscured by the waveguide impedance. Thus a rec- 
tangular waveguide is most useful for measuring imped- 
ances on the order of 500 ohms, while a coaxial wave- 
guide is most suitable for measurements of impedances 
on the order of 50 ohms. For the most accurate imped- 
ance measurement, one would ideally vary the wave- 
guide impedance to match that being measured. The 
greater bulk of point-contact diode impedances at 
microwave frequencies are in the 500-ohm region; thus 
it is most desirable to use a rectangular waveguide to 
make point-contact diode measurements. 


EQUIVALENT CIRCUITS 


The diode cartridge can be visualized as a linear, 
passive, lossless four-terminal network with two ac- 
cessible terminals, the outside ends, and two inaccess- 
ible terminals, the terminals of the rectifying contact. 
The frequency-independent equivalent circuit for the 
cartridge may be impossibly complex, but for a given 
frequency it can be represented by three reactive ele- 
ments in a 7 or J arrangement, or by any three inde- 
pendent lossless impedance transformations. For exam- 
ple, the equivalent circuit used by M. C. Waltz‘ con- 
sisted of 1) a length of transmission line, 2) a parallel 
susceptance, and 3) a transformer-turns ratio. 

In order to evaluate the three elements of the equiva- 
lent circuit, it is necessary to substitute three known 
impedances for the rectifying contact. It should be 
noted that for all diodes that are supposed to have the 
same cartridge impedance, precautions must be taken 
to maintain the following constant: diode whisker 
length, straight and bent; whisker diameter; bend con- 
figuration; whisker tilt and centering of contact; and 
whisker orientation with respect to the waveguide. Of 
the three known impedances to be substituted for the 
rectifying contact one is an open, one a short, and the 
other, some form of resistor. The open consists of a 
diode of the type to be measured with the contact 
separated only enough to impede direct current. It is 
important that the image capacitance of the whisker to 
semiconductor be included in the equivalent circuit of 
the cartridge. This is insured by separating them only 
enough to prevent the flow of direct current. 

The short is obtained by substituting solder for the 
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semiconductor and by soaking the pedestal in mercury. 
The HS NEN insures a low-impedance contact without 
excessive contact pressure which would distort the 
whisker and would change its impedance. Penin and 
Skvortsova® used a forward-biased diode junction for 
the resistor and Waltz‘ used resistive dice fabricated 
from pencil lead and resistors. The dice are substituted 
for the semiconductor dice and “resistive” contacts are 
made upon them. There is no assurance that a forward- 
biased diode junction is purely resistive, nor is there any 
assurance that carbon is purely resistive at high fre- 
quencies. Since the diode cartridge is being evaluated to 
study the semiconductor junction, no assumptions will 
be assigned to the semiconductor junction. Therefore 
the carbon mixtures are used in evaluating the cartridge 
impedance. In pencil lead and in resistors the carbon 
mixtures consist of high-conductivity carbon particles 
held together by low-conductivity bonding material. 
This inhomogeneity of conductivity in the material re- 
sults in a distributed capacitance, the effect of which is 
observed for small area contacts. For contact areas 
sufficiently large the distributed capacitance effect is 
negligible. It is noted that the radius of contact is less 
than the skin depth of the carbon even for the lowest 
resistance-calibrating resistors used. 

Techniques for canceling out the elements of the 
equivalent circuit allow the contact impedance to be 
measured more directly. 1) Placing a tuner before the 
diode or changing the position of the short after the 
diode, so that the difference in minima for the open and 
shorted contacts is \,/4 (where \, is the waveguide 
wavelength), 2) making all measurements with refer- 
ence to the shorted contact minimum, and 3) taking the 
impedance of the configuration (which is computed 
from the known resistor) to include the transformer- 
turns ratio and the waveguide impedance, all allow the 
impedance of the diode contact to be directly observed 
from the Smith Chart. The above technique would ap- 
pear to be the most elegant for making measurements, 
but for some contact impedances the diode is partially 
reflecting and cavity effects take place between the di- 
ode, short, and any tuning elements present. For exam- 
ple, with an open contact, as much as 90 per cent of the 
incident power can be absorbed by wall losses and the 
diode ceramic, and 3 per cent of the incident power can 
be forced out the coaxial choke. This reduces what 
should be an infinite VSWR to 1.7. This is an extreme 
example, but it demonstrates the cavity effect. Elimina- 
tion of this effect requires a calculation which makes this 
technique as indirect and undesirable as a more passive 
observational technique. 

To assure that cavity effects are not present, meas- 
urements are made with a matched load behind the 
diode. All measurements are made with reference to the 
exact center of the cartridge. The conductance of the 
matched load is easily and accurately subtracted from 
_ the measured impedances to give the diode impedance. 
Fig. 1 represents the impedances involved in the above 
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GONTACT 
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Fig. 1—Fquivalent circuit of a microwave diode in a bilaterally 
matched waveguide section for a given frequency, using the T 
element arrangement for the diode cartridge impedance. 


measurement technique. Zm/Zo is the measured im- 
pedance taken with a slotted-line and Smith Chart 
Plot. X1/Z, X2/Zo, and X3/Zo are elements of a T 
equivalent circuit, for the cartridge. The T network is 
recommended for theoretical calculations of device be- 
havior. For measurements of diode junctions and for 
less involved calculations of diode device behavior, sim- 
plicity is achieved by means of having the equivalent 
circuit consist of a length of transmission line, a series 
reactance, and a factor including the transformer-turns 
ratio and Zp. 


AN EXAMPLE—X BAND 


The 1N23 cartridge impedance has been extensively 
analyzed at 9300 mc. To mount the diode in the wave- 
guide, a standard detector mount is modified by replac- 
ing the microwave-shorted end with a waveguide flange. 
The result is a transmission-type waveguide crystal 
mount. This crystal mount is connected directly to the 
SWR machine and a matched load is attached behind 
the crystal mount. The frequency remains constant and 
the reference plane of the diode center is constant; 
thus measurements can be facilitated by marking on the 
Smith Chart the minima that could be observed on the 
slotted line as shown in Fig. 2. Further simplification is 
attained by plotting the data across the center of the 
Smith Chart as admittance, subtracting ( Yo/ Yo) =1+-0, 
and crossing the center again to be rid of the matched 
load. By virtue of the matched load, all of the initial 
data in Fig. 2 falls within the small circle to the left of 
the chart center. If the resistors were all purely resistive, 
the data would lie on the dashed arc. Their deviation 
from the dashed arc was difficult to understand. Without 
knowledge of the mechanism causing the deviation, 
considerable uncertainty accompanies any evaluation 
of the equivalent circuit of the diode cartridge. Assum- 
ing the mechanism to be distributed capacitance from 
inhomogeneous conductivity in the resistive material, 
the dashed arc is drawn as the true curve from which to 
determine the equivalent circuit of the cartridge. 

Fig. 3 is the initial data after computational removal 
of the matched load. Rotating the data points 0.233), 
counterclockwise on the Smith Chart causes the R= © 
data point to lie on »+jo. Subtraction of +j 1.95 
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Fig. 2—Smith Chart plot of initial data from “resistive” contacts 
for evaluation of diode cartridge impedance. The data is measured 
with reference to the exact center of the diode. The matched 
load after the diode causes the data to fall within the circle to the 
left of the center of the chart. 


Fig. 3—Smith Chart plot of initial data after computational 
removal of the effect of the matched load. 


from the data points causes the R=0 data point to lie 
on 0+ j0. There remains the evaluation of the trans- 
former-turns ratio factor. Dividing the Smith Chart 
resistive component of each data point into its dc 
measured resistance gives the factor Z)/N? by which 
each data point must be multiplied in order to have it 
in units of ohms. In Fig. 4 this factor is plotted against 
the dc measured resistance. For high de resistance (small 
area contact) it is seen that the factor is not a constant 
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Fig. 4—Using an equivalent circuit for the diode cartridge consisting 
of a length of transmission line, a series reactance, and a trans- 
former having turns ratio N, the factor Zo/N? is plotted against 
the dc measured resistance to demonstrate the effect of the dis- 
tributed capacitance of the carbonateous mixture upon which 
resistive contacts are made. The plot demonstrates that the 
effect is negligible for contacts whose dc resistance is less than 
1000 ohms. 


R = 500 ohms 


Fig. 5—Smith Chart plot of the “resistive” contact impedance with 
500 ohms assumed as chart center. The L and H data points are 
from resistive contacts made respectively on pencil lead and on 
10-ohm resistor material. 


but increases with resistance. For low dc resistances 
it is a constant and this is assumed to be its correct 
value. With 500 ohms as the Smith Chart center and 
Z,/N*?=100, the data of the resistors is plotted in Fig. 5. 
Dashed lines are drawn from the data points to the 
values they would have if they were purely resistive. 
Two points resulting from the distributed capacitance 
of the resistive material should be noted. One is that no 
high-frequency resistance can be greater than the dc 


1960 


resistance. This fact forced the choice of the minimum 
Z/N?. The other point is that one should be able to 
combine small area impedances with shunting resist- 
ances and capacitances as the area of contact is in- 
creased by reasonable approximations to attain a large 
area impedances. This can be done reasonably well 
with the data as plotted in Fig. 5. Deviations from con- 
formity to this second requirement may be caused by 
the whisker point digging pits in the resistive material 
and touching loose particles or by the whisker point 
sliding along the surface of resistive material. The re- 
sistive material is mounted on a pedestal which is the 
end of a threaded screw that turns to change the con- 
tact pressure. For light-pressure contacts, slight none- 
centering of the whisker point could result in the whisker 
point sliding along the surface of the resistive material. 
Such jumps in microwave impedance could not be de- 
scribed by additional parallel capacitors and resistors 
in the contact region. 

To determine the impedances shown in Fig. 1, refer- 
ence is made to Fig. 3. By placing this plot upon an- 
other Smith Chart so that the R= « data point falls on 
the +70 point of the underlying Smith Chart, a 
curve of constant resistance can be traced from a high 
resistive data point R (which demonstrated negligible 
deviation of Z,)/N? in Fig. 4), to intersect the dashed 
arc. In Fig. 3 the reactance of the R= © data point is 
termed A. The reactance of the R=0 data point is 
termed X . Then the following formulas apply: 


Xi Xe 

Zo ee 
Xe X3/Zo 
—= §{1+ 1+ 2 ; 
Zo 

and 
A-— Xo 
‘oh 
2 


X;3/Zo is found by trial and error by substituting R for 
the contact impedance of the equivalent circuit of Fig. 
1 and computing the total diode impedance. Two values 
of X3 can be found to satisfy the data, but the value 
which maintains all impedances nearest to unity is se- 
lected, since less error will be introduced into the cal- 
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culations by it. The values found for the data shown 
are 


Xi ZG X3 
— = 474, —=1.745, and — = 1.15. 
Z Xx 


0 2 0 


At first glance, it would appear that X; corresponds 
to the crystal holder choke, Xz corresponds to the diode 
cartridge capacity, and X3 corresponds to the whisker 
inductance. The whisker inductance would then be 
10 X 107° henries, but physical measurements and lower- 
frequency measurements indicate its inductance to be 
5X10-° henries, ignoring whisker capacitance. X2, the 
cartridge capacitance, measures 0.06 uuf here, but at 
lower frequencies it measures 0.02 wf. The crystal 
holder choke is well designed and should exhibit no im- 
pedance. Consequently the impedances of the equiva- 
lent circuit of Fig. 1 cannot be attributed to individual 
effects but must be considered as a lumped equiva- 
lent circuit for the diode cartridge. The values of the 
equivalent circuit elements hold only at one frequency 
and in a full size X-band rectangular waveguide. At 
other frequencies or in a coaxial or a ridged waveguide 
or in other cartridges the parameters will have to be re- 
evaluated. The technique presented here should work 
under any circumstances. 


CONCLUSION 


It is concluded that: 1) at a given frequency, the 
diode cartridge can be represented by three independent 
lossless impedances or impedance transformations; 2) 
the best technique for measuring microwave diodes is 
to place the diode in a rectangular waveguide with a 
matched load thereafter; 3) the best technique for the 
evaluation of the cartridge impedance makes use of the 
substitution of resistive dice for the semiconductor; 4) 
the reactive anomaly observed with the contacts on the 
resistive dice is from distributed capacitance of the 
inhomogeneous resistive material; and 5) this effect is 
negligible for large area contacts. 


ACKNOWLEDGMENT 


The authors would like to express their gratitude to 
J. E. Tompkins and R. D. Hatcher for their continued 
interest and helpful discussions. 


108 


IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES 


January 


Theory of the Germanium Diode Microwave Switch* 
R. V. GARVER?, J. A. ROSADO}, ann E. F. TURNER} 


Summary—The application of a generally neglected theory of 
microwave detection to the poorly understood problem of metal-to- 
semiconductor junction behavior at microwave frequencies is dis- 
cussed. Experimental results are disclosed which support the theory 
and appear to be the first experimental verification of it. It is shown 
how the theory predicts that germanium microwave diodes should 
exercise direct switching action upon microwaves while silicon micro- 
wave diodes should not, as had been observed in the past but with 
no explanation. 


INTRODUCTION 


OR several years it has been known that ger- 
manium microwave diodes exercise direct switch- 
* ing action upon microwaves while silicon micro- 
wave diodes do not.! The gross difference in switching 
action between germanium and silicon implies some 
fundamental difference between the germanium and 
silicon metal-to-semiconductor junctions at microwave 
frequencies. No satisfactory explanation of this differ- 
ence has hitherto been published. Little is known of the 
microwave frequency behavior of metal-to-semicon- 
ductor junctions. The popular assumption is that at a 
given reverse bias the junction equivalent circuit ele- 
ments (a parallel capacitor and resistor) are unchanged 
from 10 mc to 10,000 mc. If this were true, the rectify- 
ing efficiency of diodes would decrease much more rap- 
idly with frequency than is actually observed. Lawson? 
has formulated a theory based on majority carrier trap- 
ping which purports to explain microwave detection; 
however, Lawson’s theory has never been verified ex- 
perimentally and consequently it is seldom used. De- 
signers of microwave diode devices to date**:> use em- 
pirical techniques in the absence of a complete precise 
theory. 


* Manuscript received by the PGMTT, June 3, 1959; revised 
manuscript received, September 11, 1959. 
+ Diamond Ordnance Fuze Labs., Washington, D. C. 
¢ Dept. of Physics, Washington and Lee University, Lexington, 
Va. Summers, Diamond Ordnance Fuze Labs., Washington, D. C 
2M. A. Armistead, E. G. Spencer, and R. D. Hatcher, “Micro- 
veys semiconductor switch,” Proc. IRE, vol. 44, p. 1875; December, 
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vol. 15, pp. 100-107; 1948, This work summarizes A. W. Lawson's 
High-Frequency Rectification Efficiency of Crystals.” 
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New uses of junction diodes at microwave frequencies 
as switches, attenuators,® phase modulators, frequency 
translators,’ and amplifying elements,* make it more 
important than ever to know the behavior of junctions 
at microwave frequencies. 

The impedance of a diode junction is determined by 
the flow of currents across the junction. The junction 
current is made up of minority carriers and/or majority 
carriers. At higher frequencies the junction impedance 
is determined by the trapping of these minority and/or 
majority carriers. Shockley® presented several solutions 
for the junction impedance assuming minority carrier 
current. Penin and Skvortsova!® have made measure- 
ments on point-contact junctions for forward currents 
at microwave frequencies, showing some correlation be- 
tween minority carrier theory and their data. Lawson? 
presented a solution for the junction impedance as- 
suming majority carrier current. Presented here is ex- 
perimental verification of his theory. M. Cutler," study- 
ing dc characteristics of point-contact diodes, considered 
the case in which current consists of both minority and 
majority carriers and demonstrated their coexistence. 
For forward currents, Penin and Skvortsova!® found fair 
agreement with minority carrier theory if they could as- 
sume very short minority carrier lifetimes on the surface 
of the semiconductor. This indicates that a large portion 
of the forward current is due to minority carrier flow in 
the semiconductor. The data for germanium presented 
here for a small reverse bias more closely fits Lawson’s 
theory for majority carrier current than Shockley’s 
theory for minority carrier current, while no good corre- 
lation can be made between the silicon data and major- 
ity carrier theory. Thus, it is concluded that the cur- 
rent, flowing for a small reverse bias on the germanium 


6 R. V. Garver, E. G. Spencer, and M. A. Harper, “Microwave 
semiconductor switching techniques,” IRE Trans. ON MICROWAVE 
THEORY AND TECHNIQUES, vol. MTT-6, pp. 378-383; October, 1958. 
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®W. Shockley, “The theory of p-n junctions in semiconductor 
and p-n junction transistors,” Bell Sys. Tech. J., vol. 28, pp. 435- 
489; July, 1949, 

Ao NS Penin and N. E. Skvortsova, “The impedance of the 
rectifying contact in germanium and silicon detectors at microwave 
frequencies,” Radiotekh, Elektron., vol. 3, pp. 267-275; February, ~ 
1958. (Complete translation from International Physical Index, 
Inc., New York 35, N. Y., Electronic Express No. Ex 1A13.) 

11M. Cutler, “Point contact rectifier theory,” IRE Trans. on 
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point-contact diodes studied here, is largely majority 
Carrier current. 

It is shown that a difference exists between german- 
ium and silicon and that the germanium should work 
well as a switch in the standard microwave diode car- 
tridge while silicon should not. This confirms earlier ob- 
servations. 


DATA ON DIODES 


At a fixed reverse bias voltage, the impedance of point 
contacts on N-type germanium and P-type silicon were 
measured from 1 mc to 10 kmc. Measurements from 1 
mc to 200 mc were made on the Boonton parallel RC 
bridge. Measurements at C and X-band were made in 
waveguide by the techniques reported by Garver and 
Rosado.” 

The equivalent circuit for the diode junction at re- 
verse bias is assumed to be a parallel resistance and 
capacitance. Figs. 1 and 2 respectively show the resist- 
ance and capacitance for germanium and silicon as 
functions of frequency. Special weight is assigned to 
9.3-kme data because it is the frequency at which the 
measurement technique was refined. The bridge meas- 
urements are considered to be those of typical diodes, 
independent of donor density in the range of 10'*-10!8 
donors per cm’ for Ge (e.g., 1N263) and 10!* acceptors 
per cm for Si (e.g., 1N23). 

Very little will be said concerning the silicon diode 
data. The equivalent circuit assumed for the plots of 
Figs. 1 and 2 is not valid above 2 kmce for silicon be- 
cause of high spreading resistance. The forward and re- 
verse data plotted in Fig. 5 is similar to the observations 
of Penin and Skvortsova!® which come fairly close to 
minority carrier theory. The germanium diode data 
however, plotted as Resistance vs Reactance for chang- 
ing current, gives more of a straight line which implies 
that the depletion layer capacitance (from majority 
carrier current) is predominant over the diffusion capac- 
itance (from minority carrier current). 


LAWSON’S THEORY? 


Lawson’s theory evolves from considerations of the 
probability per unit time for the ionization of a bound 
impurity atom. Of NV impurity atoms m are ionized at 
room temperature leaving NM—m) bound majority 
carriers. The relaxation time constant 7 for this ioniza- 
tion process is found to be 


No 
" QN —n)B- 


T 


in which B is the ionization probability in unit time. 


2 R, V. Garver and J. A. Rosado, “Microwave diode cartridge 
impedance,” this issue, pp. 104-107. 
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Fig. 1—Parallel resistance of a germanium and a silicon diode 
at a fixed reverse bias as a function of frequency. 
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Fig. 2—Parallel capacitance of a germanium and a silicon diode 
at a fixed reverse bias as a function of frequency. 


The portion of free-charge carriers with no field applied 
at room temperature is %o/N, which should be about 
1.00 for germanium. B may have any value from 10° 
seconds! to 10!° seconds—!. Imperfections other than 
donors or acceptors in a material would change the 
value of an observed B because of the trapping of these 
additional impurities. The edge of a semicoductor, ow- 
ing to the interruption of the lattice at an edge, contains 
impurities caused by irregularities in the lattice. The 
edge is also subject to absorption of gases which intro- 
duce impurities. And finally, the force exerted by a 
whisker and by heating in fabrication, can result in addi- 
tional dislocation impurities and in possible diffused 
impurities that precede from the whisker into the semi- 
conductor contact region or from the contact region 
further into the body of the semiconductor. 

The parallel junction capacitances at zero frequency 
and infinite frequency are respectively Co and C,. The 
conductances are respectively Go and G,. 
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Fig. 3 shows F) and G(x)/G() taken from Lawson’. 
It should be noted that the curves are incorrectly 
labeled in Torrey and Whitmer.? 

According to minority carrier theory the conductance 
at infinite frequency becomes infinite. According to 
Lawson’s theory the conductance at infinite frequency 
remains finite. For germanium the parallel resistance 
measured at lower frequencies (Fig. 1) would indicate 
essentially zero resistance at 10 kmc if minority carrier 
theory applied, but the data closely follow Lawson’s 
majority carrier theory. In Fig. 2, the data for german- 
ium deviate slightly from Lawson’s theory. The dis- 
crepancy may be the result of B being multivalued or 
indiscrete. That is to say, more than one type of impur- 
ity may be dominant; for example, impurities frozen 
into the semiconductor lattice at different energy levels 
may give multiple discrete values of ionization energy 
or may even give a continuous range of ionization ener- 
gies. Lawson’s theory is based upon one discrete ioniza- 
tion energy. 

To obtain the theoretical curves, it was assumed that 


Go =1.82-<10—4 mhos 
[Go = 0.4 X 10-* mhos 
Co = 0.18 X 10—" farad 
= 0.012 X 10-" farad for germanium 


Q 
8 
| 


and 
G. = 3.76 X 10-4 mhos 


Go = 0.476 X 10-4 mhos 
Cor OMS 10m 2tarad 
C.. = 0.057 & 107!? farad for silicon. 


This would indicate that 7 per cent of the carriers 
are free in germanium. This value for germanium is very 
low and would indicate that the energy level of the 
traps is much lower in the forbidden band than the 
donor impurity energy level. It might indicate that the 
depletion layer is receding only slightly into the neutral 
region, contributing only 7 per cent to the current, while 
the remainder of the current is coming from traps in the 
depletion region, ionized by the greater field caused by 
the ac test signal. The pulse reverse characteristic of 
germanium point-contact diodes is different from the dc 
reverse characteristic. This is also a result of trapping in 
the depletion region®. 


8G. Rupprecht, “Measurement of germanium surf. t 
pulsed channel effect.” Phys. Rev., vol. 111, pp. 75-81; tabs: 1 ke 
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Fig. 3—Variable parameters of Lawson's Theory.’ It is noted 
that the curves are incorrectly labeled there. 


The values of B for germanium are 5.64X10® sec- 
onds—. These are of the anticipated order of magnitude. 
The lower melting point of germanium, and hence 
greater disturbance of its surface during fabrication, 
may account for the large amount of traps in the deple- 
tion region with energy gaps greater than those asso- 
ciated with the donor impurities. 

To summarize, the current of point contacts on sili- 
con and germanium at a fixed reverse bias may be either 
due to minority carriers, majority carriers, or both. The 
data reported here imply that the reverse current is 
mostly from majority carriers in germanium and from 
minority carriers in silicon. 


SWITCHING 


If the diode is a reflecting discontinuity in a plane 
with a matched load behind it, then the attenuation of 
a diode switch is defined as the ratio in decibels of the 
microwave power getting past the diode, to the incident 
microwave power; and the impedance measured with 
reference to the exact plane of the diode, gives the at- 
tenuation according to db=10 log (G/1—I™), in which 
G is the combined conductance of the diode and matched 
load, and I? is the power reflection coefficient (Fig. 4). 
Eliminating the effects of the matched load and cart- 
ridge impedance,” attenuation as a function of diode 
junction impedance is obtained (Figs. 5 and 6). Project- 
ing the reverse impedances of Figs. 1 and 2 into Figs. 5 
and 6, shows that germanium gives 20 db or higher iso- 
lation while silicon gives less than 3 db. The forward 
bias data points are also shown in Fig. 5. It is seen that 
the higher spreading resistance of silicon gives greater 
than 3 db insertion loss, while the low spreading resist- 
ance of germanium allows 1 db or less insertion loss. 


CONCLUSION 


The experimental results indicate that germanium 
closely follows the majority carrier theory of Lawson. 
This appears to be the first experimental verification of 
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Fig. 4—Attenuation from a planar impedance 
in a transmission line, 
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Fig. 5—Attenuation as a function of diode contact impedance for 
the 1N23 type cartridge at 9300 mc in full size standard X-band 
waveguide. The contact impedances of silicon and germanium 
are shown to demonstrate their switching behavior. 
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Fig. 6—Attenuation as a function of diode contact admittance for 
the 1N23 type cartridge at 9300 mc in full size standard X-band 
waveguide. The contact admittance of germanium at reverse 
bias is shown to demonstrate its good switching behavior. 


Lawson’s theory. Silicon, on the other hand, appears to 
follow the minority carrier theory of Shockley. Thus, the 
observed difference between the microwave switching 
capabilities of germanium and silicon is provided with 
a theoretical foundation. 
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Improvement in the Square Law Operation of 
1N23B Crystals From 2 to 11 kmc* 


A. STANIFORTH} anv J. H. CRAVEN} 


Summary—Crystal rectifiers have been used for many years as 
video detectors in microwave measurements. In most of the applica- 
tions the detection characteristic at low level is assumed to be square 
law. It is well known that, in general, this assumption is not justified, 
particularly if reasonable accuracy is desired. The conditions re- 
quired to increase the dynamic range over which square law response 
may be achieved have been investigated experimentally. Results ob- 
tained in this laboratory have indicated that a forward bias current 
of 100 microamperes or more with a low video load resistance made 
the operation of the crystal closer to the ideal square law over a 


larger dynamic range. 


* Manuscript received by the PGMTT, June 4, 1959; revised 


ipt ived, September 16, 1959. ‘ 
pei t Radio bt Elec. snaore. Div., National Research Council, 


Ottawa, Can. 


INTRODUCTION 


as low-level video detectors of radio-frequency 

energy both in microwave receivers and in labora- 
tory measuring equipment. The superior low-level per- 
formance of the crystal as opposed to a bolometer, to- 
gether with its small size and short-term stability, make 
it useful in such applications despite variations between 
crystals. The crystal rectifier is not limited to the meas- 
urement of average power or to low modulation fre- 
quencies as are bolometers and thermistors. In its square 
law region, the crystal is well suited to the comparative 
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measurements of peak power with either pulse or square- 
wave modulation. 

It had previously been observed in this laboratory 
that the rectification characteristics of crystal diodes 
could be improved and the dynamic range of their re- 
sponse extended by the application of a forward bias 
current. Recently, a more complete investigation was 
carried out to determine the effect of such factors as 
dc load resistance, ac load resistance and bias currents 
on the law of video response of crystal rectifiers in sev- 
eral different types of crystal mounts. 

The operation of a crystal diode in the microwave 
region is the result of a large number of interrelated 
factors which it is difficult to separate. The RF power 
applied to the crystal has a marked effect on its RF 
impedance! and also on its video impedance.” The values 
of the ac and dc load resistances into which the crystal 
feeds will also affect the operation. The application of a 
forward dc bias current has been found to affect the 
RF and video impedances and also the rectification 
efficiency®*5 Some results obtained in this laboratory 
had also indicated that a forward bias current made the 
operation of crystal diodes closer to the ideal square law 
over a larger dynamic range and an investigation was 
set up to assess the effect of several variable factors on 
the law of crystal response. 


EXPERIMENTAL MEASUREMENTS 


To carry out the required measurements of crystal 
law the equipment was set up as in Fig. 1. The output 
of the signal generator fed through a calibrated RF 
attenuator and a fixed pad to the crystal mount being 
used. The output of the crystal was connected through 
the bias unit and a calibrated video attenuator to the 
video amplifier and thence to the oscilloscope. Broad- 
band untuned crystal mounts were used, most of the 
measurements being made on an NRC Mark V mount 
shown in Fig. 2. This mount has a bypass capacitance 
of approximately 30 uf. 

After adjustment of the variable being investigated 
(de or ac load, biasing or change of crystal), the video 
attenuator was set to zero and the RF attenuator ad- 
justed to give a certain convenient fixed deflection on 
the oscilloscope. The video attenuation was then in- 
creased in 5-db steps. At each step, the calibrated RF 
attenuator ae adjusted to bring the output up to the 
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original level and the setting recorded. For a perfect 
square law response, each step should require 251d bof 
RF attenuation to be removed for every 5 db of video 
attenuation inserted. By operating in this manner, the 
video amplifier signals remained at a constant level and 
the accuracy of the results depended mainly on the pre- 
cision of the attenuators. The exponent of crystal law 
calculated from these readings is probably within the 
limits £0.02. The complete circuit of the crystal bias- 
ing unit is shown in Fig. 3. This provides dc loads of 1, 
10 and 100 kilohms and ac loads of 50, 200 and 1050 
ohms when a 50-ohm load is connected to each of the 
output terminals in turn. 
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Fig. 1—(a) Block diagram of experimental setup. (b) Simplified 
crystal bias and coupling circuit. 
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Fig. 3—Sectional view of NRC Mark crystal mount. 
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To facilitate the plotting of such a large number of 
response curves, the readings were plotted directly on 
graph paper with the aid of an X-Y plotter. 


EFFECT OF BIAS AND pc LOAD 


After some preliminary measurements in which the 
characteristics of crystal rectifiers were investigated in 
rather general terms, experiments were set up to 
cover more specific conditions of operation. A series o} 
measurements was made to determine the effect of vari- 
ous values of bias current and dc load resistance on the 
crystal characteristics with an ac load resistance of 50 
ohms. The first measurements were made to determine 
the effect of bias on the crystal sensitivity. With equip- 
ment as in Fig. 1, the RF input required to produce a 
certain fixed video output was measured for different 
values of bias current and it was found that there was a 
broad maximum in the rectification efficiency with the 
peak at approximately 100 wa bias. For this set of 
measurements, the RF power level at the crystal input 
was about —25 dbm at 100 wa bias. 

Further tests were then carried out to investigate 
the effects of both bias and dc load resistance. Typical 
results are shown in Figs. 4, 5 and 6. The curves have 
been normalized to the 0-db video attenuation level 
which occurred for 140-va bias condition at about —35 
dbm. The measurements of Fig. 4 were made with a 
pulse modulated input, an ac load of 50 ohms and a de 
load of 100 kilohms. It can be seen that at zero bias the 
slope of the curve is approximately 2 at the lower end 
but approaches 3 at higher input levels. For small 
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Fig. 4—Effect of bias on law of crystal response—pulse modulation— 
100 kilohms de load (1000-ohm dc load similar). 
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values of bias current, the slope of the curve becomes 
less than 2 with progressively lower slopes as the RF 
input is increased. For larger bias currents, the same 
general trend is seen but as the bias is increased the ap- 
proach to the 2.00 slope becomes much closer. How- 
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Fig. 5—Effect of bias on law of crystal response—square-wave 
modulation—1000 ohms de load. 
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Fig. 6—Effect of bias on law of crystal response—square-wave 
modulation—100 kilohms dc load. 
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ever, above 140 ua the change of exponent is very small. 
Measurements made with a 1000-ohm dc load showed 
no significant difference. 

Measurements on the same crystal with square-wave 
modulation and 1000-ohm dc load are shown in Fig. 5S. 
The results are very nearly the same as those in Fig. 2. 
However, when the dc load was increased to 100 kil- 
ohms with square-wave modulation a very significant 
change occurred (see Fig. 6). 

For zero bias, the slope of the curve was practically 
2 for a good range of signals but at higher levels the 
slope approached 1, indicating linear rather than square 
law response. With the application of forward bias, the 
curve shows a more violent departure from square law 
for low values of bias but for values above 100 ya the 
slopes are essentially the same as those shown in Figs. 
4 and 5. 

It can be seen that for values of bias above 100 wa the 
exponent of the response law approaches the ideal value 
of 2.00 over the range measured, with the approach be- 
ing nearer for larger bias currents. At large bias currents 
the response becomes practically independent of dc load 
conditions. The difference between the results for 
square-wave modulation with the 100-kilohm load and 
the results for other conditions arises from back biasing 
which is more pronounced for high-duty cycle and long- 
time constant conditions. 

This back biasing is clearly indicated by the rapid in- 
crease of video resistance at higher power levels with 
square-wave modulation. A comparison of the video 
resistance for pulse and square-wave modulation with 
140 wa forward bias for a typical crystal is shown in 
Fig. 7. This value of bias was chosen as being a reason- 
able compromise between the good square law obtained 
at higher bias and the maximum rectification efficiency 
obtained at lower bias. 

From an examination of the zero bias curves of Figs. 
4 and 5, it would appear that there is some value of dc 
load between 1000 and 100,000 ohms which would pro- 
duce an exponent close to 2.00 for square-wave modula- 
tion. This is true, but the resistance value required to 
produce the desired result is rather critical and is sensi- 
tive to the particular crystal used and the PRF of the 
square-wave modulation. In particular cases, this 
method of obtaining good square law response might be 
justified but at the expense of being of very limited ap- 
plication. Some isolated crystals will give a good square 
law response with zero bias but will require a lot of 
measurement and selection to obtain. 

With a bias current of 140 wa, the range over which 
the response of the crystal was nearly square law did not 
depend to an appreciable extent on the value of the dc 
load resistance. However, with a low value of dc resist- 
ance there was a gradual transition to linear response 
with increasing power levels, while with the higher values 
of dc load resistance the response changed abruptly 


from square law to a limited level due to back biasing 
(See Fig. 8). 
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Fig. 7—Dynamic video resistance for pulse and 
square-wave modulation. 
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Fig. 8—Effect of dc load on crystal response. 


EFFECT OF AC RESISTANCE 


With a bias current of 140 wa, an assessment was made 
of the effect of the law of rectification with a change in 
the value of the ac load. Measurements were made on a 
group of crystals with ac loads of 50 and 1000 ohms 
with both pulse and square-wave modulation. The 
values of the exponents obtained for the four conditions 
are shown in Fig. 9. With square-wave modulation, 
there is decided difference between the two conditions. 
With the 50-ohm load, the exponents are more closely 
grouped and the average value is closer to the ideal 
2.00. With pulse modulation, the effect is not quite so 
obvious but the 50-ohm load appears to give a slightly 
better exponent. 

A much larger group of crystals (50) was measured 
at zero bias, 10-K ac load, and compared with measure- 
ments of the same crystals at 140 wa bias and 50-ohm 
ac load to obtain a quantitative comparison of the im- 
provement obtained with combined bias and low ac 
load. For zero bias, the slope measured between input 
powers of —28 and —18 dbm, gave a value of 2.25+ 
0.20 for square wave and 2.30+0.20 for pulse conditions. 
For 140 wa bias and 50-ohm ac load, the corresponding 
results were 1.98+0.04 for square-wave and 1.98+0.03 
for pulse. A smaller number of crystals measured with 
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Fig. 9—Effect of ac load on crystal response. 


no bias, pulse modulation, and a 1-K ac load gave a 
value of 2.22+0.21 indicating no appreciable improve- 
ment for a change of ac load under zero bias conditions. 


EFFECT OF CrysTAL Mount 


The effect of the crystal mount on the law of the 
crystal was investigated by measuring the same crystal 
in several mounts under various conditions of bias and 
ac load. Typical results are shown in Fig. 10. With 140 
pa bias and 50-ohm ac load, the crystal law was prac- 
tically independent of the crystal mount used within 
the designed frequency range of the mount and re- 
mained close to the ideal 2.00 exponent. All mounts 
used were of the broad-band untuned type, with both 
coaxial and waveguide inputs. 


EFFECT OF CRYSTAL TYPE 


Although most of the measurements reported here 
were made on 1N23B type crystals, a number of runs 
were made with various other types to confim that the 
results were of general application. The measured ex- 
ponents of several different crystals in an NRC Mark V 
mount are shown in Fig. 11. The exponents remain 
within the limits 1.98+0.05 for the frequency range of 
the mount (2.0-5.5 kmc). 


CONCLUSION 


If it is desired to have a crystal rectifier of the 1N23B 
or similar type operate as near to the ideal square law as 
possible over a large dynamic range, it should be oper- 
ated with a forward bias current of approximately 140 
pa and the signal should be developed across a low re- 
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Fig. 11—Effect of crystal type on law of response 
(measured in NRC Mark V mount). 


sistance ac load (50 to 200 ohms). These conditions of 
operation will give satisfactory results with both square- 
wave and pulse modulation. These conditions appear 
to give a response with an exponent of 2.00+0.05 with 
a wide variety of crystals, mounts and frequencies of 
operation provided the mounts are used within their de- 
sign frequency limits. 
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An N-Way Hybrid Power Divider" 


ERNEST J. WILKINSON+ 


Summary—A circularly symmetric power divider is described 
which splits a signal into n equiphase equiamplitude parts where n 
can be odd or even. The power divider provides isolation between 
output terminals and approximately matched terminal impedances 
over about a 20 per cent band. A theory of operation is given which 
yields the necessary design parameters, and an experimental model 
is described which has a minimum isolation of —27 db between out- 
put terminals, an output VSWR of 1.6, and an input VSWR of 1.2. 


INTRODUCTION 


HE problem of dividing up an input signal into 
ale number of equiphase equiamplitude output sig- 

nals is a familiar one to RF engineers, par- 
ticularly those working in the field of phased arrays. 
It is often desired that the equiphase equiamplitude 
condition be obtained in a manner which is fundament- 
ally independent of frequency, and, in addition, that a 
fairly high degree of isolation exist between output 
terminals over some specified frequency band. Two of 
the more commonly used power dividers are illustrated 
in Fig. 1. In Fig. 1(a), a corporate feed structure of T 
junctions provides the symmetry necessary to preserve 
the equiphase equiamplitude condition independent of 
frequency. In Fig. 1(b), circular symmetry is employed 
where all the output terminals are connected to the 
common center conductor of a coaxial line, and the com- 
bined load is matched by means of a quarter-wave 
transformer. To provide isolation between output term- 
inals, the T junctions of Fig. 1(a) may be replaced by 
hybrid junctions. In addition to the cost and complex- 
ity of providing a number of separate, yet identical, 
hybrids, the corporate feed structure has the limitation 
of providing only a binary number of outputs. If nine 
outputs were required, for example, a 16-to-1 power 
divider would have to be used with 75 of the power out- 
put being dissipated in matched loads. Fig. 1(b), on the 
other hand, because of the circular symmetry, provides 
any number of outputs. It has, however, the serious dis- 
advantage of having no isolation between outputs, as 
the output terminals are badly mismatched because 
all loads appear in parallel across any given output 
terminal. This paper describes a device which possesses 
the circular symmetry of Fig. 1(b), so that it maintains 
phase and amplitude equality between any number of 
outputs independent of frequency, but, in addition, 
provides isolated and matched outputs. 


THEORY OF OPERATION 


The power divider as sketched in Fig. 2 consists of a 
coaxial line in which the hollow inner conductor has 
been split into 7 splines of length d/4. A shorting plate 
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connects the splines at the input end,! and resistors are 
connected in a radial manner between each spline at 
the output end and a common junction. Output con- 
nectors are shown connected to the splines in an “in 
line” manner, although they may also be connected in 
radial fashion, 7.e., at right angles to the splines. When 
a signal is fed into the power divider, it divides by virtue 
of symmetry into ” equiphase equiamplitude parts. No 
power is dissipated by the resistances when matched 
loads are connected to the outputs, since all splines will 
be at the same potential. However, if a reflection occurs 
at one of the output terminals, the reflected signal will 
split; part of it will travel directly to the remaining out- 
put terminals via the resistors, and the rest of it will 
travel back to the input, splitting again at the junction 
of the splines and then returning to the remaining out- 
put terminals. Thus, the reflected wave arrives at the 
remaining output terminals in two parts, and the path 
length difference between the two paths of travel will be 
180° when the splines are \/4 in length. It will be shown 
that when the value of the resistors and the character- 
istic impedance of the spline transmission lines are 
properly chosen, the two parts of the reflected wave are 
also equal in amplitude; hence, complete cancellation 
occurs. 


_ ’ A tapered section is shown at the input end for reducing the 
discontinuity caused by the abrupt change in line sizes when a 
standard type N connector is used. A more convenient form of this 
device, which eliminates the need for a separate tapered section, can 
be realized by uniformly tapering the splined coaxial section itself. 
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Fig. 3—Ro=external loads connected between splines and shield 
(GND); R,=internal loads connected between splines and com- 
mon junction point; Z)=characteristic impedance of each spline- 
to-shield transmission line; V=voltage applied to a single output 
terminal; V,=voltage appearing at nth output terminal; V, 
=voltage appearing at input terminal. 


Referring to Fig. 3, if a voltage V is applied to output 
terminal 1 by a generator of internal resistance Ro, then 
the voltages V,, appearing at the other output terminals 
must all be equal because of symmetry. Applying the 
transmission line equations when each spline transmis- 
sion line is a quarter wavelength long (9=7/2), we have 


spline 1: Vi = Va cos 6+ jli’Zo sin 6 = jli’Zo 


Va Ve 
loi Cost j — sin? = 7 — 
la la C dy, IF. 


spline m: Va = Vn cos 0+ jlanZo sin 8 = jlanZo (1) 
Vigoss OV: 
Tan’ = Ian cos 6 + 7 — sin? = 7 . 
Zo 0 
It is also true that 
IG ‘= ae (n a iy 
a Ry 
(a Ip 
Jip I ae aa 
Ro UD ae 1 
(Iw + Tia)Ro = V — Vi 
Ip 
R= a V sr Von 
(10 os n— 4 : (2) 


_ Combining (1) with (2) we obtain the following set of 
simultaneous equations for the unknown voltages 


Vi, Va, Vani 
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For perfect isolation V,=0, (3) may be combined to 
yield 
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and for matched output admittances, we obtain 
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Combining (4) and (5) yields 

Reo 

Zo = Vn Ro. (6) 
Thus, if the internal loads R and the characteristic im- 
pedance of the spline-to-shield transmission lines are 
adjusted according to (6), the outputs will be completely 
isolated and matched. The input impedance under 
these conditions will be the parallel combination of the 
n output loads Ro, after each has been transformed 
through a quarter wavelength of line Zo. Hence, 


Lie 
Ro 


n 


Lanont ae = Ro 

or, in other words, the input of the power divider is also 
matched when the conditions for isolation between out- 
puts are satisfied. 


EXPERIMENTAL RESULTS 


In order to determine whether or not the isolation 
and matched output features could be realized in a 
power divider of practical design, a power divider of 
the type illustrated in Fig. 1(b), was modified according 
to the following procedure. Narrow slots were milled in 
the hollow center conductor of an 8-to-1 power divider 
of this type to create eight spline-to-shield transmission 
lines having a characteristic inpedance of approxi- 
mately eight times that of the unslotted coaxial line 
whose characteristic impedance was Ro/+/8. Hence, the 
spline-to-shield lines had 


Ro ft 
Zo = 8 = = V8R 
0 V/8 0 
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Fig. 4. 


in accordance with (6). Eight resistors equal in value 
to Ry (50 ohms) were then soldered to the ends of the 
splines, joining in a radial manner to a short circuiting 
ring (see Fig. 4). Isolation and output VSWR values 
were obtained using a parallel combination of three 
150-ohm 4-watt composition resistors for the 50-ohm 
internal loads. This combination was found to yield a 
very low reactance-to-resistance ratio at the operating 
frequencies. Standard General Radio 50-ohm loads were 
used to terminate the unused terminals when measuring 
VSWR and isolation characteristics. The measured iso- 
lation between outputs is plotted in Fig. 5 over the fre- 
quency range 450 to 550 mc. It will be noted, that at 
the center frequency of 500 mc the minimum isolation 
is 27 db, although it is not constant for all output term- 
inals—a fact contrary to the theory based on the model 
of Fig. 3. The output VSWR is plotted in Fig. 6 and is 
about 1.6 at 500 mc, where the input VSWR is about 
1.2. The output-to-input ratio was measured and found 
to be —9 db at all frequencies, indicating that the device 
was behaving as an 8-to-1 lossless power divider with 
negligible insertion loss. 

The experimental model described above differs in 
several respects from the theoretical model. First, the 
theoretical model assumes a diameter which is negligible 
in wavelengths. In the experimental model it was 0.1). 
The principle effect of this appears to be that it shifts 
the center frequency for best performance to a lower 
value than the design frequency, and, perhaps, changes 
the effective resistance of the internal loads, since the 
current throughout the length of the resistors may no 
longer be uniform. Second, measurement of the phase 
between outputs showed several degrees of phase in- 
equality, indicating that the perfect symmetry assumed 
in the theory had not been achieved in the splined struc- 
ture and internal loads. Finally, the exact value of the 
characteristic impedance of the spline-to-shield trans- 
mission lines was probably not exactly +/8Ro. Although 
the effects mentioned above can be overcome with 
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Fig. 5—Isolation between output terminals for 
N-way hybrid power divider. 
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Fig. 6—VSWR characteristics for N-way hybrid power divider, 


further development work, the inequality of isolation 
between output terminals is believed to be due to a more 
fundamental reason. It will be noted that, shunting any 
pair of output terminals, there is a short circuited two- 
wire line formed by the pair of splines leading to these 
terminals. When the length of the splines is \/4, an in- 
finite impedance is shunted between output terminals; 
but at frequencies off the center frequency, a finite re- 
actance appears between output terminals which is 
directly proportional to the characteristic impedance of 
the two-wire line formed by the splines. Because of the 
circular arrangement of output terminals, diametrically 
opposite splines (terminals 1-5 in Fig. 5), for example, 
would form a transmission line of higher characteristic 
impedance than adjacent splines (terminals 1-2 in 
Fig. 5). Since, the shunting effect is difference for each 
pair of output terminals, it is to be expected that the 
isolation will not be uniform for all terminals, except at 
the center frequency where there is no shunting effect 
for any terminal. 
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Higher Order Modes in 
Coupled Helices* 


The problem of electromagnetic wave 
propagation in a system consisting of the 
two infinitely long concentric sheath helices 
in free space, shown in Fig. 1, may be ap- 
proached as a boundary value problem. This 
has been done before for the case of the 
lowest mode,! but the determinantal equa- 
tion which gives the propagation constants 
of the higher order modes has not been 
given before. This note describes the ana- 
lysis which gives the propagation constants 
for all modes of propagation. 

The expressions for the field components 
may be written in terms of the cylindrical 
wave functions.? 
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cree HOM (2) 
Ao Kale dat |? (2a) 
Eg = [= In (rt) an 


Mons Th! (71) ba — “ah K, (rr) en 
T Para 


pena Ky! (rn | Fy (2b) 
T 


E,® = [= In(cr)an® — Kn(rr)cn® Fn — (2c) 


Received by the PGMTT, July 30, 1959. 
1J. S. Cook, R. Kompfner, and C. F. Quate, 
“Coupled renee Sys. Tech. J., vol. 35, pp. 127- 
178; January, 1956. 
iT 3 vg CL ee “Blectromagnetic Theory,” Mc- 
Graw-Hill Book Co., Inc., New York, N. Y., p. 360; 
1941, 
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Nwe 
H,) = [= In(zr) a, 
Laniaaly ey MEV ac ECC) 
T Ty 
+ ae Ky! (or) da? | Fs (2d) 
T 
Hp® = [= In! (rr) an® 
i 
np 1we 
— — I[,(rr)b, +-- — Ka! (rr) en 
Tyr T 


Ee “2 Kyler da® | F, (2e) 


H® = [— In(rr)bn® — Kn(tr)dn® |Fn.  (2f) 


Region 3, (r>re): 
EE, = [= K,'(rr)a,° 
T 


penis Kxler)bn® | Fa) 
Tr 
E,® = [=2 Kp(tr)an® 
74 


_ cated Ka! or) bu® | Fr (3b) 
7, 
E,® = [— Ka(tr)an |Fn (3c) 
H,® = [= K,(rr)a, 
Tr 
ap 
| — Kul (or)bni | F, (3d) 
ms 
Ho = [= Kn! (rr) an 
a 
— = Kaler)ba | Fe Ge) 
Cd 


H,® = [— K,l(rr)bn® |Fn (3f) 


where 
F, = exp [ind + ifz — it], (4) 


and 
tT = Vp? — kh’, 


Now in general we should sum over-all 
values of and 8 in (1), (2) and (3); how- 
ever, since the boundary conditions for 
sheath helices are the same for all 6 and z, 
the orthogonality in 9 and 2 allows the 
boundary conditions to be satisfied for each 
n and B. if, 

We now apply the boundary conditions 
that Ey (the component of E parallel to the 
direction of conduction) be zero at all bound- 
aries and that E, (the component of E 
perpendicular to the direction of conduc- 
tion) and H} be continuous across all 
boundaries. These conditions lead to the fol- 
lowing results: 
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At r=n: 
E,® + Eg cot yr = 0 Sa) 
Ey — Eg = 0 (5b) 
E,® — E,® =0 (5c) 


[.® — H,®] 
ae [Ho = Ho | coty¥i=0, (5d) 


and likewise at r=re: 


E,® + E9® cot yo = 0 (6a) 
Eo) — Ep) = 0 (6b) 
E,® — E,® =0 (6c) 


H.°) — H,(3) 
2 z ] 
+ [He — He®] cot y2=0. (6d) 


We may now substitute (1), (2), and (3) into 
(5) and (6) obtaining eight simultaneous 
equations. These equations may be written 


in 


Fig. 1—Concentric sheath helices showing definitions 
of coordinates and dimensions. The arrows on the 
sheaths show the direction of conduction. 


=20 054 kn /cot¥il 
cot, _ 

cay, = 09 

lcot | =10 90: 
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Fig. 2—Natural modes of propagation for x =0. 
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Fig. 3—Natural modes of propagation for »=-+1. 
The curves for n= —1i are obtained by reversing 
the signs of the abscissa. 
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[1 + 2)2Pm + 92/2*P a’): Ke 


7, cot Yeo ). cot Y2 
= ees Ra + —— 
[(: rs T2 cot ie Lemire 


re cot yi 


*/xRa! | 


fate (+2 


in a more compact form by defining the fol- 
lowing notation: 


pes mally faa In(t1) Kno = Kn(rr2), etc. 
T 


Writing the equation with this notation and 
removing the common factor, F,, we have: 


Tra(i + Ai cot yi)an™ 
+ ¢ cot Wilm'bn® = 0 (7a) 
Alman® + cIni'bo® — Anda — cIn'bn 
— AiKmen® — cKm'dn® = 0 (7b) 
Indn) — Inidn® — Kntn® = 0 (7c) 
B cot Wiln’Gn© — Ini(1 + Ai cot yr)ba™ 
— B cot Wiln'dn®™ + Im(1 + Ar cot yr)bn 
— B cot WKni'cr® 
+ Km(1 + Ai cot ¥:)d,@ = 0 (7d) 
Kno(1 + Az cot p2)an + ¢cotW2Kn2e'ba® (Te) 
Aaln2dn™ + CIna’bn® + AcKnatn® + ¢Kna’dn 
— A2Kn2dn — ¢Kn2'br® = 0 (7f) 
Tn2dn +- Knota® — Knodn® = 0 (7g) 
B cot Woln2!an® — Ino(1 + As cot P2)bn® 
+ B cot P2oKn2’¢n® — Kno(i + Ae cot ~2)dn® 
— B cot W2Kn2'an 


+ Kno(1 + Ae cot W2)bn, = 0. (7h) 


In order to find the permissible values of 
7 we must set the system determinant equal 
to zero. The expansion of the eighth order 
determinant is carried out elsewhere.? In or- 


der to write the determinantal equation in a 
compact form we define 


Pua =ImKm, Pm! = Im'Kni’, 
w= TK, Ra! = In'Kno’, 

Pat = In2Kn2, Pas! = Ino'Kna’, 
* = Th, y = kr: cot wi, 


and 
ee J/ cot? yin? + a cot 
x |cot Wy | 


The general determinantal equation is then 
found to be 


3 R, E. Hayes, “A Study of Coupled Helices,” M.S. 
thesis, University of Kansas, Lawrence; May, 1959, 
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2 
n ri cot oe fa (= * 2 /a*Pa! | 


cot ~1 


ry cot v2 


cot Pe 
Re + 92/23 Ry! |= 0. (8) 
re cot =) = 2 cot fr 


The values of + which satisfy (8) give the 
propagation constants of the various modes 
of propagation. Setting »=0 in (8) we ob- 
tain the previously known expression for the 
lowest mode.! This mode is commonly used 
in the analysis of helical couplers for travel- 
ing-wave tubes. Letting r2 approach infinity 
we obtain the equation for the modes on a 
single helix.4 These special cases indicate the 
correctness of (8). 

The solutions of (8) were found by an 
approximate method using a digital com- 
puter. The modes of propagation for »=0, 
+1 are shown in Fig. 2 and Fig. 3. The 
curves for »=0 were calculated from pub- 
lished data,! while Fig. 3 is the result of the 
computer solution. Similar curves may be 
found for any value of n. The knowledge of 
these higher order modes should make it 
possible to obtain more accurate solutions 
to the coupled helix problem. 

R. E, HAYEs 
Electronics Res. Lab. 
University of Kansas 

Lawrence, Kan. 


4S. Sensiper, “Electromagnetic Wave Propaga 
tion in Helical Conductors,” Res. Lab. Electronics, 
Mass. Inst. Tech., Cambridge, Mass., Tech. Rep. No. 
194, p. 7; May, 1951. 


The Tetrahedral Junction as a 
Waveguide Switch* 


A junction of two rectangular wave- 
guides which are mutually cross-polarized 
becomes a magnetically controlled reactive 
switch when properly loaded by a ferrite rod 
magnetized longitudinally (see Fig. 1). Itis a 
special case of a novel type of structure for 
which we propose the name fetrahedral junc- 
tion. As a switch, it possesses: 


1) very high insertion loss in the reflect- 
ing state, ~60 db; 

2) loss in the transmitting state which 
is lower in principle than that attain- 
able in any similar ferrite-waveguide 
device, <0.1 db; 

3) high switching speed—1 usec is at- 
tainable with conventional circuits 
and convenient currents; 

4) large bandwidth, ~10 per cent; 

5) little sensitivity to variations in ap-~ 
plied field and saturation magnetiza- 
tion; and 

6) small phase and small phase-varia- 
tions with frequency and applied field 
in the transmitting state. 


* Received by the PGMTT, August 2, 1959, 
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Fig. 1—The tetrahedral junction. 


Our experimental and theoretical results in- — 


dicate that there is room for further im- 
provement in most of its significant prop- 
erties. 

In addition to its utility as a switch, the 
tetrahedral junction can also be used as a 
reversible gyrator. Further, its principle of 
operation is such that a dissipative element 
can be incorporated which converts the de- 
vice into a matched modulator or reversible 
isolator. 

The name tetrahedral derives from the 
fact that if the ends of the two crossed guides 
are separated and their parallel edges joined 
by planes, the resulting taper is in the form 
of a doubly-truncated tetrahedron. Some of 
our models are of this form, in particular, 
the one whose properties are reported above. 

Our interest in this device is an out- 
growth of our study of the Reggia-Spencer 


phase shifter;!?* it is one of the “novel | 


effects” to which allusion is made by Weiss.* 
As in the case of the phase shifter, the be- 


havior of the tetrahedral junction may be | 


divided into two regimes: above a sharply 
defined frequency the device takes on the 
properties of a Faraday rotator; in a fre- 
quency range just below that of the Faraday 
effect regime, the junction exhibits its most 
interesting and useful characteristics. Here, 
however, it is inappropriate to speak of the 
phase shift regime, for the phase shift effects 
which are central to the Reggia-Spencer de- 
vice are inessential, in fact undesirable, in 
this case. On the other hand, the modes of 
propagation’ are of the same basic form in 
the two. In the presence of the magnetized 
ferrite, a wave entering the junction of Fig. 
1 from the input end takes on a character- 
istic elliptic polarization. At the plane of the 
joint it is scattered into four significant 
components: a reflected and a transmitted 
propagating mode, and an evanescent mode 
in each guide which is also elliptically 
polarized. A model of this phenomenon, em- 
ploying simplifying assumptions similar to 
those used by Weiss, shows that under the 
proper conditions (involving the cross-sec- 


tional dimensions of the two guides, and the 


_ 1F, Reggia and E. G. Spencer, “A new technique 
in ay eee ged wo Keema scanning of micro- 
wave antennas,” Proc. » vol, 45, pp. 1510-1517; 
November, 1957, al a 


J. A. Weiss, “The Reggia-Spencer microwave _ 


phase shifter,” J. Appl. Phys., vol. 30, pp. 153s-154s; 
April, 1959. Proc. AIEE Conf. on ‘Marabion and 
aceite Materials, Philadelphia, Pa., November, 


Res J. = Weiss, Se Bivuemenological theory of the 
gla-Spencer phase shifter,” Proc. IRE, vol. 47, 
pp. 1130-1137; June, 1959. - 
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diameter and magnetic parameters of the 
ferrite) the incident wave is fully matched 
into the transmitted wave. The only portion 
of the ferrite which contributes in an es- 
sential way to the effect is that located in 
the immediate vicinity of the joint; thus 
there is, so to speak, no length of active 
material involved in the principle. It is 
therefore possible to use only a small ferrite 
volume, with the advantage, among others, 
of minimizing the magnetic loss. When the 
ferrite is unmagnetized, the junction simply 
presents a transition to cutoff guide; the in- 
sertion loss available in this state is limited 
only by the precision of the mechanical 
structure. 

The phase, insertion loss, and polariza- 
tion in the transmitting state exhibit a num- 
ber of well-defined features which agree 
qualitatively with the results of the simpli- 
fied theoretical model. The latter, in turn, 
indicates how the effect may be exploited 
to fulfill the various specific application re- 
quirements. A full report on the theory and 
experimental data will be the subject of a 
forthcoming paper. 

By way of acknowledgment, I wish to 
thank my colleagues for their interest and 
comments. I am particularly indebted to 
R. W. Judkins for his contributions to the 
various aspects of this work. 

J. A. WEIss 
Bell Telephone Labs., Inc. 
Murray Hill, N. J. 


Some Measurements of Traveling- 
Wave Tube Attenuators at 
2000 MC* 


Saturation in traveling-wave tube am- 
plifiers, that is, the failure of the output to 
continue to rise as the input power is in- 
creased, can occur in several ways. The limit 
may arise through heating of the RF circuit, 
or if the circuit can be so made that this does 
not occur, the ultimate limit is provided by 
the amount of power that can be carried on 
the beam; large signal calculations of the 
behavior under these conditions have been 
made by several investigators.1~ It has also 
been observed, however, that the satura- 
tion limit is a function offthe amount and 
distribution of loss in the attenuator, and 
recent calculations, for example by Rowe,* 
include the study of the limiting power out- 
put for various values of the loss parameter 


* Received by the PGMTT, July 10, 1959; revised 
manuscript received, September 14,1959. 

1A. T. Nordsiek, “Theory of the large signal be- 
haviour of traveling wave amplifiers,” Proc. IRE, 
vol. 41, pp. 630-637; May, 1953. 3 

2P, K. Tien, L. R. Walker and V. M. Wolontis, 
“Large signal theory of traveling-wave amplifiers, 
Proc. IRE, vol. 43, pp. 260-277; March, 1955. 

2H. C. Poulter, “Large Signal Theory of Travel- 
ing Wave Tube,” Stanford University, Stanford, 
Calif., Tech. Rept. 73; January, 1954. : 

4 J. E. Rowe, “Design information on large signal 
traveling-wave amplifiers,” Proc. IRE, vol. 44, pp. 
200-210; February, 1956. 
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d. However, as pointed out by Caldwell,’ the 
saturation limit in the attenuator may de- 
pend at least as much on any modification 
of the phase velocity in the attenuating re- 
gion as on the amount of loss. This arises 
pecause in nearly all practical tubes the 
attenuator does not conform to either of the 
two ideal cases; 7.e., it is not completely dis- 
tributed throughout the length of the circuit 
or concentrated at one point, but occupies 
an appreciable part of the total length. As a 
result of this, if the phase velocity of the 
circuit wave in the attenuating zone is modi- 
fied, there is a reduced interaction between 
the circuit wave and the beam, since the 
beam velocity is arranged to give optimum 
interaction with the wave on the loss-free 
part of the circuit. 

It is therefore of interest to know how the 
attenuation and phase velocity vary in prac- 
tical attenuators, and the first object of the 
work described here is to relate these quan- 
tities to the surface resitivity of “Aquadag” 
colloidal graphite material coatings on the 
surface of ceramic rods, as has been done by 
Caldwell’ for external sprayed attenuation. 

Some measurements have therefore been 
made at 2000 mc using steatite rods which 
were sprayed with Aquadag mixture along 
the whole of the helix length. The coating 
surface resistivity was measured by the use 
of a four-terminal resistance bridge, from 
which current was passed through the coat- 
ing between thin wire loops drawn around 
the outside, and the potential difference 
measured between two points 3 mm apart 
near their center. The resistivity was found 
to vary along the length of the coating by 
as much as 35 per cent, but since the total 
range investigated covered 8 decades the 
variations were not so great that a mean 
value could not be sensibly used (see Fig. 1). 

The rods were then placed around a helix, 
which was mounted in a well-matched cir- 
cuit, and the insertion loss was measured. 

The phase velocity measurements were 
made by passing an external coupling loop 
along the length of the assembled helix, 
which for this purpose had a solid mandrel 
screwed into the end remote from the RF 
feed so that a large standing-wave was set 
up. The arrangement used is shown diagram- 
matically in Fig. 2. Because of the amount of 
attenuation present, and the need to avoid 
errors due to evanescent waves arising from 
the discontinuities at the ends, these meas- 
urements became progressively more diffi- 
cult as higher surface conductivities were 
used. A better way of making the measure- 
ments would be to assemble the rods into 
sealed-off traveling-wave tubes, and to find 
the electron beam velocity for minimum at- 
tenuation at very low beam currents. This 
has not been possible because of the magni- 
tude of the work involved. 

Typical standing-wave patterns obtained 
are well shown in Figs. 3-6. Fig. 3 shows 
the pattern with no coating of “Aquadag” 
colloidal graphite material on the rods. It 


5 J. J. Caldwell, “High power traveling-wave tube 
gain and saturation characteristics as a function of at- 
tenuation, configuration and resistivity,” IRE TRANS. 
on ELecTRON Devices, vol. ED-4, pp. 28-33; De- 
cember, 1953. 
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Fig. 1—Variation of surface resistivity with length. 
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Fig. 2—Arrangement of pick-up loop. 


may be seen that the pattern is distorted 
by the existence of evanescent fast-waves 
set up at the waveguide coupling, which 
could also account for the apparent increase 
of signal with distance shown in Figs. 5 and 
6. The attenuation measurements were, of 
course, not made using this circuit, but in- 
stead a well-matched close-fitting circuit was 
used,"in which only the slow mode was pres- 
ent. The surface resistivity in this case 
was taken as 108 ohms so that a representa- 
tive point for the “no loss” case could be 
included in the curves. Fig. 4 shows the pat- 
tern for rods with a surface resitivity of 
8X10 ohms. The wavelength measure- 
ments were taken over the four central 
minimas, since these were found to be uni- 
formly spaced. In Fig. 5, the resistivity has 
been reduced to 5.9 X 108 ohms, and in Fig. 6 
to 7.210%. The lowest resistance coatings 
that it was possible to measure in this way 
had a surface resistivity of 3.410? ohms, 
which gave a total attenuation of 107 db, 
and a wavelength of 4 mm compared with 
the wavelength of 1.12 cm obtained for the 
uncoated rods. The results obtained from 
these measurements are shown graphically 
in Fig. 7. The measurements were carried 
out at 2000 mc, using a helix with a pitch of 
1.5 mm, and for which yao=1.3 when 
mounted between steatite rods and enclosed 
in a glass tube. The rod diameter was 
nearly 0.3 times the mean helix diameter. 
The curves obtained by Caldwell for ex- 
ternally sprayed attenuators of “Dixonac” 
colloidal graphite material for use in the 500 
mc region are shown for comparison in Fig. 8. 
It is interesting to note that the general 
form of the curves is similar, although the 
values of attenuation are much lower for 
the 2000 mc curves, and the effect of re- 
sistive coatings on the phase velocity is ap- 
parently greater. This similarity is more sur- 
prising when it is borne in mind that in 
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Fig. 3—Signal level along helix with 
no coating on rods. 
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Fig. 4—Signal level along helix with 
surface resistivity 8 X105 ohms. 


addition to the difference in frequency, at- 
tenuation obtained by resistive coatings 
actually in contact with the helix differs 
from that obtained from resistive coatings in 
the external field in that the attenuation ob- 
tained depends very critically upon the 
pressure of contact between the rods and 
helix. Indeed, it appears that with the con- 
figuration used very little attenuation can 
be obtained until there is actually a con- 
ducting path between the turns of the helix, 
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Fig. 5—Signal level along helix with 
surface resistivity 5.9 X103 ohms, 
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Fig. 6—Signal level along helix with 
surface resistivity 7.2 X10? ohms. 


for example, on rotating a single rod coated 
over only 180° of the surface, the attenua- 
tion changed abruptly from 2 db to 18 db 
when the helix came into contact with the 
coating. 

A preliminary conclusion which might be 
drawn from these curves is that if it is de- 
sired to obtain the maximum gain from a 
travelling-wave tube of a given length, in 
which the attenuator occupies an appreci- 
able part of the helix length, the resistivity 
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Fig. 7—Velocity and attenuation as a function of 
attenuation resistivity. Steatite rods at 2000 mc. 
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Fig. 8—Corresponding curves for attenuators, 
external, by J. J. Caldwell. 


of the coating should be considerably greater 
than that for which maximum attenuation 
/cm is obtained. In this way, the phase 
velocity of the wave can be maintained 
fairly near the value for the loss-free helix, 
and hence a larger degree of interaction in 
the attenuating region would be expected. 
G: H.Drx 

Research Labs. 

The General Electric Co., Ltd. 

Wembley, England 
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1959 ANNUAL PGMTT MEETING 


During the spring of 1958, a joint deci- 

sion was reached by the Boston Chapter of 
the Institute of Radio Engineers and the 
Administrative Committee of the Profes- 
sional Group on Microwave Theory and 
Techniques to hold the 1959 annual meeting 
in the Boston area. 
_ During the summer, a Symposium Com- 
mittee under the chairmanship of W. L. 
Pritchard, a Technical Program Committee 
under the chairmanship of Dr. Henry Riblet 
and various subcoramittees were formed. 
Dr. Karl Willenbrock, a member of the 
Symposium Committee, Assistant Director 
of the Gordon McKay Laboratory at Har- 
vard and Vice Chairman of the Boston 
Section of the IRE, was instrumental in 
obtaining the cooperation of Harvard Uni- 
versity. 

The committee members were as follows: 


Symposium Committee 


Chairman, W. Pritchard, Raytheon Com- 
pany 

P. Crandall, National Company 

C. Faflick, Sylvania Electric Prods., Inc. 

Finance, W. From, Ewen Knight Corpora- 
tion 


DEAN HARVEY BROOKS, 
Harvard University 


W. L. PRITCHARD, 
Symposium Chairman 


I. Goldstein, Raytheon Company 

R. Jones, Harvard University 

J. Reed, Raytheon Company 

Technical Program, H. Riblet, Microwave 
Development Labs., Inc. 

Publicity, R. Rivers, Aircom, Inc. 

P. Rizzi, Ewen Knight Corporation 

Local Arrangements, T. Saad, Sage Lab- 
oratories, Inc. 

Asst. Chairman, H. Scharfman, Raytheon 
Company 

K. Willenbrock, Harvard University 


Technical Program Committee 


Chairman, H. J. Riblet, Microwave De- 
velopment Labs., Inc. 

C. Faflick, Sylvania Electric Prods., Inc. 

I. Goldstein, Raytheon Company 

R. Jones, Harvard University 

J. Reed, Raytheon Company 

P. Rizzi, Ewen Knight Corporation 

K. Willenbrock, Harvard University 


The symposium was held at Paine Hall 
through the courtesy of Harvard Univer- 
sity’s Music Department, on June 1-3, 1959. 

There were 7 technical sessions, includ- 
ing one evening session at the Cambridge 


Pror. E. M. PURCELL 


Electronic Accelerator, and a total of 43 
papers were given. Ten of the papers were 
written by authors from educational in- 
stitutions, 3 from research institutes, and 30 
from commercial laboratories. 

A banquet was held at Harkness Com- 
mon on June 2, and featured addresses by 
Dean Harvey Brooks and Nobel Laureate, 
Professor Edward Purcell. Professor Pur- 
cell’s address, “An Experiment in Com- 
munication,” was concerned with the prob- 
lem of communicating with an unknown, 
but hypothetically existing, race of intelli- 
gent beings in interstellar space. 

The Microwave Prize for the best paper 
published in these TRANSACTIONS during the 
previous year was awarded to Dr. L. Gold- 
stein, and Honorable Mentions were given, 
for the first time, to Dr. S. B. Cohn and Dr. 
H. E. D. Scovil. 

Of the 685 people who attended the an- 
nual meeting, 530 were members of the IRE, 
130 were nonmembers and 25 were students. 

Because of the large attendance and the 
extensive use of Harvard University facilities, 
a surplus of over one thousand dollars re- 
mained. This money is returned to the 
Treasury of the MTT Professional Group 
to support the Group publications and other 
activities. 


SAAD, 
Chairman PGMTT 


Seated at the banquet table from left to right: T. Saad, Mrs. Riblet, H. E. 


D. Scovil, Mrs. Brooks, E. M. Purcell, W. L. Pritchard, Dean H. Brooks, 
Mrs. Pritchard, S. B. Cohn, Mrs. Saad, and H. Riblet. 
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Intermission in front of Paine Hall. 
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Aaron D. Bresler (S’43—A’46-M’55- 
SM’59) was born in New York, N. Y., on 
June 20, 1924. He received the B.E.E. degree 
from the City College 
of New York, N. Y., 
in 1944, and the 
M.E.E. and D.E.E. 
degrees, both from the 
Polytechnic Institute 
of Brooklyn, N.Y., in 
1951 and 1959 respec- 
tively. 

From 1944 to 1947 
he served with the 
U. S. Army Signal 
Corps. In 1947 he 
worked as a tele- 

phone engineer for the United States forces 
in Austria. From 1948 to 1951, and again 
from 1953 to 1955, he was an instructor in 
the electrical engineering department of the 
City College of New York. In 1951 he joined 
_ the staff of the Microwave Research Insti- 
tute at the Polytechnic Institute of Brook- 
lyn, where he was engaged in development 
work on microwave components for two 
years. In 1955 he rejoined its staff and en- 
gaged in analytical studies of propagation 
and diffraction phenomena in anisotropic 
waveguides; these studies formed the basis 
upon which the D.E.E. degree was awarded 
to him. Recently, he joined the staff of Jasik 
Laboratories, Inc., Westbury, N. Y., where 
he has specialized in the design and develop- 
.ment of antennas and microwave com- 
' ponents. 

Dr. Bresler is a member of Tau Beta Pi, 

Eta Kappa Nu and Sigma Xi. 


A. D. BRESLER 


> 
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John H. Craven (A’54) was born in 
Clacton, Essex, England on May 30, 1916. 
He received the B.S.E.E. degree from the 
University of British 
Columbia, Vancouver, 
in 1949 and the M.S. 
degree from the Uni- 
versity of Toronto, 
Toronto, Ont., in 1950. 

He served with 
the Royal Canadian 
Air Force from 1940 
to 1945, having come 
to Canada in 1929. 
During 1950-1951 
he worked at the 
Atomic Energy Proj- 
ect of the National Research Council at 
Chalk River, Ontario. Then he transferred 
to the Radio Division of the National Re- 
search Council in Ottawa, Ont., where he is 
presently employed. His work there has 
dealt with the development of a wide range 
of microwave devices. 

Mr. Craven is an associate member of 
the British IRE. 


J. H. CRAVEN 
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Richard W. Damon was born on May 14, 
1923, in Concord, Mass. He received the 
B.S. degree in physics in 1944 and the M.A. 


and Ph.D. degrees in applied physics in 
1947 and 1951, respectively, from Harvard 
University, Cambridge, Mass. From 1946 to 
1948, and in 1950, he 
was a Teaching Fel- 
low in Applied Phys- 
ics at Harvard Uni- 
versity. 

During World War 
II, he was an elec- 
tronics officer in the 
Naval Reserve, serv- 
ing in underwater 
sound work at ship 
repair bases in Ha- 
waii and the Philip- 
pine Islands. In 1948- 
49, he was employed as a magnetron 
development engineer at Raytheon Manu- 
facturing Company, Waltham, Mass. He 
joined the General Electric Research Lab- 
oratory, Schenectady, N. Y., in 1951. His 
work there has been primarily in solid-state 
physics and has included photoconductivity, 
television camera tubes for the visible and 
X-ray regions, and the principles and appli- 
cations of magnetic resonance phenomena. 

Dr. Damon is a member of the American 
Physical Society, Sigma Xi, and the Ameri- 
can Association for the Advancement of 
Science. 


R. W. DAMON 
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Charles Cecil Eaglesfield was born on 
June 28, 1906 in Swansea, Wales. He at- 
tended Clifton College, Clifton and re- 
ceived the M.A. de- 
gree from Petershouse, 
Cambridge in 1928! 

He joined Stand- 
ard Telephones and 
Cables, London, in 
1928 where he as- 
sisted in the early 
days of the Transat- 
lantic radio telephone 
service and the first 
ship-shore radio tele- 
phones. He joined 
Mullard Radio Valve 
Company, London, Eng., in 1933, and there 
worked on television until the war, when he 
initiated a number of valves used in radar. 
In 1947, he rejoined Standard Telephones 
to work on valves for repeaters and similar 
projects, and in 1957 he transferred to 
Standard Telecommunication Laboratories, 
Harlow, Essex, Eng., where he is presently 
employed. At STL, he has been associated 
with a project for long-distance communica- 
tion by waveguide. 

Mr. Eaglesfield is an Associate Member 
of the Institution of Electrical Engineers. 


C. C. EAGLESFIELD 


John R. Eshbach (S’47-A’51~-M’57) was 
born on October 7, 1922, in Bethlehem, Pa. 
He received the B.S. degree in electrical en- 


gineering and M.S. degree in physics from 
Northwestern University, Evanston, IIl., in 
1946 and 1947 respectively. From 1943 to 
1946 he served in the 
U. S. Navy. In 1951 
he received the Ph.D. 
degree from the'Mas- 
sachusetts Institute 
of Technology, Cam- 
bridge, where he had 
done research in the 
field of microwave 
spectroscopy. 

Since 1951 he has 
been with the Gener- 
al Electric Research 
Laboratory in Sche- 
nectady, N. Y., where he has done research 
on photoconductivity and has worked on 
television camera tube principles and the de- 
velopment of camera tubes. Recently he has 
become engaged in research on ferromag- 
netic resonance and the principles of ferrite 
devices. 

Dr. Eshbach is a member of the Ameri- 
can Physical Society, Eta Kappa Nu, Tau 
Beta Pi and Sigma Xi. 


J. R. EsHBAcH 


Robert V. Garver (A’57) was born on 
June 2, 1932, in Minneapolis, Minn. He at- 
tended the University of Maryland, College 
Park, where he was 
awarded the Bachelor 
of Science degree in 
physics in 1956. 

In 1956 he became 
affiliated with the Mi- 
crowave Development 
Section of Diamond 
Ordnance Fuze Lab- 
. oratories, Washing- 
2 & ton, D. C., where he 
"i has been working on 
microwave semicon- 
ductors. 

Mr. Garver is a member of the American 
Physical Society. 


R. V. GARVER 
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Jerome J. Green was born in Chicago, 
Ill., on October 10, 1932. He received the 
B.S. degree in physics from Northwestern 
University, Evanston, 
Ill., in 1954 and the 
M.A. and Ph.D. de- 
grees from Harvard 
University, Cam- 
bridge, Mass., in 
1955 and 1959, re- 
spectively. 

Dr. Green is pres- 
ently employed at 
the Research Divi- 
sion, Raytheon Man- 
ufacturing Company, 
Waltham, Mass., 
where he is engaged in experimental studies 
of ferromagnetic resonance. 


J. J. GREEN 
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Jéji Hamasaki, for a photograph and 
biography please see page 397 of the July, 
1959 issue of these TRANSACTIONS. 
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A. F. Harvey, for a photograph and biog- 
raphy please see page 482 of the October, 
1959 issue of these TRANSACTIONS. 
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Kaneyuki Kurokawa, for a photograph 
and biography please see page 397 of the 
July, 1959 issue of these TRANSACTIONS. 
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Arthur A. Oliner (M’47-SM’52) was born 
in Shanghai, China, on March 5, 1921. He 
received the B.A. degree from Brooklyn Col- 
lege, N. Y., in 1941, 
and the Ph.D. degree 
in physics from Cor- 
nell University, Itha- 
Cam Na oY eit L046: 
While at Cornell, he 
held a graduate teach- 
ing assistantship in 
the physics depart- 
ment and also con- 
ducted research on an 
Office of Scientific 
Research and Devel- 
opment project. 

Since 1946, he has been with the Micro- 
wave Research Institute of the Polytechnic 
Institute of Brooklyn, N. Y., where he has 
been engaged in research in a variety of 
topics in the microwave field. He has also 
taught graduate courses in physics and elec- 
trical engineering, and is a research profes- 
sor 


A. A. OLINER 


Dr. Oliner is Chairman of both the IRE 
Committee on Antennas and Waveguides 
and the IRE Professional Group on Micro- 
wave and Theory and Techniques. He is 
a member of Commissions 1 and 6.3 of 
URSI, the American Physical Society and 
Sigma Xi. He is also on the National Acad- 
emy of Sciences Advisory Panel to the 
National Bureau of Standards. 
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John A. Rosado was born on June 15, 
1936, in Baton Rouge, Louisiana. In 1958 
he received the degree of Bachelor of 
Arts in physics from 
Harvard University, 
Cambridge, Mass. 

Upon graduation 
from Harvard, Mr. 
Rosado was employed 
by the Ordnance 
Corps, Diamond Ord- 
nance Fuze Labora- 


tories, Washington 
PY DAC 


J. A. Rosapo 


Raman Lal Sarda was born on F ebruary 
25, 1933 in Jaisalmer, India. He received the 
B.E. degree in telecommunications engineer- 
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ing from Government Engineering College, 
Jabalpur, India, in 1955. a 

After some short assignments, he joined 
the research staff of 
the newly started 
Central Electronics 
Engineering Research 
Institute, Pilani, in 
1956. 

He worked there 
for some time on re- 
search projects, “Ra- 
dar Detecting Sys- 
tem” and “Linearity 
of Cavity Resona- 
tors.” In 1958, he 
came to the United 
States for graduate studies on a scholarship 
from Mahindra Educational Trust, Bombay. 
He is-currently finishing work for the M.S. 
degree in electrical engineering at Stanford 
University, Stanford, Calif. 


R. L. SARDA 


Joseph H. Saunders was born on January 
18, 1919, in Freeport, Nova Scotia. He 
graduated from Wentworth Institute, Bos- 
ton, Mass., in 1940, 
and did subsequent 
graduate study at 
Northeastern Univer- 
sity in Boston. 

From 1941 to 1947 
he was employed by 
the  Holtzer-Cabot 
Electric Company and 
the Faraday Electric 
Company as an engi- 
neer on protective sig- 
nal systems. In 1947, 
he joined the Ray- 
theon Company, Waltham, Mass. where his 

ork has been mostly in the microwave 

eld. At present he is engaged in the study 
of the microwave properties and applica- 
tions of ferrites. 


J. H. SAUNDERS 


Ernst Schlémann was born in Borgholz- 
hausen, Germany on December 13, 1926. He 
received the M.S. degree in 1953 and the 
Ph.D. degree in 1954 
in theoretical physics 
from the University 
of Géttingen, Gét- 
tingen, Germany. In 
1954-1955 he did 
postdoctoral research 
at the Massachusetts 
Institute of Tech- 
nology, Cambridge, 
Mass., in theoretical 
solid state physics. 

He was employed 
at the Research Divi- 
sion, Raytheon Manufacturing Company, 
Waltham, Mass., from 1954-1955 ona part 
time basis. He joined Raytheon on a full 
time basis in August 1955, and is currently 
engaged in theoretical studies of ferromag- 
netism, particularly ferromagnetic reso- 
nance. 

Dr. Schlémann is a member of the 
American Physical Society. 


E. SCHLOMANN 
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Jean-Claude Simon (SM’53) was born 
September 10, 1923, in Paris, France. He 
graduated from the Ecole Polytechnique in 
1944 and received the 
D.Sc. degree in math- 
ematics and physics 
from the Sorbonne in 
1952. In the summer 
of 1948 he wasa mem- 
ber of the Foreign 
Summer Student Proj- 
ect at M.I.T., Cam- 
bridge, Mass. 

From 1947 to 1949 
he was with the 
French Navy at the 
laboratory of ENS, 
Paris. In 1949 he became a physicist at the 
Compagnie Générale de Télégraphie sans 
Fil, Paris. In 1951 he was appointed head of 
the laboratory at CSF, and in 1957 he be- 
came technical director of the Applied 
Physics Department. 

Dr. Simon has published 21 articles and ~ 
papers, and he holds 30 French or foreign 
patents. He became a Laureat de I|’Institut 
in 1952, the Ferrié Prize of the Society of 
Radioelectricians in 1953 and the Blondel 
Medal in 1959. He is a member of the French 
Society of Physics, the French Society of 
Radioelectricians, and the French Society of 
Statistics. 


J. C. Smmon 


2 
*e 


Marshall H. Sirvetz was born in Lynn, 
Mass., in 1924. In 1950 he received the 
Ph.D. degree in chemical physics from 
Harvard University, 
Cambridge, Mass., 
where he did work in 
microwave spectros- 
copy. 

After spending two 
years at Brookhaven 
National Laboratory, 
Long Island, N. Y., 
he joined the Re- 
search Division of 
Raytheon Manufac- 
turing Company, 
Waltham, Mass., in 
March, 1953, where he is presently employed. 
His present work deals with the microwave 
properties and applications of ferrites and 
with solid-state microwave amplifiers. 


M. H. StIrvETz 
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L. Solymar was born on January 24, 
1930, in Budapest, Hungary. In 1952 he re- 
ceived the diploma of Electrical Engineer 
from the Technical 
University of Buda- 
pest, where he was 
assistant to the pro- 
fessor from 1952 to 
1953. 

From 1953 to 1956, 
he was a research en- 
gineer at the Research 
Institute of Telecom- 
munication, Buda- 
pest, and was engaged 
in antenna theory 


L. SOLYMAR 
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and design. In 1956 he became a research 
engineer at the Standard Telecommunica- 
tion Laboratories Ltd., Harlow, Essex, 
Eng., where he is presently employed and 
where he has been concerned with various 
topics in microwave transmission. 


Allan Staniforth (A’45—-M’55-SM’58) 
was born in Alberta, Can., on October 9, 
1915. He received the B.A.Sc. degree at the 
University of British 
Columbia, Vancouver, 
in 1938, 

He worked for the 
Canadian Broadcast- 
ing Corporation for 
three and one-half 
years as transmitter 
supervisor. Since that 
time, he has been 
with the Radio and 
Electrical Engineer- 
ing Division of the 
National Research 
Council, Ottawa, Canada. 


A. STANIFORTH 
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Edward F. Turner, Jr. was born on 
April 21, 1920, in Newport News, Va. He 
received the B.S. degree in physics and the 
B.A. degree in mathematics from Washing- 
ton and Lee University, Lexington, Va., in 
1950. Upon completion of the M.S. degree 
from the Massachusetts Institute of Tech- 
nology, Cambridge, Mass., in 1952 and 


Contributors 


the Ph,D. from the University of Virginia, 
Charlottesville, Va., in 1954, he taught for 
three years at George Washington Uni- 
versity, Washington, 
D. C. He has spent 
his summers doing 
research at the Naval 
Research Laboratory 
and the Diamond 
Ordnance Fuze Lab- 
oratory in Washing- 
ton, D. C., princi- 
pally in the the fields 
of High Resistance 
Measurements and 
Semiconductor 
Switching of Micro- 
waves. At present he is Professor of Physics 
at Washington and Lee University. 

Dr. Turner is a member of Phi Beta 
Kappa, Sigma Xi, and Sigma Pi Sigma, 


E. F. TURNER 
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B. H. Wadia (S’50—-A’53) was born on 
October 1, 1927, in Surat, India. He received 
the B.E. degree in electrical and mechanical 
engineering, in 1948, 
from the University 
of Bombay, Bombay, 
India. He received 
the M.S. degree in 
1950 and the Ph.D. 
degree in 1954, both 
in electrical engineer- 
ing from Stanford 
University, Stanford, 
Calif. While at Stan- 
ford, he was a re- 
search assistant, and 
subsequently a_ re- 
search associate in the Electronics Research 
Laboratories. 

After his academic work, he joined the 
engineering staff of Machlett Laboratories, 


B. H. WADIA 
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Inc., Springdale, Conn., and was given the 
position of Product Engineer (UHF Tubes). 
At the end of 1956, he returned to India and 
was made assistant director in charge of the 
Central Electronics Engineering Research 
Institute, Pilani, Rajsthan, India. He was 
instrumental in setting up one of the first 
organizations devoted exclusively to elec- 
tronic engineering, research and develop- 
ment work in that country. At present he 
holds a teaching position in the Department 
of Electrical Engineering at the newly or- 
ganized Indian Institute of Higher Tech- 
nology, Bombay, India. 

Dr. Wadia is a member of Tau Beta Pi 
and Sigma Xi. 
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Ernest J. Wilkinson (S’52—A’53) was 
born in Fall River, Mass. on May 23, 1927. 
He received the B.S. degree in electrical en- 
gineering from North- 
eastern University, 
Boston, Mass., in 
1952 and the M.S. 
degree in electrical 
engineering from 
Stanford University, 
Stanford, Calif. in 
1956. 

From 1952 to 1953 
he was employed by 
Sandia Corporation, 
Albuquerque, N. M., 
and from 1953 to 1954 
he worked for Sylvania Electric Products, 
Inc., then located in Boston, Mass. He re- 
turned to Sylvania in 1956 and is presently 
working in the Electronics Department of 
the Missile Systems Laboratory located in 
Waltham, Mass. 

Mr. Wilkinson is a member of Tau Beta 
Pi and Eta Kappa Nu. 


E, J. WILKINSON 


Research Scientists 
FOR BASIC & APPLIED RESEARCH AT 


Sylvania’s Research Laboratories 


Significant expansion of company-supported research in solid state 
physics, physical electronics, metallurgy and physical chemistry has 
created a number of exceptional opportunities at several levels, up to 
Senior Scientist or Section Head. Inquiries are invited from persons 
with appropriate training and experience who would be interested in 
participating in one of the following programs: 


REFRACTORY METALLURGY 


Theoretical and experimental investigations of all phases of the metal- 
lurgy of refractory metals and alloys including process, fabrication, 
physical and mechanical metallurgy. 


ELECTRONIC MATERIALS 


Synthesis and evaluation of materials and studies of the basic mechan- 
isms involved in magnetics, ferrites, phosphors and dielectrics. 


ELECTRONIC COMPONENTS 


Investigations of techniques and materials involved in microminiaturi- 
zation and integrated circuits. 


ANALYTICAL CHEMISTRY 
Analysis of ultra-trace impurities in electronic materials, semiconduc- 
tors and metals including the development of new analytical techniques. 


THERMIONIC EMISSION 
Studies of the basic mechanisms of electron emission from high and 
low temperature surfaces; experimental evaluation of emission prop- 
erties of base alloys, films and matrix forms. 


MICROWAVE & ULTRA-MICROWAVE ELECTRONICS 
Theoretical and experimental investigations of Maser-like devices and 


parametric amplifiers, including microwave spectroscopy studies of 
paramagnetic crystals. 


SEMICONDUCTOR DEVICES 
Theoretical and experimental studies of new devices and device con- 
cepts, new fabrication techniques and the applications of new semi- 
conductor materials and phenomena. 


SEMICONDUCTOR MATERIALS & POLAR CRYSTALS 


Studies of the basic phenomena and properties of existing and new 
materials with these characteristics. 


Modern, fully equipped laboratories, considerable scientific freedom, 
and association with staff members of established scientific prestige 
afford realistic opportunities for professional growth and recognition. 
Please submit resume in confidence to Mr. A. E. Powell, Dept. PG-I 


RESEARCH LABORATORIES 


¥SYLVANIAS 


Subsidiary of 
GENERAL TELEPHONE & ELECTRONICS 
Bayside, Long Island, New York 


NOTICE TO 
ADVERTISERS 
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Effective immediately 
the IRE TRANSAC- 
TIONS ON MICRO- 
WAVE THEORY AND 
TECHNIQUES will ac- 
cept display advertising. 
For full details contact 
Tore N. Anderson, Ad- 
vertising Editor, PGMTT 
TRANSACTIONS, 1539 
Deer Path, Mountainside, 
N.J., or E. K. Gannett, 
IRE Headquarters, | East 
79th Street, New York 
21 EN 


EXPANSION 


fo keep pace with 
the growing challenge of 


ELECTRONICS 


at GRUMMAN AIRCRAFT 


Grumman Aircraft Engineering Corporation’s long and continuing re- 
sponsibilities for the design of Avionics Systems for ASW, AEW, Recon- 
naissance, and all-weather attack aircraft has necessitated vast facili- 
ties expansion. A new five million dollar Avionics Center will provide 
62,000 square feet of floor space devoted exclusively to activities in- 
volving test, evaluation and integration of Avionics Systems. 
Concurrent expansion of our staff of electronics engineers and scien- 
tists has created positions for men anxious to participate in varied and 
intellectually stimulating programs utilizing the most modern of facilities. 


%& Communications Engineer. EE 
or Physicist with knowledge of com- 
munication theory including advan- 
tages of various modes of modulation 
and effects of propagation within and 
out of the atmosphere. To keep ad- 
vised of the state of the art of com- 
munications systems for data, voice 
and video links for air-to-ground, air- 
to-air, space-to-ground transmissions 
and reception; to recommend radio 
frequencies and modulation tech- 
niques for various missile and space 
craft communication applications; to 
conduct preliminary design of com- 
munication systems in order to esti- 
mate weight and power requirements; 
to propose and conduct research on 
advanced communication systems. 


%& Radio Interference Control En- 
gineers. Engineers to analyze the 
source of conducted and radiated 
interference caused by the interaction 
of complex electronic equipments and 
systems, and develop methods and 
techniques to suppress the interfer- 
ence in the advanced design state of 
aircraft and missiles. 


%& Radome or Antenna Design En- 
gineer. BSEE or Physics degree with 
a minimum of 3 years’ experience in 
radome design. Background in clas- 
sical Electromagnetic theory and ad- 
vanced math essential. Work consists 


of analysis and synthesis of radomes 
or antennas on current and advanced 
designs including the use of the IBM 
computer facilities to develop design 
techniques. 


% Communications Equipment 
Engineer. BSEE with a minimum of 
5 years’ experience with thorough 
knowledge of single sideband theory 
and its application. Should possess a 
complete understanding of AM, FM, 
PM and single sideband modulation 
processes and their application as well 
as techniques. Must have experience 
in analyzing and testing communica- 
tions receivers and transmitters, and 
should be thoroughly familiar with 
HF and UHF antennas and associated 
propagation problems. A background 
in digital equipment, encoders, de- 
coders and magnetic storage devices 
is an important consideration. 


% Radar Systems Engineer. BSEE 
with a minimum of 5 years’ experience 
in design development and analysis of 
advanced radar systems. Capable of 
integrating the Radar into complex 
airborne Avionics Systems including 
the following specific skills; Analysis 
of System, Compatibility with Weap- 
ons System, Preparation of Specifica- 
tions, Vendor Liaison and Direction, 
Test and Evaluation, Flight Develop- 
ment. 


You are invited to investigate these opportunities by sending your resume 
to Mr. A. Wilder, Engineering Personnel Director, Dept. GR-70, who will 
arrange an interview at your convenience. (U.S. Citizenship required). 


GRUMMAN AIRCRAFT ENGINEERING CORPORATION 


Bethpage s 


Long Island ° 


New York 


PHYSICISTS 
and 
RESEARCH 
ENGINEERS 


THE RADIATION LABORA- 
TORY OF THE JOHNS 
HOPKINS UNIVERSITY 


HAS POSITIONS FOR PHYSICISTS 
OR RESEARCH ENGINEERS 
IN THE FIELD OF: 
MICROWAVE PARAMETRIC 
PHENOMENA 
AND FOR RESEARCH ENGINEERS 
IN THE FIELDS OF ELECTROMAG- 
NETIC ENVIRONMENT STUDIES 
AND RADAR 


THIS UNIVERSITY LABORATORY 
OFFERS A VARIETY OF INTEREST- 
ING PROBLEMS IN FUNDAMENTAL 
RESEARCH FOR QUALIFIED PER- 
SONS WITH ADVANCED DEGREES 
CAPABLE OF INDEPENDENT AND 
CREATIVE EFFORT. 


¢ Favorable Arrangements 

for Doctoral and Post Doc- 

toral Study in the University 
Graduate School 


¢ Faculty Privileges for 
Senior Staff 


e Excellent Laboratory Fa- 
cilities Located Near the 
University Campus 


¢ Broad Opportunities for 
Personal Development 


ADDRESS INQUIRIES TO: 


RADIATION LABORATORY 
THE JOHNS HOPKINS 
UNIVERSITY 
Homewood Campus, Baltimore 18, Md. 


THERE’S MORE TOA D-B_ | 
BROADBAND 
WAVEMETER 
THAN. JUST 

THE DIAL! 


Here is the D-B calibration 
chart showing the high 
resolution and accuracy you 


get with any D-B wavemeter. 
The X-Band curve, for example, 


is over 22 feet long! 


Fail-Safe Design — 
loss of gas pressure makes unit 
immediately inoperative. 

Twelve models cover from 2.6 KMC 
to 140 KMC. Write for complete 
data in Bulletin D-B 715, 


DERORAT (3<EOuDT 
R) 
DE MORNAY-BONARDI 


780 SOUTH ARROYO PARKWAY « PASADENA, CALIF. 
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INSTITUTIONAL LISTINGS 


The IRE Professional Group on Microwave Theory and Techniques is grateful for 
the assistance given by the firms listed below, and invites application for Institu- 


tional Listing from other firms interested in the Microwave field. 


AIRTRON, INC., A Division of Litton Industries, 200 East Hanover Ave., Morris Plains, N.J. 
Designers and Producers of Complete Line of Microwave Electronic and Aircraft Components 


COLLINS RADIO CO., Texas Division, Dallas, Tex. 


Complete Microwave and Transhorizon Communication Systems 


ITT LABORATORIES, 500 Washington Ave., Nutley 10, NJ. 
Line-of-Sight and Over-the-Horizon Microwave Systems; Test Equipment and Components 


LITTON INDUSTRIES, Electron Tube Div., 960 Industrial Rd., San Carlos, Calif. 
Magnetron, Klystrons, Carcinotrons, TWT's, Backward Wave Oscillators, Gas Discharge Tubes, Noise Sources 


MICROWAVE CHEMICALS LABORATORY, INC., 282 Seventh Ave., New York I, N.Y. 
Single Crystals and Polycrystalline Y.1.G. and Related Ferrites Designed for Your Devices 


MICROWAVE DEVELOPMENT LABS., INC., 92 Broad St., Babson Park 57, Mass. 


Designers, Developers and Producers of Microwave Components and Assemblies, 400 mc to 70 kme 


WHEELER LABORATORIES, INC., Great Neck, N.Y.; Antenna Lab., Smithtown, N.Y. 
Consulting Services, Research & Development, Microwave Antennas & Waveguide Components 


The charge for an Institutional Listing is $50.00 per issue or $140.00 for four con- 
secutive issues. Applications for Institutional Listings and checks (made out to the 
Institute of Radio Engineers) should be sent to Tore N. Anderson, PGMTT Advertis- 
ing Editor, 1539 Deer Path, Mountainside, N.J. 


NOTICE TO ADVERTISERS 


Effective immediately the IRE TRANSACTIONS ON MICROWAVE 


THEORY AND TECHNIQUES will accept display advertising. For full de- 
tails contact Tore N. Anderson, Advertising Editor, PGMTT TRANSAC- 


TIONS, 1539 Deer Path, Mountainside, N. yp 


GAMMA- 
TLED IN: BAYCKS ous 


e Harmonic Generators. 

° Series, Shunt and Hybrid Tees. 
e Slotted Sections. 

° Precision Variable Attenuators. 
ULTRA- wrces- =? Standard Gain Horns. 

VIOLET — © E/H Tuners. 


Other components 
shown below. 


VISIBLE LIGHT 


WAVES 


SHIFTER 


available on request! 


e Crystal, Bolometer, and Thermistor Mounts. 


PHASE E/H TEE 


Brochure, including price list, 


“..working in the 
90-220 kmc frequency ranges?” 


Slotted section, shown here, actual size. 


FXR’s Newly Developed and Proven 2-3 MM 


Components are Marvels of Precision and Reliability 


These miniature F-Band and G-Band components are not scaled 
down versions of their lower frequency counterparts. 

Rather, they are instruments of individuality and precision — 
products of advanced microwave engineering 

and new manufacturing techniques. 


FREQUENCY ADJUSTABLE 
METER SHORT 


FX R, Inc, : 


Design + Manufacture + Development 


TERMINATION 


Woodside 77, N. Y. 


Precision Microwave Equipment - High-Power Modulators - Radar Components ° : 


Electronic Test Equipment 


